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Preface

The main objective of this book is to present all relevant information required for radio 
frequency (RF) and microwave broadband power amplifier design, including well-known 
historical and recent novel schematic configurations, theoretical approaches, circuit simu-
lation results, and practical implementation techniques and technologies. This book can 
be very useful for lecturing to promote the systematic way of thinking with analytical 
calculations, circuit simulation, and practical verification. The demonstration of not only 
new results based on new technologies or circuit schematics is given, but some sufficiently 
old ideas or approaches are also introduced that could be very useful in modern design 
practice or could contribute to the appearance of new general design ideas and specific 
circuit design techniques. As a result, this book is intended for and can be recommended 
to university-level professors as a comprehensive reference material to help in lecturing for 
graduate and postgraduate students, to researchers and scientists to combine the theoretical 
analysis with practical design and to provide a sufficient basis for innovative ideas and cir-
cuit design techniques, and to practicing designers and engineers as the book contains numer-
ous well-known and novel practical circuits and theoretical approaches with a detailed 
description of their operational principles and applications.

In Chapter 1, the basic two-port networks are introduced to describe the behavior of 
linear and nonlinear circuits. To characterize the nonlinear properties of the bipolar or 
field-effect transistors (FETs), their equivalent circuit elements are expressed through the 
impedance Z-parameters, admittance Y-parameters, or hybrid H-parameters. On the other 
hand, the transmission ABCD-parameters are very important in the design of the dis-
tributed circuits such as a transmission line or cascaded elements, whereas the scattering 
S-parameters are widely used to simplify a measurement procedure. Monolithic imple-
mentation of lumped inductors and capacitors is usually required at microwave frequen-
cies and for portable devices.

Chapter 2 describes the basic principles of power amplifier design procedure. On 
the basis of spectral-domain analysis, the concept of a conduction angle is introduced 
with simple and clear analyses of the basic Classes A, AB, B, and C of the power ampli-
fier operation. Accuracy of nonlinear modeling for metal–oxide–semiconductor field-
effect transistor (MOSFET), metal–semiconductor field-effect transistor (MESFET), 
high- electron-mobility transistor (HEMT), and bipolar devices, including heterojunc-
tion  bipolar transistors (HBTs), is a very important part of the power amplifier design, 
especially  having a great demand in modern microwave monolithic-integrated circuits. 
The  possibility of the maximum power gain for a stable power amplifier is discussed 
and analytically derived. The concept and design of push–pull amplifiers using bal-
anced  transistors and different types of transmission-line transformers and combiners 
are given.

Chapter 3 begins with the basic principles of the impedance matching and broadband 
power amplifier design using lumped and distributed parameters. Generally, the matching 
design procedure is based on the methods of circuit analysis, optimization, and synthe-
sis. According to the first method, the circuit parameters are calculated at one frequency 
chosen in advance (usually the center or high-bandwidth frequency), and then, the power 
amplifier performance is analyzed across the entire frequency bandwidth. To synthesize 
the broadband matching/compensation network, it is necessary to choose the maximum 
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xii Preface

attenuation level or reflection coefficient magnitude inside the operating frequency band-
width and then to obtain the parameters of matching networks by using special tables 
and formulas to convert the lumped elements into distributed ones. The matching tech-
nique with a prescribed amplitude–frequency response and practical examples of broad-
band power amplifiers designed to operate from RF to millimeter-wave frequencies are 
discussed.

Dissipative or lossy gain-compensation-matching circuits can provide an important 
trade-off between power gain, reflection coefficient, and the operating frequency band-
width. Moreover, the resistive nature of such a simple matching circuit may also improve 
amplifier stability and reduce its size and cost. Chapter 4 describes the power amplifier 
design based on a broadband concept that provides some advantages when there is no 
need to tune the resonant-circuit parameters. In this case, it is sufficiently easy to provide 
multioctave amplification from very low frequencies up to ultrahigh frequencies using 
the power MOSFET devices when lossy gain compensation is provided. This can be pos-
sible due to some margin in a power gain at lower frequencies for these devices, because 
its value decreases with frequency by approximately 6 dB per octave. Besides, lossy gain-
compensating networks and resistive-feedback power amplifiers can provide lower input 
reflection coefficients, smaller gain ripple, a more predictable amplifier design, and can 
contribute to the amplifier stability factors that are superior to those of lossless-matching 
networks. Several design techniques including graphical and decomposition synthesis 
methods are briefly described.

Chapter 5 explains the design of broadband RF and microwave amplifiers using real 
 frequency techniques (RFTs). Different network termination arrangements, such as the 
single-match case with complex load and resistive source and the double-match case 
where both load and source impedances are complex, are discussed using matching net-
works with lumped elements and transmission lines. RFT provides several advantages 
over most of the usual techniques: it does not require any active component model and 
no predetermined matching network topology is necessary. The automated design pro-
cedure based on the RFT is introduced to resolve the input- and output-matching prob-
lems. A simplified real frequency technique (SRFT) utilizes the measured data obtained 
from the generator and the load networks, and neither an a priori choice of an interstage 
equalizer topology, nor an analytic form of the system transfer function is assumed. The 
optimization process of the design procedure is carried out directly in terms of a physi-
cally realizable, unit-normalized reflection coefficient that describes the equalizer alone. 
Numerous design examples based on MATLAB® programming process clearly illustrate 
all aspects of the RFT design techniques.

In modern wireless communication systems, it is required that the power amplifier could 
operate with high efficiency over a wide frequency range to simultaneously provide multi-
band and multistandard signal transmission. Chapter 6 starts with a detailed description 
of the reactance compensation technique and the conventional design of a high-efficiency 
switchmode Class-E power amplifier requiring a high value of the loaded quality factor QL 
to satisfy the necessary harmonic impedance conditions at the output device terminal is 
described. However, if a sufficiently small value of QL is selected, a high-efficiency broad-
band operation of the Class-E power amplifier can be realized by applying reactance com-
pensation technique. Usually, the bandwidth limitation in power amplifiers comes from 
the low value of the device transition frequency and large output capacitance; therefore, 
silicon laterally diffused metal–oxide–semiconductor field-effect transistor (LDMOSFET) 
technology has been the preferred choice up to 2.2 GHz. As an alternative, gallium nitride 
(GaN) HEMT technology enables high efficiency, large breakdown voltage, high-power 

© 2016 by Taylor & Francis Group, LLC
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density, and significantly higher broadband performance due to higher transition fre-
quency and smaller periphery, resulting in the smaller input and output capacitances and 
less parasitics. Different types of broadband Class-E power amplifiers based on different 
implementation technologies are given.

Chapter 7 describes the historical aspect, basic structures, and main principles of the 
Doherty amplifiers. The Doherty amplifier with a series-connected load and inverted 
Doherty architectures are also described and discussed. To increase efficiency over the 
power-backoff range, the switchmode broadband Class-E mode can be used in the load 
network. Examples of the lumped Doherty amplifier implemented in monolithic micro-
wave-integrated circuits, digitally driven Doherty technique, and broadband capability of 
the two-stage Doherty amplifier are given.

Chapter 8 begins with the historical aspect and basic principles of the low-noise ampli-
fier (LNA) design including basic topologies, minimum noise figure, and linearization 
techniques. When it is necessary to achieve high-gain and low-noise performance over a 
sufficiently wide frequency range, the LNAs are designed using lossless-matching circuits. 
However, the lossy feedback LNAs have been shown to be capable of the flat gain over a 
very wide bandwidth with a sufficiently low-noise figure, small size, and convenience in 
practical implementation. Several design techniques including an iterative optimization 
or interactive graphical design approach are very useful in view of many variables and 
conflicting objectives of high gain, flat and broadband gain, and low-noise figure. Finally, 
some practical circuit schematics of the broadband millimeter-wave LNAs are given and 
discussed.

The potential of the traveling-wave or distributed amplification for obtaining power 
gains over very wide frequency bands has been recognized yet in the mid-1930s when it 
was found that the gain–bandwidth performance is greatly affected by the capacitance and 
transconductance of the conventional vacuum tube. In Chapter 9, the basic principles of 
distributed amplification and circuit implementation of microwave GaAs FET-distributed 
amplifiers are first introduced and described. Different architectures such as cascaded 
and matrix-distributed power amplifiers, different techniques and technologies including 
extended resonant and complementary metal–oxide–semiconductor (CMOS) implemen-
tations are given. Finally, the noise properties of distributed amplifiers using MOSFET, 
MESFET, and HBT devices are described.

Ultrawideband (UWB) transmission technology is very attractive for its low-cost 
and low-power communication applications, occupying a very wide frequency range. 
Initially, it was mainly used for radar-based applications because of the wideband 
nature of the signal that results in very accurate-timing information. However, due 
to further developments in high-speed switching and narrowband pulse generation 
technology, UWB has become more attractive for low-cost communication applications 
where large- frequency bandwidths are achieved by using very narrow time-duration 
baseband pulses of appropriate shape and duration. Larger-transmission bandwidths 
are preferred to achieve higher data rates without the need to increase transmitting 
power, resulting in the ability for increasingly fine resolution for multipath arrivals. This 
leads to reduced fading per resolved path since the impulsive nature of the transmitted 
waveforms  prevents significant overlap and, hence, reduces the possibility of destructive 
combining. Market considerations require that UWB-based products be implemented 
using CMOS  technology to achieve low-power and low-cost integration. Chapter 10 
describes the basic circuit schematics of the CMOS amplifiers for UWB applications 
including distributed feedback, common-gate, lossy-matched configurations, and noise-
canceling technique.
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Introduction

The power transmission from a generator to a load constitutes one of the fundamental 
problems in the design of broadband communication systems that generally involves the 
design of an impedance-transforming or matching network to transform a given load 
impedance into another specified impedance over some frequency range. The history of 
broadband impedance matching is very long and goes back to the end of the 1920s when 
the broadband frequency-selective filtering circuit of a recurrent structure was applied to 
a vacuum-tube amplifier [1]. In this case, the circuit of a bandpass type was arranged to 
match the anode resistance of one vacuum-tube amplifier with high-input impedance of 
the succeeding amplifier, with three shunt branches consisting of parallel combinations of 
inductors and capacitors, and three series branches consisting of series-resonant circuits 
[2]. The proper impedance matching between amplifying stages was also obtained with 
the impedance-correcting networks of a ladder type connected in series with broadband 
wave filters [3,4]. The filtering circuit having a proper terminating resistor was able to pres-
ent a substantially constant pure resistance over a considerable range of RFs [5].

At that time, it was discovered that the amplification in a broadband vacuum-tube ampli-
fier was limited not only by the amplifying ability of the vacuum tube at low frequencies, 
but also by its shunt capacitance because it limits the broadband-coupling impedance that 
can be built up across the input and output circuits of a vacuum tube. Many forms of net-
works can be employed to maintain nearly uniform impedance across the shunt capacitor 
where this capacitor is regarded as one element. The greatest shunt capacitance across 
which the uniform impedance can be developed over a frequency bandwidth is defined as 
C = 2/Rωc, where R is the terminal shunt resistance and ωc is the angular cutoff frequency. 
This relation leads to the ultimate theoretical limitation on the broadband performance of 
the coupling impedance

 ∆ωCR ≤ 2  (I.1)

in which Δω is the bandwidth in terms of angular frequency [6]. This formula is valid not 
only for low-pass filters, but also for bandpass filters of the same total bandwidth. Note 
that the theoretical limit is based on an infinite number of circuit elements, and cannot be 
exceeded in any passive network.

Figure I.1 shows the practical interstage-coupling circuits from the simple to the com-
plex, where the addition of a few circuit elements in a preferred arrangement allows a very 
close approximation of the theoretical performance to be obtained [6]. Here, the relative 
bandwidths and low-pass filter components are shown in the first column. The first exam-
ple (a) includes no filter sections, but only the shunt capacitance with a resistor in parallel. 
The second example (b) includes a constant-k filter half-section representing the coupling 
impedance with series inductance and resistance in the parallel path. The constant-k half-
section provides for maximum capacitance directly across the impedance terminals on the 
left-hand side. The third example (c) has an m-derived filter half-section, which provides 
for matching the image impedance with the resistor at the end on the right-hand side. The 
second column of Figure I.1 shows the practical low-pass circuits where the resistor and 
reactive elements are rearranged in a ladder network in the most convenient order. The 
third column shows the bandpass networks exactly analogous to the low-pass networks 
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of the second column when each reactance element of the low-pass filter becomes a tuned 
circuit in the bandpass analog.

Figure I.2 shows the generalized block diagram of a matching network to transform the 
source impedance ZS to the load impedance ZL by means of a two-port matching network. 
Here, the source is assumed to consist of an ideal voltage source connected in series with 
the source impedance, and maximum power delivery to the load is then obtained when 
the proper impedance is presented to the source. For a lossless impedance-transforming 
network and a given load impedance ZL, the impedance Zin presented by the matching net-
work must be conjugate of ZS [4]. Generally, there are four different network termination 
arrangements, with the most general broadband double-match case, where both the load 
and source impedances are complex. The simpler broadband single-match case involves a 
complex load and a resistive source with XS = 0. Filter networks are either doubly terminated 
with resistances RL and RS or singly terminated with ZL = RL and ZS = 0. In the latter case, 
either an ideal voltage or current source may provide the excitation.

With a ladder-type impedance-transforming network, since the series impedances and 
shunt admittances are frequency dependent, all the series branches will have a given 
physical configuration and all the shunt branches will have the inverse configuration. 
For example, if the series branches are inductances, the shunt branches will be capaci-
tances. By using other series arm configurations, a considerable variety of networks can be 
obtained. The property of this impedance-transforming network configuration with the 
load impedance described by a certain mathematical function can be expressed as a single 
polynomial function

 
R G

F x
A A x A x A x

( )
( )

or
0 1 2 n

n=
+ + + +2 …  (I.2)

where R(or G) is the resistance (or conductance) of the corrected structure, A0, A1, … An 
are the polynomial coefficients that specify the values of the elements in the network 
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FIGURE I.1
Two-terminal low-pass and bandpass-coupling circuits.
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implicitly, F(x) is either the resistance or conductance component of the impedance, and 
x is the function of frequency [4]. As it follows from Equation I.2, to secure the proper 
resistance and conductance from the corrected structure, it is simply necessary to choose 
such values of the constants A0, A1, … An that the polynomial in the denominator satisfies 
the equation with sufficient accuracy. Note that such a problem of approximating a given 
curve by a polynomial of a given degree is a well-known one in mathematics.

However, it is not possible to match arbitrary impedance to a pure resistance over the 
whole frequency spectrum, or even at all frequencies within a finite frequency band. On the 
other hand, it is evidently possible to obtain a match at any desired number of frequencies, 
provided the given impedance has a finite-resistive component at those frequencies. Such a 
matching, however, has little practical value because it is incorrect to assume that one can 
obtain a reasonable match over a frequency band by correctly matching at a sufficiently large 
number of frequencies within the desired band. In this case, the statement of any matching 
problem must include the maximum tolerance on the match, as well as the minimum band-
width within which the match is to be obtained. Therefore, it is reasonable to expect that, 
for a given load impedance and a given maximum tolerance, there is an upper limit to the 
bandwidth that can be obtained by means of a physically realizable impedance-matching 
network. With reference to Figure I.2 where ZL is a given impedance function of frequency, a 
nondissipative impedance-transforming network must be designed such that, when termi-
nated in ZL, the magnitude of the input reflection coefficient Γ = (Zin − 1)/(Zin + 1) is smaller 
than, or equal to, a specified value |Γ|max at all frequencies within a specified band.

As opposed to a step-by-step procedure leading to a ladder structure used previously, 
the first systematic investigation of matching networks was made by Bode for a class of 
very useful load impedance consisting of a resistor R shunted by a capacitor C. He showed 
that the fundamental gain–bandwidth limitation on the matching network in this case 
takes the form

 

ln
( )
1

0
  

 
Γ ω

ω π
∞

∫ ≤d
RC  (I.3)

where Γ(ω) is the input frequency-dependent reflection coefficient corresponding to the 
input impedance Zin in Figure I.2 [7]. If |Γ| is kept constant and equal to |Γ|max over a 
frequency band of width Δω and is made equal to unity over the rest of the frequency 
spectrum, Equation I.3 yields
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FIGURE I.2
Generalized block diagram of a two-port impedance-transforming network.
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indicating that the product of the bandwidth by the minimum passband value of 
ln(1/|Γ|max) has a maximum limit fixed by the product RC. From Equation I.3 also follows 
that approaching a perfect match by making |Γ| very small at any frequency results in an 
unnecessary waste of the area represented by the integral, and therefore in reduction of 
the bandwidth. This limitation found by Bode can be applied to any impedance consisting 
of a reactive two-port network terminated in a parallel RC configuration.

The Bode gain–bandwidth theory for broadbanding the RC single match was then 
extended by Fano by utilizing the established doubly terminated filter theory [8]. Fano 
technique was based on Darlington theorem stating that any physically realizable imped-
ance function can be considered as the input impedance of a reactive two-port network 
terminated in a pure resistance, and this resistance can be made equal to 1 Ω in all cases 
by incorporating an appropriate ideal transformer in the reactive network [9]. In this case, 
the load impedance ZL in Figure I.2 can be replaced with a Darlington resistively termi-
nated LC two-port network, so that the doubly terminated filter with unity resistors on 
both ends and two LC-cascaded two-port networks can be obtained as the equalizer. The 
overall problem was to design a Chebyshev or elliptic equal-ripple doubly terminated filter 
having a specified number of elements, the solution of which resulted in a set of integral 
constraints with proper weighting functions depending on the load impedance [8]. The 
method was illustrated by the design of simple matching networks for two cases of the 
load impedances, one consisting of a resistance in series with an inductance and the other 
consisting of a capacitance shunting a series RL combination. The lossless reactive two-port 
network (or equalizer) with a finite number of elements can also be designed to approxi-
mate a transfer characteristic that is a prescribed function of frequency, rather than a con-
stant, over the useful frequency band [10]. Matthaei modified and extended Fano design 
procedure and presented a practical means for selecting the optimum design parameters 
[11]. In the mid-1960s, Youla developed a new theory based on the principle of complex 
normalization that avoids some difficulties encountered in Fano approach and which can 
be generalized to the design of equalizers with an active load [12]. Finally, explicit formulas 
for computing the optimum design parameters of the low-pass and bandpass impedance-
matching networks having Butterworth and Chebyshev responses of arbitrary order for a 
class of the most practical RLC load were then derived [13,14].

Analytic theory applied to the impedance-matching network design is essential to 
understand the gain–bandwidth limitations of the given loads to be matched, with explicit 
formulas available only for certain simple cases. However, it is limited to simple single or 
double matching in which the generator and load networks include at most two reactive 
elements, namely, either a capacitor or an inductor, as shown in Figure I.3. If the num-
ber of reactive elements increases on the load side, either theory becomes inaccessible or 
the resulting gain performance turns out to be nonoptimal, and the equalizer structures 
become unnecessarily complicated and even sometimes completely unrealizable. These 
restrictions take either the form of a simultaneous set of difficult algebraic equations or a 
set of integral expressions that must be satisfied simultaneously. Even if the load model 
is known, the procedure presents great numerical difficulties that in principle are resolv-
able but in practice become almost intractable, especially if the load includes more than 
two reactive elements. Proceeding by direct numerical optimization of the elements of 
the equalizer is also a difficult matter because these elements relate to the system gain in 
highly nonlinear combinations. Furthermore, such direct optimization requires a specific 
assumption of the equalizer topology.

In 1977, a new numerical approach known as the RFT was introduced by Carlin for the 
solution of the broadband matching of an arbitrary load to a resistive generator that leads 
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to a simple technique for the design of a lossless two-port equalizer [15]. It is based on the 
measured data obtained from the generator and the load networks, and neither a prelimi-
nary choice of an equalizer topology, nor an analytic form of the system transfer func-
tion is assumed. The optimization process of the design procedure is carried out directly 
in terms of a physically realizable, unit-normalized reflection coefficient that describes 
the equalizer alone. Among the variety of objective functions, it can be maximizing the 
minimum passband gain, or minimizing the maximum noise figure. On the basis of a 
generalized form of the double-matching design procedure by assuming the complex 
generator and load networks when one can represent generator and load networks as 
lossless Darlington two-port networks with resistive termination resulting in a cascaded 
structure, an example of the design of the broadband multistage microwave lumped-
element FET amplifier was demonstrated [16]. The SRFT, in which the active two-port 
network was treated on the basis of its measured S-parameters, including the feedback 
parameter S12, was then later applied to the design of the broadband three-stage micro-
wave microstrip HEMT amplifiers using an efficient optimization procedure to minimize 
the objective function in terms of the transducer power gain, input and output reflection 
coefficients, and noise figure [17].
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1
Two-Port Network Parameters

Two-port equivalent circuits are widely used in RF and microwave circuit design to 
describe the electrical behavior of both active devices and passive networks [1,2]. The two-
port network impedance Z-parameters, admittance Y-parameters, or hybrid H-parameters 
are very important to characterize the nonlinear properties of any type of bipolar or 
field-effect transistors used as an active device of the power amplifier. The transmission 
ABCD-parameters of a two-port network are very convenient for designing the distributed 
circuits such as transmission lines or cascaded active or passive elements. The scatter-
ing S-parameters are useful to characterize linear circuits and are required to simplify 
the measurement procedure. Transmission lines are widely used in matching networks 
of high-power or low-noise amplifiers, directional couplers, power combiners, and power 
dividers. Monolithic implementation of lumped inductors and capacitors is usually 
required at microwave frequencies and for portable devices.

1.1 Traditional Network Parameters

The basic diagram of a two-port transmission system can be represented by the equivalent 
circuit shown in Figure 1.1, where VS is the voltage source, ZS is the source impedance, ZL 
is the load impedance, and linear network is a time-invariant two-port network without 
independent source. The two independent phasor currents I1 and I2 (flowing across input 
and output terminals) and phasor voltages V1 and V2 characterize such a two-port net-
work. For autonomous oscillator systems, in order to provide an appropriate analysis in 
the frequency domain of the two-port network in the negative one-port representation, 
it is sufficient to set the source impedance to infinity. For a power amplifier or oscillator 
design, the elements of the matching or resonant circuits, which are assumed to be linear 
or appropriately linearized, can be found among the linear network elements, or addi-
tional two-port linear networks can be used to describe their frequency domain behavior.

For a two-port network, the following equations can be considered as boundary 
conditions:

 V Z I V1 1+ =S S  (1.1)

 V Z I V2 2+ L L=  (1.2)

Suppose that it is possible to obtain a unique solution for the linear time-invariant cir-
cuit shown in Figure 1.1. Then the two linearly independent equations, which describe the 
general two-port network in terms of circuit variables V1, V2, I1, and I2, can be expressed in 
a matrix form as
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 [ ][ ] [ ][ ]M V N I+ = 0  (1.3)

or

 

m V m V n I n I

m V m V n I n I
11 1 12 2 11 1 12 2

21 1 22 2 21 1 22 2

0
0

+ + + =
+ + + =



  

(1.4)

The complex 2 × 2 matrices [M] and [N] in Equation 1.3 are independent of the source 
and load impedances ZS and ZL and voltages VS and VL, respectively. They depend only on 
the circuit elements inside the linear network.

If matrix [M] in Equation 1.3 is nonsingular when |M| ≠ 0, then this matrix equation can 
be rewritten in terms of [I] as

 [ ] [ ] [ ] [ ][ ]V M N I Z I= − =−1 [ ]  (1.5)

where [Z] is the open-circuit impedance two-port network matrix. In a scalar form, matrix 
Equation 1.5 is given by

 V Z I Z I1 1= +11 12 2  (1.6)

 V Z I Z I2 1= +21 22 2  (1.7)

where Z11 and Z22 are the open-circuit driving-point impedances, and Z12 and Z21 are the 
open-circuit transfer impedances of the two-port network. The voltage components V1 and 
V2 due to the input current I1 can be found by setting I2 = 0 in Equations 1.6 and 1.7, result-
ing in an open-circuited output terminal. Similarly, the same voltage components V1 and 
V2 are determined by setting I1 = 0 when the input terminal becomes open-circuited. The 
resulting driving-point impedances can be written as

 
Z

V
I

Z
V
II I

11
1

1
22

2

2
 = =

= =2 10 0  
(1.8)

whereas the two transfer impedances are

 
Z

V
I

Z
V
II I

21
2

1
12

1

2
= =

= =2 10 0  
(1.9)

ZS ZL

V1 V2LN

I1 I2

VS VL

FIGURE 1.1
Basic diagram of two-port nonautonomous transmission system.

© 2016 by Taylor & Francis Group, LLC

  



3Two-Port Network Parameters

Dual analysis can be used to derive the short-circuit admittance matrix when the cur-
rent components I1 and I2 are considered as outputs caused by V1 and V2. If matrix [N] in 
Equation 1.3 is nonsingular when |N| ≠ 0, this matrix equation can be rewritten in terms 
of [V] as

 [ ] [ ] [ ]I N M V Y V= − =−1[ ] [ ]  [ ]  (1.10)

where [Y] is the short-circuit admittance two-port network matrix. In a scalar form, matrix 
Equation 1.10 is written as

 I Y V Y V1 1= +11 12 2  (1.11)

 I Y V Y V2 1= +21 22 2  (1.12)

where Y11 and Y22 are the short-circuit driving-point admittances, and Y12 and Y21 are the 
short-circuit transfer admittances of the two-port network. In this case, the current com-
ponents I1 and I2 due to the input voltage source V1 are determined by setting V2 = 0 in 
Equations 1.11 and 1.12, thus creating a short-circuited output terminal. Similarly, the same 
current components I1 and I2 are determined by setting V1 = 0 when the input terminal 
becomes short-circuited. As a result, the two driving-point admittances are

 
Y

I
V

Y
I
VV V

11
1

1
22

2

2
= =

= =2 10 0  
(1.13)

whereas the two transfer admittances are
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= =2 10 0  
(1.14)

In some cases, an equivalent two-port network representation can be redefined in order 
to express the voltage source V1 and output current I2 in terms of the input current I1 and 
output voltage V2. If the submatrix

 

m n

m n
11 12

21 22
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(1.15)

where [H] is the hybrid two-port network matrix. In a scalar form, matrix Equation 1.15 is 
expressed as

 V h I h V1 1= +11 12 2  (1.16)
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 I h I h V2 1= +21 22 2  (1.17)

where h11, h12, h21, and h22 are the hybrid H-parameters. The voltage source V1 and current 
component I2 are determined by setting V2 = 0 for the short-circuited output terminal in 
Equations 1.16 and 1.17 as

 
h

V
I

h
I
IV V

11
1

1
21

2

1
= =

= =2 20 0  
(1.18)

where h11 is the driving-point input impedance and h21 is the forward current transfer 
function. Similarly, the input voltage source V1 and output current I2 are determined by 
setting I1 = 0 when input terminal becomes open-circuited as
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2
= =

= =1 10 0  
(1.19)

where h12 is the reverse voltage transfer function and h22 is the driving-point output 
admittance.

The transmission parameters, often used for passive device analysis, are determined for 
the independent input voltage source V1 and input current I1 in terms of the output voltage 
V2 and output current I2. In this case, if the submatrix
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given in Equation 1.4 is nonsingular, we obtain
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2

2  
(1.20)

where [ABCD] is the forward transmission two-port network matrix. In a scalar form, we 
can write

 V AV BI1 2= − 2  (1.21)

 I CV DI1 2= − 2  (1.22)

where A, B, C, and D are the transmission parameters. The voltage source V1 and current 
component I1 are determined by setting I2 = 0 for the open-circuited output terminal in 
Equations 1.21 and 1.22 as

 
A

V
V
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I
VI I

= =
= =

1

2

1

22 20 0  
(1.23)
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where A is the reverse voltage transfer function and C is the reverse transfer admittance. 
Similarly, the input independent variables V1 and I1 are determined by setting V2 = 0 when 
the output terminal is short-circuited as

 
B

V
I

D
I
IV V

= − = −
= =

1

2

1

22 20 0  
(1.24)

where B is the reverse transfer impedance and D is the reverse current transfer function. 
The reason a minus sign is associated with I2 in Equations 1.20 through 1.22 is that histori-
cally, for transmission networks, the input signal is considered as flowing to the input port, 
whereas the output current is flowing to the load. The direction of the current –I2 entering 
the load is shown in Figure 1.2.

1.2 Scattering Parameters

The concept of incident and reflected voltage and current parameters can be illustrated by a 
single-port network shown in Figure 1.3, where the network impedance Z is connected to the 
signal source VS with the internal impedance ZS. In a common case, the terminal current I and 
voltage V consist of incident and reflected components (assume their root-mean-square val-
ues). When the load impedance Z is equal to the conjugate of the source impedance expressed 
as Z Z= S

*, the terminal current I becomes the incident current Ii, which is written as

 
I

V
Z Z

V
Z

i
S

S
*

S

S

S2
=

+
=

Re  
(1.25)

The terminal voltage V, defined as the incident voltage Vi, can be determined from
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Z V
Z Z

Z V
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2

=
+

=
Re  

(1.26)

Consequently, the incident power, which is equal to the maximum available power from 
the source, can be obtained by

 
P V I

V
Z

i i i
* S

S
Re ( )

4
= = | |

Re

2

 
(1.27)

ZS

ZLV1 V2LN

I1 –I2

VS

FIGURE 1.2
Basic diagram of loaded two-port transmission system.
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The incident power can be rewritten in a normalized form using Equation 1.26 as

 

P
V Z

Z
i

i S

S
*

= | | Re2

2

 
(1.28)

This allows the normalized incident voltage wave a to be defined as the square root of 
the incident power Pi by

 
a P

V Z
Z

= =i
i S

S
*

Re

 
(1.29)

Similarly, the normalized reflected voltage wave b defined as the square root of the 
reflected power Pr can be written as

 
b P

V Z
Z

= =r
r S

S

Re

 
(1.30)

The incident power Pi can be expressed through the incident current Ii and the reflected 
power Pr can be expressed through the reflected current Ir, respectively, as

 P I Zi i
2

SRe =  
(1.31)

 P I Zr r
2

SRe =  
(1.32)

As a result, the normalized incident voltage wave a and reflected voltage wave b can be 
given by

 a P I Z= =i i SRe  (1.33)

 b P I Z= =r r SRe  (1.34)

Z

Vr

Vi

Ii

Ir I

V

ZS

VS

FIGURE 1.3
Incident and reflected voltages and currents.
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7Two-Port Network Parameters

The parameters a and b can also be called the normalized incident and reflected current 
waves or simply normalized incident and reflected waves, respectively, since the normalized 
current waves and the normalized voltage waves represent the same parameters.

The voltage V and current I related to the normalized incident and reflected waves a and 
b can be written as

 
V V V

Z
Z

a
Z

Z
b= + = +i r

S
*

S

S

SRe Re  
(1.35)

 
I I I

Z
a

Z
b= − = −i r

S S

1 1
1Re Re  

(1.36)

where

 
a

V Z I
Z

b
V Z I

Z
= + = −S 

S

S
*

S2 2Re Re  
(1.37)

The source impedance ZS is often purely real and is therefore used as the normalized 
impedance. In microwave design technique, the characteristic impedance of the passive 
two-port networks, including transmission lines and connectors, is considered as real and 
equal to 50 Ω. This is very important for measuring S-parameters when all transmission 
lines, source, and load should have the same real impedance. For Z Z ZS S 

*= = 0, where Z0 
is the characteristic impedance, the ratio of the normalized reflected wave and the normal-
ized incident wave for a single-port network is called the reflection coefficient Γ defined as

 
Γ = = −

+
= −

+
= −

+
b
a

V Z I
V Z I

V Z I
V Z I

Z Z
Z Z

S 
*

S 

S

S 

S

S  
(1.38)

where Z = V/I.
For a two-port network shown in Figure 1.4, the normalized reflected waves b1 and b2 

can also be represented by the normalized incident waves a1 and a2, respectively, as

 b S a S a1 1= + 11 12 2  (1.39)

 b S a S a2 1= +21 22 2  (1.40)

ZS ZL

V1 V2

a2a1

b1 b2

[S]

I1 I2

VS VL

FIGURE 1.4
Basic diagram of S-parameter two-port network.
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8 Broadband RF and Microwave Amplifiers

or, in a matrix form,

 

b

b

S S

S S

a

a
1

2

11 11

21 21

1

2









 =





















 
(1.41)

where the incident waves a1 and a2 and the reflected waves b1 and b2 for complex source 
and load impedances ZS and ZL are given by

 
a

V Z I
Z

a
V Z I

Z
1

1
2

2

2 2
= + = +1 S

S

2 L

LRe Re  
(1.42)

 
b

V Z I
Z

b
V Z I

Z
1

1
2

2

2 2
= − = −1 S

*

S

2 L
*

LRe Re  
(1.43)

where S11, S12, S21, and S22 are the S-parameters of the two-port network.
From Equation 1.41, it follows that if a2 = 0, then

 
S

b
a

S
b
aa a

11
0

21
02 2

= =
= =

1

1

2

1  
(1.44)

where S11 is the reflection coefficient and S21 is the transmission coefficient for ideal match-
ing conditions at the output terminal when there is no incident power reflected from the 
load. Similarly,

 
S

b
a

S
b
aa a

12
0

22
01 1

= =
= =

1

2

2

2  
(1.45)

where S12 is the transmission coefficient and S22 is the reflection coefficient for ideal match-
ing conditions at the input terminal.

1.3 Conversions between Two-Port Parameters

The parameters describing the same two-port network through different two-port matri-
ces (impedance, admittance, hybrid, or transmission) can be cross-converted, and the ele-
ments of each matrix can be expressed by the elements of other matrices. For example, 
Equations 1.11 and 1.12 for the Y-parameters can be easily solved for the independent input 
voltage source V1 and input current I1 as

 
V

Y
Y

V
Y

I1
22

21
2

21

1= − − 2

 
(1.46)

 
I

Y Y Y Y
Y

V
Y
Y

I1
11 22 12 21

2
11

21
= − − −  

21
2

 
(1.47)
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9Two-Port Network Parameters

By comparing the equivalent Equations 1.21 and 1.22 and Equations 1.46 and 1.47, 
the direct relationships between the transmission ABCD-parameters and admittance 
Y-parameters are written as

 
A

Y
Y

B
Y

= − = −22

21 21

1

 
(1.48)

 
C

Y
Y

D
Y
Y

= − = −∆
21

11

21  
(1.49)

where ΔY = Y11Y22 − Y12Y21.
A summary of the relationships between the impedance Z-parameters, admittance 

Y-parameters, hybrid H-parameters, and transmission ABCD-parameters is shown in 
Table 1.1, where ΔZ = Z11Z22 − Z12Z21 and ΔH = h11h22 − h12h21.

To convert S-parameters to the admittance Y-parameters, it is convenient to represent 
Equations 1.42 and 1.43 as

 
I a b

Z
I a b

Z
1 1 2 2

1 1= − = −( ) ( )1
0

2
0  

(1.50)

 V a b Z V a b Z1 1 1 2= + = +( ) ( )1 0 2 0  (1.51)

TABLE 1.1

Relationships between Z-, Y-, H-, and ABCD-Parameters

[Z] [Y] [H] [ABCD]

[Z] Z Z

Z Z
11 12

21 22

Y
Y

Y
Y

Y
Y

Y
Y

22 12

21 11

∆ ∆

∆ ∆

−

−

∆H
h

h
h

h
h h

22

12

22

21

22 22

1−

A
C

AD BC
C

C
D
C

−

1

[Y] Z
Z

Z
Z

Z
Z

Z
Z

22 12

21 11

∆ ∆

∆ ∆

−

−

Y Y

Y Y
11 12

21 22

1

11

12

11

21

11 11

h
h
h

h
h

H
h

−

∆

D
B

AD BC
B

B
A
B

− −

− 1

[H] ∆Z
Z

Z
Z

Z
Z Z

22

12

22

21

22 22

1−

1

11

12

11

21

11 11

Y
Y
Y

Y
Y

Y
Y

−

∆

h h

h h
11 12

21 22

B
D

AD BC
D

D
C
D

−

− 1

[ABCD] Z
Z

Z
Z

Z
Z
Z

11

21 21

21

22

21

1

∆ − −

− −

Y
Y Y

Y
Y

Y
Y

22

21 21

21

11

21

1

∆

− −

− −

∆H
h

h
h

h
h h

21

11

21

22

21 21

1

A B

C D
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10 Broadband RF and Microwave Amplifiers

where it is assumed that the source and load impedances are real and equal to ZS = ZL = Z0.
Substituting Equations 1.50 and 1.51 into Equations 1.11 and 1.12 results in

 

a b
Z

Y a b Z Y a b Z1 1
1 2

− = + + +
0

11 1 0 12 2 0( ) ( )
 

(1.52)

 

a b
Z

Y a b Z Y a b Z2 2
1 2

− = + + +
0

21 1 0 22 2 0( ) ( )
 

(1.53)

which can then be respectively converted to

 − + − = − − +b Y Z b Y Z a Y Z a Y Z1 11 0 0 12 01 1( ) ( )2 12 0 1 11 2  (1.54)

 − − + = − −b Y Z b Y Z a Y Z a Y Z1 22 0 21 0 01 1 21 0 2 1 2 22 ( ) ( )  (1.55)

In this case, Equations 1.54 and 1.55 can be solved for the reflected waves b1 and b2 as

 

b Y Z Y Z Y Y Z

a Y Z Y Z Y

1 11 0 22 0 12 21 0
2

11 0 22 0 1

1 1

1 1

( )

( )( )

+ + − 
= − + +

( )

1 22 21 0
2

12 0Y Z a Y Z  − 2 2  

(1.56)

 

b Y Z Y Z Y Y Z

a Y Z a Y Z

2 11 0 22 0 12 21 0
2

21 0 11 0

1 1

1

( )( )

(

+ + − 
= − + +2 1 2 ))( )1 22 0 12 21 0

2− + Y Z Y Y Z  
 

(1.57)

Comparing equivalent Equations 1.44 and 1.45 and Equations 1.56 and 1.57 gives 
the following relationships between the scattering S-parameters and admittance 
Y-parameters:

 
S

Y Z Y Z Y Y Z
Y Z Y Z Y Y Z

11
0 0 12 21 0

2

0 0 12 21

1 1
1 1

= − + +
+ + −

( )( )
( )( )

11 22

11 22 00
2

 
(1.58)

 
S

Y Z
Y Z Y Z Y Y Z

12
12 0

0 0 12 21 0
21 1

= −
+ + −

2 

11 22( )( )  
(1.59)

 
S

Y Z
Y Z Y Z Y Y Z

21
21 0

0 0 12 21 0
21 1

= −
+ + −

2 

11 22( )( )  
(1.60)

 
S

Y Z Y Z Y Y Z
Y Z Y Z Y Y Z

22
0 0 12 21 0

2

0 0 12 21

1 1
1 1

= + − +
+ + −

( )( )
( )( )

11 22

11 22 00
2

 
(1.61)

The relationships between S-parameters with Z-, H-, and ABCD-parameters can be 
obtained in a similar fashion. Table 1.2 shows the conversions between S-parameters and 
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11Two-Port Network Parameters

TABLE 1.2

Conversions between S-Parameters and Z-, Y-, H-, and ABCD-Parameters

S-Parameters through Z-, Y-, H-, and 
ABCD-Parameters

Z-, Y-, H-, and ABCD-Parameters through 
S-Parameters

S
Z Z Z Z Z Z
Z Z Z Z Z Z

S
Z

11
11 0 22 0 12 21

11 0 22 0 12 21

12
1

= − + −
+ + −

=

( )( )
( )( )

2 22 0

11 0 22 0 12 21

21
21 0

11 0 22 0 12

Z
Z Z Z Z Z Z

S
Z Z

Z Z Z Z Z

( )( )

( )( )

+ + −

=
+ + −

2 
ZZ

S
Z Z Z Z Z Z
Z Z Z Z Z Z

21

22
11 0 22 0 12 21

11 0 22 0 12 21
= + − −

+ + −
( )( )
( )( )

Z Z
S S S S
S S S S

Z Z
S

11
11 22 12 21

11 22 12 21

12 0
1

1 1
1 1

= + − +
− − −

=

0

2 

( )( )
( )( )

22

11 22 12 21

21
21

11 22 12 21

22

1 1

1 1

( )( )

( )( )

− − −

=
− − −

S S S S

Z Z
S

S S S S

Z

0
2 

== − + +
− − −

Z
S S S S
S S S S

0
( )( )
( )( )
1 1
1 1

11 22 12 21

11 22 12 21

S
Y Z Y Z Y Y Z
Y Z Y Z Y Y Z

11
0 0 12 21 0

2

0 0 12 21

1 1
1 1

= − +
+ + −

( )( )
( )( )

11 22

11 22

+
00
2

12
12 0

0 0 12 21 0
2

21
21 0

1 1
S

Y Z
Y Z Y Z Y Y Z

S
Y Z

= −
+ + −

= −

 2 

 2 
11 22( )( )

(11 1

1 1
0 0 12 21 0

2

22
0 0 12 21

+ + −

= + − +
Y Z Y Z Y Y Z

S
Y Z Y Z Y Y Z

11 22

11 22

)( )

( )( ) 00
2

0 0 12 21 0
21 1( )( )+ + −Y Z Y Z Y Y Z11 22

Y
Z

S S S S
S S S S

Y
Z

11
11 22 12 21

11 22 12 21

12

1 1
1 1

= − + +
+ + −

= −

1

1 2
0

0

( )( )
( )( )

  

1 2 

0

S
S S S S

Y
Z

S
S S S S

12

11 22 12 21

21
21

11 22 12

1 1

1 1

( )( )

( )( )

+ + −

= −
+ + − 221

22
11 22 12 21

11 22 12 21

1 1
1 1

Y
Z

S S S S
S S S S

= + − +
+ + −

1

0

( )( )
( )( )

S
h Z h Z h h Z
h Z h Z h h Z

S

11
11 0 0 12 21 0

11 0 0 12 21 0

1

1
1

= − + −
+ + −

( )( )
( )( )

22

22

22
12 0

11 0 0 12 21 0

21
21 0

11 0

1

1

=
+ + −

= −
+

2 

2 
22

h Z
h Z h Z h h Z

S
h Z

h Z

( )( )

( )( ++ −

= + − +
+ +

h Z h h Z

S
h Z h Z h h Z
h Z

22

22

0 12 21 0

22
11 0 0 12 21 0

11 0

1
1

)
( )( )
( )( hh Z h h Z22 0 12 21 0) −

h Z
S S S S
S S S S

h
S

11
11 22 12 21

11 22 12 21

12
12

1 1
1 1

= + + −
− + +

=

0

2 

( )( )
( )( )

(11 1

1 1

11 22 12 21

21
21

11 22 12 21

22

− + +

= −
− + +

=

S S S S

h
S

S S S S

h
Z

)( )

( )( )
2 

1

00  
( )( )
( )( )
1 1
1 1

11 22 12 21

11 22 12 21

− − −
− + +

S S S S
S S S S

S
AZ B CZ DZ
AZ B CZ DZ

S
AD BC Z

AZ B CZ D

11
0
2

0

0
2

0

12
0

0
2

= + − −
+ + +

= −
+ + +

0

0

0

2( )
ZZ

S
Z

AZ B CZ DZ

S
AZ B CZ DZ

AZ B CZ DZ

0

21
0

0
2

0

22
0
2

0

0
2

0

=
+ + +

= − + − +
+ + +

2 

0

0

0

A
S S S S

S

B Z
S S S S

S

= + − +

= + + −

( )( )

( )( )

1 1

1 1

11 22 12 21

21

11 22 12 21

21

2 

2 0

CC
Z

S S S S
S

D
S S S S

S

= − − −

= − + +

1
2 

2 

0

( )( )

( )( )

1 1

1 1

11 22 12 21

21

11 22 12 21

221
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12 Broadband RF and Microwave Amplifiers

Z-, Y-, H-, and ABCD-parameters for the simplified case when the source impedance ZS 
and the load impedance ZL are equal to the characteristic impedance Z0 [3].

1.4 Interconnections of Two-Port Networks

When analyzing the behavior of a particular electrical circuit in terms of the two-port 
network parameters, it is often necessary to define the parameters of a combination of 
the two or more internal two-port networks. For example, the general feedback ampli-
fier circuit consists of an active two-port network representing the amplifier stage, which 
is connected in parallel with a passive feedback two-port network. In general, the two-
port networks can be interconnected using parallel, series, series–parallel, or cascade 
connections.

To characterize the resulting two-port networks, it is necessary to take into account 
which currents and voltages are common for individual two-port networks. The most con-
venient set of parameters is one for which the common currents and voltages represent a 
simple linear combination of the independent variables. For the interconnection shown in 
Figure 1.5a, the two-port networks characterized by the impedance matrices [Za] and [Zb] 
are connected in series for both the input and output terminals. Therefore, the currents 
flowing through these terminals are equal when

 I I I I I I1 2= = = =1a 1b 2a 2b  (1.62)

or, in a matrix form,

 [ ] [ ] [ ]I I I= =a b  (1.63)

The terminal voltages of the resulting two-port network represent the corresponding 
sums of the terminal voltages of the individual two-port networks when

 V V V V V V1 2= + = +1a 1b 2a 2b  (1.64)

or, in a matrix form,

 [ ] [ ] [ ]V V V= +a b  (1.65)

In this case, the currents are common components both for the resulting and individual 
two-port networks. Consequently, to describe the properties of entire circuit, it is most 
convenient to use the impedance matrices, and we can write for each two-port network 
using Equation 1.62, respectively,

 [ ] [ ][ ] [ ]V Z I Z Ia a a a [ ]= =  (1.66)

 [ ] [ ][ ] [ ][ ]V Z I Z Ib b b b= =  (1.67)
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13Two-Port Network Parameters

Adding both sides of Equations 1.66 and 1.67 yields

 [ ] [ ][ ]V Z I=  (1.68)

where

 
[ ] a b

11a 11b 12a 12b

21a 21b 22a 22b
Z Z Z

Z Z Z Z

Z Z Z Z
= + =

+ +
+ +









[ ] [ ]

 
(1.69)

I2I2a

V2aZa

Zb

V1a

I1bV1
V2

V1b

I2b

V2b

I1aI1

I2I2a

V2aYa

Yb

V1a

I1b
V1 V2

V1b

I2b

V2b

I1aI1

I2I2a

V2aHa

Hb

V1a

I1b
V1 V2

V1b

I2b

V2b

I1aI1

–I2–I2a –I2bI1b

V2a V1b V2b V2V1aV1 NbNa

I1aI1

(a)

(b)

(c)

(d)

FIGURE 1.5
Different interconnections of two-port networks.
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14 Broadband RF and Microwave Amplifiers

The circuit shown in Figure 1.5b is composed of the two-port networks characterized 
by the admittance matrices [Ya] and [Yb] and connected in parallel, where the common 
components for both resulting and individual two-port networks are input and output 
voltages, respectively,

 V V V V V V1 2= = = =1a 1b 2a 2b  (1.70)

or, in a matrix form,

 [ ] [ ] [ ]V V V= =a b  (1.71)

Consequently, to describe the entire circuit properties in this case, it is convenient to use 
the admittance matrices that give the resulting matrix equation in the form

 [ ] [ ][ ]I Y V=  (1.72)

where

 
[ ] [ ] [ ]Y Y Y

Y Y Y Y

Y Y Y Y
= + =

+ +
+ +









a b

11a 11b 12a 12b

21a 21b 22a 22b  
(1.73)

The series connection of the input terminals and parallel connection of the output termi-
nals are characterized by the circuit in Figure 1.5c, which shows a series–parallel connec-
tion of two-port networks. The common components for this circuit are the input currents 
and the output voltages. As a result, it is most convenient to analyze the entire circuit 
properties using hybrid matrices. The resulting two-port hybrid matrix is equal to the sum 
of the two individual hybrid matrices, which is written as

 
[ ] [ ]H H H

h h h h

h h h h
= + =

+ +
+ +









[ ]a b

11a 11b 12a 12b

21a 21b 22a 22b  
(1.74)

Figure 1.5d shows the cascade connection of the two individual two-port networks. For 
such an approach using the one-by-one interconnection of the two-port networks, the out-
put voltage and the output current of the first network is equal to the input voltage and the 
input current of the second one, respectively, when

 V V I I1 1= =1a 1a  (1.75)

 V V I I2 2a 1 a 1b= − =  (1.76)

 V V I I2 2b 2 b 2= − = −  (1.77)

In this case, it is convenient to use a system of ABCD-parameters given by Equations 1.21 
and 1.22. As a result, for the first individual two-port network shown in Figure 1.5d,
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15Two-Port Network Parameters

 

V

I

A B

C D

V

I
1a

1a

a a

a a

2a

2a









 =









 −











 
(1.78)

or, using Equations 1.75 and 1.76,

 

V

I

A B

C D

V

I
1 1

11

a a

a a

b

b









 =





















 
(1.79)

Similarly, for the second individual two-port network,

 

V

I

A B

C D

V

I

A B

C D

V1

1

b

b

b b

b b

2b

2b

b b

b b

2







 =









 −









 =









 −II2











 
(1.80)

Then, substituting matrix Equation 1.80 to matrix Equation 1.79 yields

 

V

I

A B

C D

A B

C D

V

I

A B

C D
1

1









 =



















 −









 =






a a

a a

b b

b b

2

2




 −











V

I
2

2  
(1.81)

Consequently, the transmission matrix of the resulting two-port network obtained 
by the cascade connection of the two or more individual two-port networks is deter-
mined by multiplying the transmission matrices of the individual networks. This impor-
tant property is widely used in the analysis and design of transmission networks and 
systems.

1.5 Practical Two-Port Networks

1.5.1 Single-Element Networks

The simplest networks, which include only one element, can be constructed by a series-
connected admittance Y, as shown in Figure 1.6a, or by a parallel-connected impedance Z, 
as shown in Figure 1.6b.

The two-port network consisting of the single series admittance Y can be described in a 
system of Y-parameters as

 I YV YV1 1= − 2  (1.82)

Y(a) (b)

ZV1 V2 V1 V2

I1 I2 I1 I2

FIGURE 1.6
Single-element networks.
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16 Broadband RF and Microwave Amplifiers

 I YV YV2 1= − + 2  (1.83)

or, in a matrix form,

 
[ ]Y

Y Y

Y Y
=

−
−









  

 
(1.84)

which means that Y11 = Y22 = Y and Y12 = Y21 = −Y. The resulting matrix is a singular matrix 
with |Y| = 0. Consequently, it is impossible to determine such a two-port network with the 
series admittance Y-parameters through a system of Z-parameters. However, by using H- 
and ABCD-parameters, it can be described, respectively, by

 
[ ]

/
[ ]

/
H

Y
ABCD

Y
=

−








 =











1 1
1 0

1 1
0 1

 
 

(1.85)

Similarly, for a two-port network with the single parallel impedance Z,

 
[ ]Z

Z Z

Z Z
=









  

 
(1.86)

which means that Z11 = Z12 = Z21 = Z22 = Z. The resulting matrix is a singular matrix with 
|Z| = 0. In this case, it is impossible to determine such a two-port network with the paral-
lel impedance Z-parameters through a system of Y-parameters. By using H- and ABCD-
parameters, this two-port network can be described by

 
[ ]  H

Z
ABCD

Z
=

−








 =











0 1
1 1

1 0
1 1/

[ ]
/  

(1.87)

1.5.2 π- and T-Type Networks

The basic configurations of a two-port network that usually describe the electrical proper-
ties of the active devices can be represented in the form of a π-circuit shown in Figure 1.7a 
and in the form of a T-circuit shown in Figure 1.7b. Here, the π-circuit includes the current 
source gmV1 and the T-circuit includes the voltage source rmI1.

By deriving the two-loop equations using Kirchhoff’s current law or applying Equations 
1.13 and 1.14 for the π-circuit, one can obtain

 I Y Y V Y V1 3 1 3 0− + + =( )1 2  (1.88)

 I g Y V Y Y V2 3 1 2 3 0+ − + + =( ) ( )m 2  (1.89)

Equations 1.88 and 1.89 can be rewritten as matrix Equation 1.3 with
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17Two-Port Network Parameters

 
[ ] [ ]

( )
( )

M N
Y Y Y

g Y Y Y
=









 =

− +
− + − +











1 0
0 1

1 3 3

3 2
and

m 3

Since matrix [M] is nonsingular, such a two-port network can be described by a system 
of Y-parameters as

 
[ ] [ ]Y M N

Y Y Y

g Y Y Y
= − =

+ −
− +











−1 

m
[ ]

1 3 3

3 2 3  
(1.90)

Similarly, for a two-port network in the form of a T-circuit using Kirchhoff’s voltage law 
or applying Equations 1.8 and 1.9, one can obtain
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Z Z Z

r Z Z Z
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−1 
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1 3 3

3 2 3  
(1.91)

If gm = 0 for a π-circuit and rm = 0 for a T-circuit, their corresponding matrices in a system 
of ABCD-parameters can be written as, for π-circuit,
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and, for T-circuit,

 

[ ]

2

3
1 2

 2

3

3

1

3

ABCD

Z
Z

Z Z
Z Z

Z

Z
Z
Z

=
+ + +

+



















1

1
1

1

 

(1.93)
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FIGURE 1.7
Basic diagrams of π- and T-networks.
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18 Broadband RF and Microwave Amplifiers

Based on the appropriate relationships between impedances of a T-circuit and admit-
tances of a π-circuit, these two circuits become equivalent with respect to the effect on any 
other two-port network. For a π-circuit shown in Figure 1.8a,

 

I Y V Y V Y V Y V V

Y Y V Y V
1 13 3 13 3 23

1 3 13 3

= + = + −
= + −

1 12 1 13

23

   
  

( )
( )  

(1.94)

 

I Y V Y V Y V Y V V

Y V Y Y V
2 23 3 3 23

13 2 3

= − = − −
= − + +

2 12 2 23 13 

3 23

     
 

( )
( )  

(1.95)

Solving Equations 1.94 and 1.95 for voltages V13 and V23 yields
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Y Y
Y Y Y Y Y Y

I
Y
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(1.97)

Similarly, for a T-circuit shown in Figure 1.8b,
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and the equations for currents I1 and I2 can be obtained by
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FIGURE 1.8
Equivalence of π- and T-circuits.
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19Two-Port Network Parameters

To establish a T- to π-transformation, it is necessary to equate the coefficients for V13 and 
V23 in Equations 1.100 and 1.101 to the corresponding coefficients in Equations 1.94 and 
1.95. Similarly, to establish a π- to T-transformation, it is necessary to equate the coefficients 
for I1 and I2 in Equations 1.98 and 1.99 to the corresponding coefficients in Equations 1.96 
and 1.97. The resulting relationships between admittances for a π-circuit and impedances 
for a T-circuit are given in Table 1.3.

1.6 Three-Port Network with Common Terminal

The concept of a two-port network with two independent sources can generally be 
extended to any multiport networks. Figure 1.9 shows the three-port network where all 
three independent sources are connected to a common point. The three-port network 
matrix Equation 1.3 can be described in a scalar form as

 

m V m V m V n I n I n I

m V m V m V n
11 1 12 2 13 3 11 1 12 2 13 3

21 1 22 2 23 3 21

0+ + + + + =
+ + + II n I n I

m V m V m V n I n I n I
1 22 2 23 3

31 1 32 2 33 3 31 1 32 2 33 3

0
0

+ + =
+ + + + + =









 

(1.102)

TABLE 1.3

Relationships between π- and T-Circuit Parameters

T- to π-Transformation π- to T-Transformation

Y
Z

Z Z Z Z Z Z

Y
Z

Z Z Z Z Z Z

Y
Z

Z Z Z Z Z Z

1
2

1 2 2 3 1 3

2
1

1 2 2 3 1 3

3
3

1 2 2 3 1 3

=
+ +

=
+ +

=
+ +

Z
Y

Y Y Y Y Y Y

Z
Y

Y Y Y Y Y Y

Z
Y

Y Y Y Y Y Y

1
2

1 2 2 3 1 3

2
1

1 2 2 3 1 3

3
3

1 2 2 3 1 3

=
+ +

=
+ +

=
+ +

V3

LN
2

3

0

1

I3

V2V1

I1 I2

FIGURE 1.9
Basic diagram of three-port network with common terminal.
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20 Broadband RF and Microwave Amplifiers

If matrix [N] in Equation 1.102 is nonsingular when |N| ≠ 0, this system of three equa-
tions can be rewritten in admittance matrix representation in terms of the voltage matrix 
[V], similarly to a two-port network, as

 

I
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Y Y Y

Y Y Y

Y Y Y
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3
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=














 VV3

















 

(1.103)

The matrix [Y] in Equation 1.103 is the indefinite admittance matrix of the three-port 
network and represents a singular matrix with two important properties: the sum of all 
terminal currents entering the circuit is equal to zero, that is, I1 + I2 + I3 = 0, and all termi-
nal currents entering the circuit depend on the voltages between circuit terminals, which 
makes the sum of all terminal voltages equal to zero, that is, V13 + V32 + V21 = 0.

According to the first property, adding the left and right parts of matrix Equation 1.103 
results in

 

( ) ( )
( )

Y Y Y V Y Y Y V

Y Y Y V
11 21 31 1 12 22 32

13 23 33 3

+ + + + +
+ + + =

2

0  
(1.104)

Since all terminal voltages (V1, V2, and V3) can be set independently from each other, 
Equation 1.104 can be satisfied only if any column sum is identically zero,
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(1.105)

Terminal currents will neither decrease nor increase with the simultaneous change of all 
terminal voltages by the same magnitude. Consequently, if all terminal voltages are equal 
to a nonzero value when V1 = V2 = V3 = V0, a lack of the terminal currents occurs when 
I1 = I2 = I3 = 0. For example, since from the first row of the matrix Equation 1.103 follows 
that I1 = Y11V1 + Y12V2 + Y13V3, then we can write

 0 11 12 13 0= + +( )Y Y Y V   (1.106)

which results, due to the nonzero value V0, in

 Y Y Y11 12 13+ + = 0  (1.107)

Applying the same approach to other two rows results in
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(1.108)
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21Two-Port Network Parameters

Consequently, by using Equations 1.105 through 1.108, the indefinite admittance Y-matrix 
of a three-port network can be rewritten by

 

[ ]
( )
( )

( ) ( )
Y

Y Y Y Y

Y Y Y Y

Y Y Y Y Y

=
− +
− +

− + − +

11 12 11 12

21 22 21 22

11 21 12 22 111 12 21 22+ + +















Y Y Y  

(1.109)

By selecting successively terminal 1, 2, and 3 as the datum terminal, the correspond-
ing three two-port admittance matrices of the initial three-port network can be obtained. 
In this case, the admittance matrices will correspond to a common-emitter configura-
tion shown in Figure 1.10a, a common-base configuration shown in Figure 1.10b, and a 
common-collector configuration of the bipolar transistor shown in Figure 1.10c, respec-
tively. If the common-emitter device is treated as a two-port network characterized by 
four Y-parameters (Y11, Y12, Y21, and Y22), the two-port matrix of the common-collector con-
figuration with grounded collector terminal is simply obtained by deleting the second row 
and the second column in matrix Equation 1.109. For the common-base configuration with 
grounded base terminal, the first row and the first column should be deleted because the 
emitter terminal is considered the input terminal.

A similar approach can be applied to the indefinite three-port impedance network. This 
allows the Z-parameters of the impedance matrices of the common-base and the common-
collector configurations through known impedance Z-parameters of the common-emitter 
configuration of the transistor to be determined. Parameters of the three-port network, 
which can describe the electrical behavior of the three-port bipolar or field-effect transistor 
configured with different common terminals, are given in Table 1.4.
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FIGURE 1.10
Bipolar transistors with different common terminals.

TABLE 1.4

 Y- and Z-Parameters of Active Device with Different Common Terminal

Y-Parameters Z-Parameters

Common 
emitter 
(source)

Y Y

Y Y
11 12

21 22

Z Z

Z Z
11 12

21 22

Common base 
(gate)

Y Y Y Y Y Y

Y Y Y
11 12 21 22 12 22

21 22 22

+ + + − +
− +

( )
( )

 Z Z Z Z Z Z

Z Z Z
11 12 21 22 12 22

21 22 22

+ + + − +
− +

( )
( )

 
  

Common 
collector 
(drain)

Y Y Y

Y Y Y Y Y Y
11 11 12

11 21 11 12 21 22

− +
− + + + +

( )
( )

Z Z Z

Z Z Z Z Z Z
11 11 12

11 21 11 12 21 22

− +
− + + + +

( )
( )
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1.7 Lumped Elements

Generally, passive hybrid or integrated circuits are designed based on lumped elements, 
distributed elements, or combination of both types of elements. Distributed elements rep-
resent any sections of the transmission lines of different lengths, types, and characteristic 
impedances. The basic lumped elements are inductors and capacitors that are small in size 
in comparison with the transmission-line wavelength λ, and usually their linear dimen-
sions are less than λ/10 or even λ/16. In applications where lumped elements are used, 
their basic advantages are small physical size and low production cost. However, their 
main drawbacks are lower quality and lower power-handling capability compared with 
distributed elements.

1.7.1 Inductors

Inductors are lumped elements that store energy in a magnetic field. The lumped inductors 
can be implemented using several different configurations such as a short section of a strip 
conductor or wire, a single loop, or a spiral. The printed high-impedance microstrip-sec-
tion inductor is usually used for low inductance values, typically less than 2 nH, and often 
meandered to reduce the component size. Printed microstrip single-loop inductors are not 
very popular due to their limited inductance per unit area. The approximate expression for 
the microstrip short-section inductance in free space is given by

 
L l

l
W t

W t
l

K( ) .nH 0.2 10 ln3
g= ×

+




 + + +








− 1 193
3  

(1.110)

where the conductor length l, conductor width W, and conductor thickness t are in microns, 
and the term Kg accounts for the presence of a ground plane defined as

 
K

W
h

W
h

g 0.57 0.145ln , for= − > 0 05.
 

(1.111)

where h is the spacing from ground plane [4,5].
Spiral inductors can have a circular configuration, a rectangular (square) configuration 

as shown in Figure 1.11a, or an octagonal configuration as shown in Figure 1.11b, if the 
technology allows 45° routing. The circular geometry is superior in electrical performance, 
whereas the rectangular shapes are easy to lay out and fabricate. Printed inductors are 
based on using thin-film or thick-film Si or GaAs fabrication processes, and the inner con-
ductor is pulled out to connect with other circuitry through a bondwire or an air bridge, or 
by using multilevel crossover metal. The general expression for a spiral inductor, which is 
also valid for its planar integration within accuracy of around 3%, is based on a Wheeler 
formula and can be obtained as

 
L

K n d
K

( )nH 1 avg=
+

2

21 ρ  
(1.112)
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23Two-Port Network Parameters

where n is the number of turns, davg = (dout + din)/2 is the average diameter, ρ = (dout + din)/
(dout − din) is the fill ratio, dout is the outer diameter in µm, din is the inner diameter in µm, 
and the coefficients K1 and K2 are layout dependent: square—K1 = 2.34, K2 = 2.75, hexago-
nal—K1 = 2.33, K2 = 3.82, and octagonal—K1 = 2.25, K2 = 3.55 [6,7].

In contrast to the capacitors, high-quality inductors are not readily available in a stan-
dard complementary metal-oxide-semiconductor (CMOS) technology. Therefore, it is nec-
essary to use special techniques to improve the inductor electrical performance. By using a 
standard CMOS technology with only two metal layers and a heavily doped substrate, the 
spiral inductor will have a large series resistance compared with three–four metal layer 
technologies, and the substrate losses become a very important factor due to the relatively 
low resistivity of silicon. A major source of substrate losses is the capacitive coupling when 
current is flowing not only through the metal strip but also through the silicon substrate. 
Another important source of substrate losses is the inductive coupling when, due to the 
planar inductor structure, the magnetic field penetrates deeply into the silicon substrate, 
inducing current loops and related losses. However, the latter effects are particularly 
important for large-area inductors and can be overcome by using silicon micromachining 
techniques [8].

The simplified equivalent circuit for the CMOS spiral microstrip inductor is shown in 
Figure 1.12, where Ls models the self and mutual inductances, Rs is the series coil resistance, 
Cox is the parasitic oxide capacitance from the metal layer to the substrate, Rsi is the resis-
tance of the conductive silicon substrate, Csi is the silicon substrate parasitic capacitance, 
and Cc is the parasitic coupling capacitance [9]. The parasitic silicon substrate capacitance 
Csi is sufficiently small and in most cases can be neglected. Such a model shows an accurate 
agreement between simulated and measured data within 10% across a variety of induc-
tor geometries and substrate dopings up to 20 GHz [10]. At frequencies well below the 
inductor self-resonant radian frequency ωSRF, the coupling capacitance Cc between metal 
segments due to fringing fields in both the dielectric and air regions can also be neglected 
since the relative dielectric constant of the oxide is small enough [11]. In this case, if one 
side of the inductor is grounded, the self-resonant radian frequency of the spiral inductor 
can approximately be calculated from

 
ωSRF
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(1.113)

FIGURE 1.11
 Spiral inductor layouts.
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At frequencies higher than self-resonant frequency ωSRF, the inductor exhibits a capaci-
tive behavior. The self-resonant frequency ωSRF is limited mainly by the parasitic oxide 
capacitance Cox, which is inversely proportional to the oxide thickness between the metal 
layer and substrate. The frequency at which the inductor quality factor Q is maximal can 
be obtained as

 
ωQ

s ox

s

si

si

s2
1

4
3

= + −






1

1
0 5

L C
R
R

R
R

.

 
(1.114)

The inductor metal conductor series resistance Rs can be easily calculated at low frequen-
cies as the product of the sheet resistance and the number of squares of the metal trace. 
However, at high frequencies, the skin effect and other magnetic field effects will cause a 
nonuniform current distribution in the inductor profile. In this case, a simple increase in 
the diameter of the inductor metal turn does not necessarily correspondingly reduce the 
inductor series resistance. For example, for the same inductance value, the difference in 
resistance between the two inductors, when one of them has a metal strip twice as wide, is 
only a factor of 1.35 [12]. Moreover, at very high frequencies, the largest contribution to the 
series resistance does not come from the longer outer turns, but from the inner turns. This 
phenomenon is a result of the generation of circular eddy currents in the inner conductors, 
whose direction is such that they oppose the original change in magnetic field. On the 
inner side of the inner turn, coil current and eddy current flow in the same direction, so 
the current density is larger than average. On the outer side, both currents cancel, and the 
current density is smaller than average. As a result, the current in the inner turn is pushed 
to the inside of the conductor.

In hybrid or monolithic applications, bondwires are used to interconnect different com-
ponents such as lumped elements, planar transmission lines, solid-state devices, and 
integrated circuits. These bondwires, which are usually made of gold or aluminum, have 
0.5- to 1.0-mil diameters, and their lengths are electrically shorter compared with the 
operating wavelength. To characterize the electrical behavior of the bondwires, simple 
formulas in terms of their inductances and series resistances can be used. As a first-order 

Cc

Cox Cox

CsiCsiRsi Rsi

RsLs

FIGURE 1.12
Equivalent circuit of a square spiral inductor.
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approximation, the parasitic capacitance associated with bondwires can be neglected. 
When l ≫ d, where l is the bondwire length in µm and d is the bondwire diameter in µm,

 
L l

l
d

d
l

C(nH) 0.2 10 ln
4 = × + − +





−3 0 5 1.
 

(1.115)

where C = tanh(4δ/d)/4 is the frequency-dependent correction factor, which is a function of 
the bondwire diameter and its material’s skin depth δ [6,13].

1.7.2 Capacitors

Capacitors are lumped elements that store energy due to an electric field between two 
electrodes (or plates) when a voltage is applied across them. In this case, a charge of equal 
magnitude but of opposite sign accumulates on the opposing capacitor plates. The capaci-
tance depends on the area of the plates, separation, and dielectric material between them. 
The basic structure of a chip capacitor shown in Figure 1.13a consists of two parallel plates, 
each of area A  =  W × l and separated by a dielectric material of thickness d and permittiv-
ity ε0εr, where ε0 is the free-space permittivity (8.85 × 10−12 farads/m) and εr is the relative 
dielectric constant.

Chip capacitors are usually used in hybrid integrated circuits when relatively high 
capacitance values are required. In the parallel-plate configuration, the capacitance is com-
monly expressed as

 
C

Wl
d

 (pF) 8.85 10 r= × −3ε
 

(1.116)

where W, l, and d are dimensions in millimeters. Generally, the low-frequency bypass 
capacitor values are expressed in microfarads and nanofarads, high-frequency blocking 
and tuning capacitors are expressed in picofarads, and parasitic or fringing capacitances 
are written in femtofarads. This basic formula given by Equation 1.116 can also be applied 
to capacitors based on a multilayer technique [5]. The lumped-element equivalent circuit of 
a capacitor is shown in Figure 1.13b, where Ls is the series plate inductance, Rs is the series 

l

W

d εr

(a)

(b)

C Ls Rs

Cp

FIGURE 1.13
Parallel capacitor topology and its equivalent circuit.
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contact and plate resistance, and Cp is the parasitic parallel capacitance. When C ≫ Cp, the 
radian frequency ωSRF, at which the reactances of series elements C and Ls become equal, 
is called the capacitor self-resonant frequency, and the capacitor impedance is equal to the 
resistance Rs.

For monolithic applications where relatively low capacitances (typically less than 0.5 pF) 
are required, planar series capacitances in the form of microstrip or interdigital configu-
rations can be used. These capacitors are simply formed by gaps in the center conductor 
of the microstrip lines, and they do not require any dielectric films. The gap capacitor 
shown in Figure 1.14a can be equivalently represented by a series coupling capacitance and 
two parallel fringing capacitances [14]. The interdigital capacitor is a multifinger periodic 
structure, as shown in Figure 1.14b, where the capacitance occurs across a narrow gap 
between thin-film transmission-line conductors [15]. These gaps are essentially very long 
and folded to use a small amount of area. In this case, it is important to keep the size of the 
capacitor very small relative to the wavelength, so that it can be treated as a lumped ele-
ment. A larger total width-to-length ratio results in the desired higher shunt capacitance 
and lower series inductance. An approximate expression for the total capacitance of inter-
digital structure with s = W and length l less than a quarter wavelength can be given by

 C l N A A (pF)    r= + − +( ) [( ) ]ε 1 3 1 2  (1.117)

where N is the number of fingers and
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FIGURE 1.14
Different series capacitor topologies.
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where h is the spacing from the ground plane.
Series planar capacitors with larger values, which are called metal–insulator–metal 

(MIM) capacitors, can be realized by using an additional thin dielectric layer (typically 
less than 0.5 µm) between two metal plates, as shown in Figure 1.14c [5]. The bottom plate 
of the capacitor uses a thin unplated metal, and the dielectric material is typically silicon 
nitride (Si3N4) for integrated circuits on GaAs and SiO2 for integrated circuits on Si. The top 
plate uses a thick plated conductor to reduce the loss in the capacitor. These capacitors are 
used to achieve higher capacitance values in small areas (10 pF and greater), with typical 
tolerances from 10% to 15%. The capacitance can be calculated according to Equation 1.116.

1.8 Transmission Line

Transmission lines are widely used in matching circuits of power amplifiers, in hybrid 
couplers, or power combiners and dividers. When the propagated signal wavelength is 
compared to its physical dimension, the transmission line can be considered as a two-port 
network with distributed parameters, where the voltages and currents vary in magnitude 
and phase over length.

1.8.1 Basic Parameters

Schematically, a transmission line is often represented as a two-wire line, as shown in 
Figure 1.15a, where its electrical parameters are distributed along its length. The physical 
properties of a transmission line are determined by four basic parameters:

 1. The series inductance L due to the self-inductive phenomena of two conductors
 2. The shunt capacitance C in view of the proximity between two conductors
 3. The series resistance R due to the finite conductivity of the conductors
 4. The shunt conductance G, which is related to the dielectric losses in the material

(a)

(b)

V
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I I + ΔI 

V + ΔV

x + Δx

I + ΔI 

x + Δx 

ΔRΔxΔLΔx

ΔCΔx ΔGΔx V + ΔVV
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FIGURE 1.15
Transmission line schematics.

© 2016 by Taylor & Francis Group, LLC

  



28 Broadband RF and Microwave Amplifiers

As a result, a transmission line of length Δx represents a lumped-element circuit shown 
in Figure 1.15b, where ΔL, ΔC, ΔR, and ΔG are the series inductance, shunt capacitance, 
series resistance, and shunt conductance per unit length, respectively. If all these ele-
ments are distributed uniformly along the transmission line, and their values do not 
depend on the chosen position of Δx, this transmission line is called the uniform transmis-
sion line. Any finite length of the uniform transmission line can be viewed as a cascade of 
section length Δx.

To define the distribution of the voltages and currents along the uniform transmission 
line, it is necessary to write the differential equations using Kirchhoff’s voltage law for 
instantaneous values of the voltages and currents in the line section of length Δx, distant 
x from its beginning. For the sinusoidal steady-state condition, the telegrapher equations 
for V(x) and I(x) are given by

 

d V x
dx

V x
2

2
2 0

( )
( )− =γ

 
(1.120)

 

d I x
dx

I x
2

2
2 0

( )
( )− =γ

 
(1.121)

where γ α β ω ω= + = + +j R j L G j C( )( )∆ ∆ ∆ ∆  is the complex propagation constant (which 
is a function of frequency), α is the attenuation constant, and β is the phase constant. The 
general solutions of Equations 1.120 and 1.121 for voltage and current of the traveling wave 
in the transmission line can be written as

 V x A x A x( ) exp( ) exp( )= − +1 γ γ2  (1.122)
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A
Z

x
A
Z

x( ) exp( )= − −1

0
exp( ) 2

0
γ γ

 
(1.123)

where Z R j L G j C0 = + +( ) / ( )∆ ∆ ∆ ∆ω ω  is the characteristic impedance of the transmis-
sion line, Vi = A1exp(−γx) and Vr = A2exp(γx) represent the incident voltage and the reflected 
voltage, respectively, and Ii = A1exp(−γx)/Z0 and Ir = A2exp(γx)/Z0 are the incident current 
and the reflected current, respectively. From Equations 1.122 and 1.123, it follows that the 
characteristic impedance of the transmission line Z0 represents the ratio of the incident 
(reflected) voltage to the incident (reflected) current at any position on the line as

 
Z

V x
I x

V x
I x

0
i

i

r

r
= =( )

( )
( )
( )  

(1.124)

For a lossless transmission line, when R = G = 0 and the voltage and current do not change 
with position, the attenuation constant α = 0, the propagation constant γ β ω= =j j L C∆ ∆ , 
and the phase constant β ω= ∆ ∆L C . Consequently, the characteristic impedance is 
reduced to Z L C0 = /  and represents a real number. The wavelength is defined as 

λ π β π ω= =2 / 2 / ∆ ∆L C , and the phase velocity as v L Cp / 1= =ω β / ∆ ∆ .
Figure 1.16 represents a transmission line of the characteristic impedance Z0 terminated 

with a load ZL. In this case, the constants A1 and A2 are determined at the position x = l by
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 V l A l A l( ) exp( ) exp( )= − +1 γ γ2  (1.125)

 
I l

A
Z

l
A
Z

l( ) exp( )= − −1

0
exp(  )  2

0
γ γ

 
(1.126)

and equal to

 
A

V l Z I l
l1  = +( ) ( )

exp( )0

2
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(1.127)
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V l Z I l
l2  = − −( ) ( )

exp( )0

2
γ

 
(1.128)

As a result, wave equations for voltage V(x) and current I(x) can be rewritten as

 
V x

V l Z I l
l x

V l Z I l
l x( )

( ) ( )
exp[ ( )]

( ) ( )
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(1.129)
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(1.130)

which allows their determination at any position on the transmission line.
The voltage and current amplitudes at x = 0 as functions of the voltage and current 

amplitudes at x = l can be determined from Equations 1.129 and 1.130 as
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V l Z I l
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V l Z I l
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exp( )0

2 2
0 0= + + − −γ γ  

 
(1.131)
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(1.132)

By using the ratios coshx = [exp(x) + exp(−x)]/2 and sinhx = [exp(x) − exp(−x)]/2, 
Equations 1.131 and 1.132 can be rewritten in the form

 V V l l Z I l l( ) ( )cosh( ) ( )sinh( )0 = +γ γ  0  (1.133)

V(0) V(l)Z0, θ ZLZin

I(l)

x = lx = 0

I(0)

FIGURE 1.16
Loaded transmission line.
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= +γ γ  
 

(1.134)

which represents the transmission equations of the symmetrical reciprocal two-port 
network expressed through the ABCD-parameters when AD – BC = 1 and A = D. 
Consequently, the transmission ABCD-matrix of the lossless transmission line with α = 0 
can be defined as
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(1.135)

Using the formulas to transform ABCD-parameters into S-parameters yields
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(1.136)

where θ = βl is the electrical length of the transmission line.
In the case of the loaded lossless transmission line, the reflection coefficient Γ is defined 

as the ratio between the reflected voltage wave and the incident voltage wave given at a 
position x as

 
Γ( ) exp( )x

V
V

A
A

j x= =r

i

2

1
2 β

 
(1.137)

By taking into account Equations 1.127 and 1.128, the reflection coefficient for x = l can 
be defined as

 
Γ = −

+
Z Z
Z Z

0

0  
(1.138)

where Γ represents the load reflection coefficient and Z = ZL = V(l)/I(l). If the load is mis-
matched, only part of the available power from the source is delivered to the load. This 
power loss is called the return loss (RL), and is calculated in decibels as

 RL = −20 log10 | |Γ  (1.139)

For a matched load when Γ = 0, a return loss is of ∞ dB. A total reflection with Γ = 1 
means a return loss of 0 dB when all incident power is reflected.

According to the general solution for voltage at a position x in the transmission line,

 V x V x V x V x( ) ( ) ( ) [ ( )]= + = +i r i 1 Γ  (1.140)

Hence, the maximum amplitude (when the incident and reflected waves are in phase) is
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 V x V xmax i( ) | |[ | ( )|]= +1 Γ  (1.141)

and the minimum amplitude (when these two waves are 180° out of phase) is

 V x V xmin i [ ]( ) | | | ( )|= −1 Γ  (1.142)

The ratio of Vmax to Vmin, which is a function of the reflection coefficient Γ, represents 
the voltage standing wave ratio (VSWR). The VSWR is a measure of mismatch and can be 
written as

 
VSWR

V
V

= = +
−

max

min

1
1

| |
| |

Γ
Γ  

(1.143)

which can change from 1 to ∞ (where VSWR = 1 implies a matched load). For a load imped-
ance with zero imaginary part when ZL = RL, the VSWR can be calculated as VSWR = RL/ Z0 
when RL ≥ Z0 and VSWR = Z0/RL when Z0 ≥ RL.

From Equations 1.133 and 1.134, it follows that the input impedance of the loaded lossless 
transmission line can be obtained as

 
Z

V
I

Z
Z jZ
Z jZ

in 0
L

0 L

 = = +
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( )

tan( )
tan( )

0
0

0 θ
θ  

(1.144)

which gives an important dependence between the input impedance, the transmission-
line parameters (electrical length and characteristic impedance), and the arbitrary load 
impedance.

1.8.2 Microstrip Line

Planar transmission lines as an evolution of the coaxial and parallel-wire lines are compact 
and readily adaptable to hybrid and monolithic integrated circuit fabrication technologies 
at RF and microwave frequencies [16]. In a microstrip line, the grounded metallization 
surface covers only one side of dielectric substrate, as shown in Figure 1.17. Such a con-
figuration is equivalent to a pair-wire system for the image of the conductor in the ground 
plane, which produces the required symmetry [17]. In this case, the electric and magnetic 
field lines are located in both the dielectric region between the strip conductor and the 
ground plane and in the air region above the substrate. As a result, the electromagnetic 

εr

W

h

t

FIGURE 1.17
Microstrip-line structure.
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wave propagated along a microstrip line is not a pure transverse electromagnetic (TEM), 
since the phase velocities in these two regions are not the same. However, in a quasistatic 
approximation, which gives sufficiently accurate results as long as the height of the dielec-
tric substrate is very small compared with the wavelength, it is possible to obtain the 
explicit analytical expressions for its electrical characteristics. Since a microstrip line is an 
open structure, it has a major fabrication advantage over the stripline due to simplicity of 
practical realization, interconnection, and adjustments.

The exact expression for the characteristic impedance of a lossless microstrip line with 
finite strip thickness is given by [18,19]
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where
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Figure 1.18 shows the characteristic impedance Z0 of a microstrip line with zero strip 
thickness as a function of the normalized strip width W/h for various εr according to 
Equations 1.145 to 1.148.

In practice, it is possible to use a sufficiently simple formula to estimate the characteristic 
impedance Z0 of a microstrip line with zero strip thickness written as [20]
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(1.149)

For a microstrip line in a quasi-TEM approximation, the conductor loss factor αc (in 
Np/m) as a function of the microstrip-line geometry can be obtained by
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with
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where We/h is given by Equations 1.146 and 1.147 [21].
The dielectric loss factor αd (in Np/m) can be calculated by
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(1.153)

Conductor loss is a result of several factors related to the metallic material composing 
the ground plane and walls, among which are conductivity, skin effect, and surface rug-
gedness. For most microstrip lines (except for some kinds of semiconductor substrate such 
as silicon), the conductor loss is much more significant than the dielectric loss. The con-
ductor losses increase with increasing characteristic impedance due to greater resistance 
of narrow strips.

1.8.3 Coplanar Waveguide

A coplanar waveguide (CPW) is similar in structure to a slotline, the only difference being 
a third conductor centered in the slot region. The center strip conductor and two outer 

εr = 2

4
6
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100

10

0.1 1 10
W/h

FIGURE 1.18
Microstrip-line characteristic impedance versus W/h.
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grounded conductors lie in the same plane on substrate surface, as shown in Figure 1.19 
[22,23]. A coplanar configuration has some advantages such as low dispersion, ease of 
attaching shunt and series circuit components, no need for via holes, and simple real-
ization of short-circuited ends, which makes a CPW very suitable for hybrid and mono-
lithic integrated circuits. In contrast to the microstrip and stripline, the CPW has shielding 
between adjacent lines that creates a better isolation between them. However, like the 
microstrip and stripline, the CPW can be also described by a quasi-TEM approximation 
for both numerical and analytical calculations. Because of high dielectric constant of the 
substrate, most of the RF energy is stored in the dielectric and the loading effect of the 
grounded cover is negligible if it is more than two slot widths away from the surface. 
Similarly, the thickness of the dielectric substrate with higher relative dielectric constants 
is not so critical, and should practically be once or twice the width W of the slots.

The approximate expression of the characteristic impedance Z0 for zero metal thickness, 
which is satisfactorily accurate in a wide range of substrate thicknesses, can be written as

 
Z

K k
K k

0
re

= ′30π
ε

( )
( )  

(1.154)
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k s s W= +( )/ 2 , k s h s W h1  sinh(  / )/sinh( 2 / )= +π π4 4( ) , ′ = −k k1 2 , ′ = −k k1 1
21 , and K is 

the complete elliptic integral of the first kind [24].
The values of ratios K(k)/K(k′) and K(k1)/K(k′1) can be defined from
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which provides the relative error lower than 3 × 10−6 [25]. Figure 1.20 shows the character-
istic impedance Z0 of a CPW as a function of the parameter s/(s + 2W) for various εr accord-
ing to Equations 1.154 and 1.155.

εr

W

h
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FIGURE 1.19
Coplanar waveguide structure.
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1.9 Noise Figure

There are several primary noise sources in the electrical circuit. Thermal or white noise is 
created by the random motion of charge carriers due to thermal excitation, being always 
found in any conducting medium whose temperature is above absolute zero whatever 
the nature of the conduction process or the nature of the mobile charge carriers [26]. This 
random motion of carriers creates a fluctuating voltage on the terminals of each resistive 
element which increases with temperature. However, if the average value of such a voltage 
is zero, then the noise power on its terminal is not zero being proportional to the resistance 
of the conductor and to its absolute temperature. The resistor as a thermal noise source can 
be represented by either of the noise sources shown in Figure 1.21.

The noise voltage source and noise current source can be respectively described by 
Nyquist equations through their mean-square noise voltage and noise current values as

 e kTR fn
2 4= ∆  (1.157)

s/(s + 2W)

εr = 1

3
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40

100
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20

Z0, Ω

FIGURE 1.20
Coplanar waveguide characteristic impedance versus s/(s + 2W).
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en2 = 4kTRΔf +
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FIGURE 1.21
Equivalent circuits to represent thermal noise sources.
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i

kT f
R

n
2 4= ∆

 
(1.158)

where k = 1.38 × 10−23 J/K is the Boltzmann constant, T is the absolute temperature, and 
kT = 4 × 10−21 W/Hz = −174 dBm/Hz at ambient temperature T = 290 K. The thermal noise 
is proportional to the frequency bandwidth Δf, and it can be represented by the voltage 
source in series with resistor R, or by the current source in parallel to the resistor R. The 
maximum noise power can be delivered to the load when R = RL, where RL is the load 
resistance, being equal to kTΔf. Hence, the noise power density when the noise power is 
normalized by Δf is independent of frequency and is considered as white noise. The root-
mean-square noise voltage and current are proportional to the square root of the frequency 
bandwidth Δf.

Shot noise is associated with the carrier injection through the device p–n junction, being 
generated by the movement of individual electrons within the current flow. In each for-
ward biased junction, there is a potential barrier that can be overcome by the carriers with 
higher thermal energy. Such a process is random and mean-square noise current can be 
given by

 i qI fn
2 2= ∆  (1.159)

where q is the electron charge and I is the direct current flowing through the p–n junction. 
The shot noise depends on the thermal energy of the carriers near the potential barrier and 
its power density is independent of frequency. It has essentially a flat spectral distribution 
and can be treated as the thermal or white type of noise with current source in

2  connected 
in parallel to the small-signal junction resistance. In a voltage noise representation, when 
the noise voltage source is connected in series with such a resistor, it can be written as

 e kTr fn
2 2= ∆  (1.160)

where r = kT/qI is the junction resistance.
It is well-known that any linear noisy two-port network can be represented as a noise-

free two-port part with noise sources at the input and the output connected in a different 
way [27,28]. For example, the noisy linear two-port network with internal noise sources 
shown in Figure 1.22a can be redrawn, either in the impedance form with external series 
voltage noise sources shown in Figure 1.22b or in the admittance form with external paral-
lel current noise sources shown in Figure 1.22c.

However, to fully describe the noise properties of the two-port network at fixed fre-
quency, it is sometimes convenient to represent it through the noise-free two-port part 
and the noise sources equivalently located at the input. Such a circuit is equivalent to the 
configurations with noise sources located at the input and the output [29]. In this case, 
it is enough to use four parameters: the noise spectral densities of both noise sources 
and the real and imaginary parts of its correlation spectral density. These four param-
eters can be defined by measurements at the two-port network terminals. The two-port 
network current and voltage amplitudes are related to each other through a system of 
two linear algebraic equations. By taking into account the noise sources at the input and 
the output, these equations in the impedance and admittance forms can be respectively 
written as
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 V Z I Z I V1 11 1 12 2 n1= + −  (1.161)

 V Z I Z I V2 21 1 22 2 n2= + −  (1.162)

and

 I Y V Y V I1 11 1 12 2 n1= + −  (1.163)

 I Y V Y V I2 21 1 22 2 n2= + −  (1.164)

where the voltage and current noise amplitudes represent the Fourier transforms of noise 
fluctuations.

The equivalent two-port network with voltage and current noise sources located at its 
input is shown in Figure 1.23a, where [Y] is the two-port network admittance matrix and 
ratios between current and voltage amplitudes can be written as

 I Y V V Y V I1 11 ni 12 2 ni( )= + + −1  (1.165)

 I Y V V Y V2 21 ni 22 2( )= + +1  (1.166)

From comparison of Equations 1.163 and 1.164 with Equations 1.165 and 1.166, respec-
tively, it follows that

(a)

(b)

(c)

Noisy
two-port
network

Noise-free
impedance
two-port
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Noise-free
admittance
two-port
network

i2i1

i1 i2

i1 i2

en1

+– + –

en2

in1 in2

v2

v2

v2

v1

v1

v1

FIGURE 1.22
Linear two-port network with noise sources.
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representing the relationships between the current noise sources at the input and the out-
put corresponding to the circuit shown in Figure 1.22c and the voltage and current noise 
sources at the input only corresponding to the circuit shown in Figure 1.23a. In this case, 
Equations 1.167 and 1.168 are valid only if Y21 ≠ 0 that always takes place in practice. Similar 
equations can be written for the circuit with the series noise voltage source followed by a 
parallel noise current source shown in Figure 1.23b in terms of impedance Z-parameters to 
represent the relationships between the voltage noise sources at the input and the output 
corresponding to the circuit shown in Figure 1.22b. The use of voltage and current noise 
sources at the input enables the combination of all internal two-port network noise sources.

To evaluate a quality of the two-port network, it is important to know the amount of 
noise added to a signal passing through it. Usually this can be done by introducing an 
important parameter such as a noise figure or noise factor. The noise figure of the two-port 
network is intended as an indication of its noisiness. The lower the noise figure, the less 
noise is contributed by the two-port network. The noise figure is defined as
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/
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(1.169)

where Sin/Nin is the signal-to-noise ratio available at the input and Sout/Nout is the signal-to-
noise ratio available at the output.

For a two-port network characterizing by the available power gain GA, the noise figure 
can be rewritten as
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FIGURE 1.23
Linear two-port network with noise sources at input.
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where Nadd is the additional noise power added by the two-port network referred to the 
input. From Equation 1.170, it follows that the noise figure depends on the source imped-
ance ZS shown in Figure 1.24a, but not on the circuit connected to the output of the two-
port network.

Hence, if the two-port network is driven from the source with impedance ZS = RS + jXS, 
the noise figure F of this two-port network in terms of the model shown in Figure 1.24b 
with input voltage and current noise sources and noise-free two-port network can be 
obtained by
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(1.171)

where
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(1.172)

is the equivalent input-referred noise resistance corresponding to the noise voltage source, 
where e e en

2
nS
2
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2= +
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FIGURE 1.24
Linear two-port networks to calculate noise figure.
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is the equivalent input-referred noise conductance corresponding to the noise current 
source, where  n

2
ni
2i i= , and
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is the correlation coefficient representing a complex number less than or equal to unity in 
magnitude [28]. Here, Gn and Rn generally do not represent the particular circuit immit-
tances but depend on the bias level resulting in a dependence of the noise figure on the 
operating bias point of the active device.

As the source impedance ZS is varied over all values with positive RS, the noise figure F 
has a minimum value of
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(1.175)

which occurs for the optimum source impedance ZSopt = RSopt + jXSopt given by
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As a result, the noise figure F for the input impedance ZS, which is not optimum, can be 
expressed in terms of Fmin as
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Similarly, the noise figure F can be equivalently expressed using a model shown in 
Figure 1.24c with source admittance YS = GS + jBS as

 

F F Y Y
R
G

F G G B B
R
G

S S

= + −

= + − + −

min S Sopt
n

S

min Sopt Sopt
n

S

| |

[( ) ( ) ]

2

2 2

 

(1.179)
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where Fmin is the minimum noise figure of the two-port network, which can be realized 
with respect to the source admittance YS, YSopt = GSopt + jBSopt is the optimal source admit-
tance, and Rn is the equivalent noise resistance that measures how rapidly the noise figure 
degrades when the source admittance YS deviates from its optimum value YSopt [30]. Since 
the admittance YS is generally complex, then its real and imaginary parts can be controlled 
independently. To obtain the minimum value of the noise figure, the two matching condi-
tions of GS = GSopt and BS = BSopt must be satisfied.

In a multistage transmitter system, the input signal travels through a cascade of many 
different components, each of which may degrade the signal-to-noise ratio to some degree. 
For a cascade of two stages having available gains GA1 and GA2 and noise figures F1 and F2, 
using Equation 1.170 results in the output-to-input noise power ratio Nout/Nin written as
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(1.180)

where Nadd1 and Nadd2 are the additional noise powers added by the first and second stages, 
respectively. Consequently, an overall noise figure F1,2 for a two-stage system based on 
Equation 1.169 can be given by

 
F F

G
F1, 2 1

A1
= + −1

12( )
 

(1.181)

Equation 1.181 can be generalized to a multistage transmitter system with n stages as

 
F F

F
G

F
G G G

1, n 1
A1

n

A1 A2 A n 1
= + − + + −

−

2 1 1
�

… ( )  
(1.182)

which means that the noise figure of the first stage has the predominant effect on the over-
all noise figure, unless GA1 is small or F2 is large [31].
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2
Power Amplifier Design Principles

Power amplifier design procedure requires accurate active device modeling, effective 
impedance matching (depending on the technical requirements and operating condi-
tions), stability in operation, and ease of practical implementation. The quality of the power 
amplifier design is evaluated by achieving maximum power gain across the required fre-
quency bandwidth under stable operating conditions with minimum amplifier stages, and 
the requirements for linearity or high efficiency can be considered where they are needed. 
For stable operation, it is necessary to evaluate the operating frequency domains where the 
active device may be potentially unstable.

2.1 Basic Classes of Operation: A, AB, B, and C

As established in the 1920s, power amplifiers can generally be classified into three classes 
according to their mode of operation: linear mode when its operation is confined to the 
substantially linear portion of the vacuum-tube characteristic curve; critical mode when the 
anode current ceases to flow, but operation extends beyond the linear portion up to the 
saturation and cutoff (or pinch-off) regions; and nonlinear mode when the anode current 
ceases to flow during a portion of each cycle, with a duration that depends on the grid 
bias [1]. When high efficiency is required, power amplifiers of the third class are employed 
since the presence of harmonics contributes to the attainment of high efficiencies. In order 
to suppress harmonics of the fundamental frequency to deliver a sinusoidal signal to the 
load, a parallel resonant circuit can be used in the load network, which bypasses harmon-
ics through a low-impedance path, and, by virtue of its resonance to the fundamental, 
receives energy at that frequency. At the very beginning of the 1930s, power amplifiers 
operating in the first two classes with 100% duty ratio were called the Class-A power 
amplifiers, whereas the power amplifiers operating in the third class with 50% duty ratio 
were assigned to Class-B power amplifiers [2].

The best way to understand the electrical behavior of a power amplifier and the fastest 
way to calculate its basic electrical characteristics such as output power, power gain, effi-
ciency, stability, or harmonic suppression is to use a spectral-domain analysis. Generally, 
such an analysis is based on the determination of the output response of the nonlinear 
active device when applying the multiharmonic signal to its input port, which analytically 
can be written as

 i t f v t( ) [ ( )]=   (2.1)

where i(t) is the output current, v(t) is the input voltage, and f(v) is the nonlinear transfer 
function of the device. Unlike the spectral-domain analysis, time-domain analysis estab-
lishes the relationships between voltage and current in each circuit element in the time 
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domain when a system of equations is obtained applying Kirchhoff’s law to the circuit to 
be analyzed. As a result, such a system will be composed of nonlinear integro- differential 
equations describing a nonlinear circuit. The solution to this system can be found by 
applying the numerical-integration methods.

The voltage v(t) in the frequency domain generally represents the multiple-frequency 
signal at the device input, which is written as

 
v t V V t

k

N

( ) )= + +
=

∑0 k k kcos(ω φ
1   

(2.2)

where V0 is the constant voltage, Vk is the voltage amplitude, ϕk is the phase of the k-order 
harmonic component ωk, k = 1, 2, … , N, and N is the number of harmonics.

The spectral-domain analysis, based on substituting Equation 2.2 into Equation 2.1 for 
a particular nonlinear transfer function of the active device, determines the output spec-
trum as a sum of the fundamental-frequency and higher-order harmonic components, the 
amplitudes and phases of which will determine the output signal spectrum. Generally, 
it is a complicated procedure that requires a harmonic-balance technique to numerically 
calculate an accurate nonlinear circuit response. However, the solution can be found ana-
lytically in a simple way when it is necessary to only estimate the basic performance of 
a power amplifier in terms of the output power and efficiency. In this case, a technique 
based on a piecewise-linear approximation of the device transfer function can provide 
a clear insight to the basic behavior of a power amplifier and its operation modes. It can 
also serve as a good starting point for a final computer-aided design and optimization 
procedure.

The piecewise-linear approximation of the active device current–voltage transfer char-
acteristic is a result of replacing the actual nonlinear dependence i = f(vin), where vin is the 
voltage applied to the device input, by an approximated one that consists of the straight 
lines tangent to the actual dependence at the specified points. Such a piecewise-linear 
approximation for the case of two straight lines is shown in Figure 2.1a.

The output current waveforms for the actual current–voltage dependence (dashed curve) 
and its piecewise-linear approximation by two straight lines (solid curve) are plotted in 
Figure 2.1b. Under large-signal operation mode, the waveforms corresponding to these 
two dependences are practically the same for the most part, with negligible deviation for 
small values of the output current close to the pinch-off region of the device operation and 
significant deviation close to the saturation region of the device operation. However, the 
latter case results in a significant nonlinear distortion and is used only for high-efficiency 
operation modes when the active period of the device operation is minimized. Hence, at 
least two first output-current components, dc and fundamental, can be calculated through 
a Fourier-series expansion with sufficient accuracy. Therefore, such a piecewise-linear 
approximation with two straight lines can be effective for a quick estimate of the output 
power and efficiency of the linear power amplifier.

The piecewise-linear active device current–voltage characteristic is defined as

 
i

v V

g v V v V
=

≤
− ≥





0 in p

m in p in p( )
  

(2.3)

where gm is the device transconductance and Vp is the pinch-off voltage.
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Let us assume the input signal to be in a cosine form:

 v V V tin bias in= + cosω   (2.4)

where Vbias is the input dc bias voltage.
At the point on the plot when the voltage vin(ωt) becomes equal to a pinch-off voltage Vp 

and where ωt = θ, the output current i(θ) takes a zero value. At this moment,

 V V Vp bias in = + cosθ   (2.5)

and the angle θ can be calculated from

 
cosθ = −

−V V
V

bias p

in   
(2.6)

As a result, the output current represents a periodic pulsed waveform described by the 
cosine pulses with maximum amplitude Imax and width 2θ as

 
i

I I t t

t
=

+ − ≤ <
≤ < −





q cosω θ ω θ
θ ω π θ0 2   

(2.7)

where the conduction angle 2θ indicates the part of the RF current cycle, during which a 
device conduction occurs, as shown in Figure 2.2. When the output current i(ωt) takes a 
zero value, one can write

 i I I= + =q cosθ 0   (2.8)

vin

vin

Vin

Vp

i i

0
Vbias

ωt

(a) (b)

ωt

FIGURE 2.1
Piecewise-linear approximation technique.
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Taking into account that I = gmVin for a piecewise-linear approximation, Equation 2.7 can 
be rewritten for i > 0 by

 i g V t= −m in(cos cos )ω θ   (2.9)

When ωt = 0, then i = Imax and

 I Imax = −( cos )1 θ   (2.10)

The Fourier-series expansion of the even function when i(ωt) = i(−ωt) contains only even 
components of this function and can be written as

 i t I I t I t I N t( ) cos cos cosω ω ω ω= + + + +0 1 2 N  2  �   (2.11)

where the dc, fundamental-frequency, and any nth-harmonic components are calculated 
by

 

I g V t d t I0 m in 0
1

2
   = − =

−
∫π

ω θ ω γ θ
θ

θ

(cos cos ) ( )

  

(2.12)

 

I g V t t d t I1 m in 1
1

   ( )  = − =
−
∫π

ω θ ω ω γ θ
θ

θ

cos cos cos ( )

  

(2.13)

and
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FIGURE 2.2
Schematic definition of conduction angle.
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I g V t n t d t In m in n
1

 ( )   = − =
−
∫π

ω θ ω ω γ θ
θ

θ

cos cos cos ( )

  

(2.14)

where γn(θ) are called the coefficients of expansion of the output-current cosine waveform 
or the current coefficients [3,4]. They can be analytically defined for the dc and fundamen-
tal components as

 
γ θ

π
θ θ θ0

1
( ) (sin cos )= −

  
(2.15)
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(2.16)

and for the second- and higher-order harmonic components as

 
γ θ
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θ θ
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n n

n
n n1

1
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(2.17)

where n = 2, 3, … .
The dependences of γn (θ) for the dc, fundamental-frequency, second-, and higher-order 

current components are shown in Figure 2.3. The maximum value of γn(θ) is achieved 
when θ = 180°/n. A special case is θ = 90°, when odd current coefficients are equal to zero, 
that is, γ3(θ) = γ5(θ) = … = 0. The ratio between the fundamental-frequency and dc compo-
nents γ1(θ)/γ0(θ) varies from 1 to 2 for any values of the conduction angle, with a mini-
mum value of 1 for θ = 180° and a maximum value of 2 for θ = 0°, as shown in Figure 2.3a. 
Besides, it is necessary to pay attention to the fact that the current coefficient γ3(θ) becomes 
negative within the interval of 90° < θ < 180°, as shown in Figure 2.3b. This implies the 
proper phase changes of the third current harmonic component when its values are nega-
tive. Consequently, if the harmonic components with γn(θ) > 0 achieve positive maximum 
values at the time moments corresponding to the middle points of the current waveform, 
the harmonic components with γn(θ) < 0 can achieve negative maximum values at these 
same time moments. As a result, the combination of different harmonic components with 
proper loading will result in flattening of the current or voltage waveforms, thus improv-
ing efficiency of the power amplifier. The amplitude of corresponding current harmonic 
component can be obtained by

 I g V In n m in n  = =γ θ γ θ( ) ( )   (2.18)

In some cases, it is necessary for an active device to provide a constant value of Imax at 
any values of θ that requires an appropriate variation of the input voltage amplitude Vin. In 
this case, it is more convenient to use the coefficients αn defined as a ratio of the nth current 
harmonic amplitude In to the maximum current waveform amplitude Imax,

 
αn

n

max
= I

I   
(2.19)
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From Equations 2.10, 2.18, and 2.19, it follows that

 
α γ θ

θn
n=

−
( )
cos1   

(2.20)

and the maximum value of αn (θ) is achieved when θ = 120°/n.
To analytically determine the operation classes of the power amplifier, consider a simple 

resistive stage shown in Figure 2.4, where Lch is the ideal choke inductor with zero series 
resistance and infinite reactance at the operating frequency, Cb is the dc-blocking capacitor 
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FIGURE 2.3
Dependences of γn (θ) for dc, fundamental, and higher-order current components.
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with infinite value having zero reactance at the operating frequency, and RL is the load 
resistor. The dc supply voltage Vcc is applied to both plates of the dc-blocking capacitor, 
being constant during the entire signal period. The active device behaves as an ideal volt-
age- or current-controlled current source having zero saturation resistance.

For an input cosine voltage given by Equation 2.4, the operating point must be fixed at 
the middle point of the linear part of the device transfer characteristic with Vin ≤ Vbias − Vp. 
Normally, in order to simplify an analysis of the power amplifier operation, the device 
transfer characteristic is represented by a piecewise-linear approximation. As a result, the 
output current is cosinusoidal,

 i I I t= +q cosω   (2.21)

with the quiescent current Iq greater or equal to the collector current amplitude I. In this 
case, the output collector current contains only two components—dc and cosine—and the 
averaged current amplitude is equal to a quiescent current Iq.

The output voltage v across the device collector represents a sum of the dc supply volt-
age Vcc and cosine voltage vR across the load resistor RL. Consequently, the greater output 
current i, the greater voltage vR across the load resistor RL and the smaller output voltage v. 
Thus, for a purely real load impedance when ZL = RL, the collector voltage v is shifted by 
180° relatively to the input voltage vin and can be written as

i

v

vin Vcc

Vcc

2Vcc

Vcc

V

v

Lch

Cb

vR RL

Iq
Vb vin

Vin

Vp

i
i

0

00

π

π

2π

2π

ωt

ωt

ωt

FIGURE 2.4
Voltage and current waveforms in Class-A operation.

© 2016 by Taylor & Francis Group, LLC

  



50 Broadband RF and Microwave Amplifiers

 v V V t V V t= + + = −cc cc( 180 )cos cosω ω�
  (2.22)

where V is the output voltage amplitude.
Substituting Equation 2.21 into Equation 2.22 yields

 v V i I R= − −cc q L( )   (2.23)

where RL = V/I, and Equation 2.23 can be rewritten as

 
i I

V
R

v
R

= +





−q
cc

L L   
(2.24)

which determines a linear dependence of the collector current versus collector voltage. 
Such a combination of the cosine collector voltage and current waveforms is known as a 
Class-A operation mode. In practice, because of the device nonlinearities, it is necessary to 
connect a parallel LC circuit with resonant frequency equal to the operating frequency to 
significantly suppress any possible harmonic components.

Circuit theory prescribes that the collector efficiency η can be written as

 
η ξ= = =P

P
I
I

V
V

I
I0 q cc q

1
2

1
2   

(2.25)

where

 P I V0 q cc=   (2.26)

is the dc output power,

 
P

IV=
2   

(2.27)

is the power delivered to the load resistance RL at the fundamental frequency f0, and

 
ξ = V

Vcc   
(2.28)

is the collector voltage peak factor.
Then, by assuming the ideal conditions of zero saturation voltage when ξ = 1 and 

maximum output current amplitude when I/Iq = 1, from Equation 2.25, it follows that the 
 maximum collector efficiency in a Class-A operation mode is equal to

 η = 50%  (2.29)
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However, as it also follows from Equation 2.25, increasing the value of I/Iq can further 
increase the collector efficiency. This leads to a step-by-step nonlinear transformation of the 
current cosine waveform to its pulsed waveform when the amplitude of the collector current 
exceeds zero value during only a part of the entire signal period. In this case, an active device 
is operated in the active region followed by the operation in the pinch-off region when the 
collector current is zero, as shown in Figure 2.5. As a result, the frequency spectrum at 
the device output will generally contain the second, third, and higher-order harmonics of 
the fundamental frequency. However, owing to the high quality of the parallel resonant LC 
circuit, only the fundamental-frequency signal flows into the load, while the short-circuit 
conditions are fulfilled for higher-order harmonic components. Therefore, ideally, the col-
lector voltage represents a purely sinusoidal waveform with the voltage amplitude V ≤ Vcc.

Equation 2.8 for the output current can be rewritten through the ratio between a quies-
cent current Iq and a current amplitude I as

 
cosθ = −

I
I
q

  
(2.30)

As a result, the basic definitions for nonlinear operation modes of a power amplifier 
through half the conduction angle θ can be introduced as

• When θ > 90°, then cosθ < 0 and Iq > 0, corresponding to Class-AB operation.

i
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i i

0
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2π

ωt

ωt

ωt

FIGURE 2.5
Voltage and current waveforms in Class-B operation.
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• When θ = 90°, then cosθ = 0 and Iq = 0, corresponding to Class-B operation.
• When θ < 90°, then cosθ > 0 and Iq < 0, corresponding to Class-C operation.

The periodic pulsed output current i(ωt) is represented as a Fourier-series expansion by 
Equation 2.11, where the dc current component is a function of θ in the operation modes 
with θ < 180°, in contrast to a Class-A operation mode where θ = 180° and the dc current is 
equal to the quiescent current during the entire period.

The collector efficiency of a power amplifier with parallel resonant circuit, biased to 
operate in a nonlinear mode with certain conduction angle, can be obtained by

 
η ξ γ

γ
ξ= = =P

P
I
I

1

0

1 

0

1 

0

1
2

1
2   

(2.31)

which is a function of θ only, where P1 is the output power at fundamental frequency and

 

γ
γ

θ θ θ
θ θ θ

1 

0
= −

−
sin cos

sin cos   
(2.32)

The vacuum-tube Class-B power amplifiers had been defined as those which operate 
with a negative grid bias such that the anode current is practically zero with no excitation 
grid voltage, and in which the output power is proportional to the square of the excitation 
voltage [5]. If ξ = 1 and θ = 90°, then from Equations 2.15 and 2.16, it follows that the maxi-
mum collector efficiency in a Class-B operation mode is equal to

 
η π= ≅

4
78.5%

  
(2.33)

The fundamental-frequency power delivered to the load PL = P1 is defined as

 
P

VI VI
1

1 1

2 2
= = γ θ( )

  
(2.34)

showing its direct dependence on the conduction angle 2θ. This means that reduction in 
θ results in lower γ1, and, in order to increase the fundamental-frequency power P1, it is 
necessary to increase the current amplitude I. Since the current amplitude I is determined 
by the input voltage amplitude Vin, the input power Pin must be increased. The collector 
efficiency increases with reduced value of θ as well and becomes maximum when θ = 0°, 
where the ratio γ1/γ0 is maximal, as follows from Figure 2.3a. For instance, the collector effi-
ciency η increases from 78.5% to 92% when θ reduces from 90° to 60°. However, it requires 
increasing the input voltage amplitude Vin by 2.5 times, resulting in lower values of the 
power-added efficiency (PAE), which is defined as
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P P
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= − = −
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where
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is the operating power gain.
The vacuum-tube Class-C power amplifiers had been defined as those that operate with 

a negative grid bias more than sufficient to reduce the anode current to zero with no excita-
tion grid voltage, and in which the output power varies as the square of the anode voltage 
between limits [5]. The main distinction between Class-B and Class-C is in the duration of 
the output current pulses, which are shorter for Class-C when the active device is biased 
beyond the cutoff point. It should be noted that, for the device transfer characteristic ide-
ally represented by a square-law approximation, the odd-harmonic current coefficients 
γn(θ) are not equal to zero in this case, although there is no significant difference between 
the square-law and linear cases [6]. To achieve the maximum anode (collector) efficiency in 
Class-C, the active device should be biased (negative) considerably past the cutoff (pinch-
off) point to provide the sufficiently low conduction angles [7].

In order to obtain an acceptable trade-off between a high power gain and a high power-
added efficiency in different situations, the conduction angle should be chosen within the 
range of 120° ≤ 2θ ≤ 190°. If it is necessary to provide high collector efficiency of the active 
device having a high-gain capability, it is necessary to choose a Class-C operation mode 
with θ close to 60°. However, when the input power is limited and power gain is not suf-
ficient, a Class-AB operation mode is recommended with small quiescent current when θ 
is slightly greater than 90°. In the latter case, the linearity of the power amplifier can be 
significantly improved. From Equation 2.32, it follows that the ratio of the fundamental-
frequency component of the anode (collector) current to the dc current is a function of θ 
only, which means that, if the operating angle is maintained constant, the fundamental 
component of the anode (collector) current will replicate linearly to the variation of the dc 
current, thus providing the linear operation of the Class-C power amplifier when dc cur-
rent is directly proportional to the grid (base) voltage [8].

2.2 Load Line and Output Impedance

The graphical method of laying down a load line on the family of the static curves repre-
senting anode current against anode voltage for various grid potentials was already well 
known in the 1920s [9]. If an active device is connected in a circuit in which the anode load 
is a pure resistance, the performance may be analyzed by drawing the load line where the 
lower end of the line represents the anode supply voltage and the slope of the line is estab-
lished by the load resistance, that is, the load resistance is equal to the value of the intercept 
on the voltage axis divided by the value of the intercept on the current axis.

In a Class-A operation mode, the output voltage v across the device anode (collector or 
drain) represents a sum of the dc supply voltage Vcc and cosine voltage across the load 
resistance RL, and can be defined by Equation 2.22. In this case, the power dissipated in 
the load and the power dissipated in the device is equal when Vcc = V, and the load resis-
tance RL = V/I is equal to the device output resistance Rout [7]. In a pulsed operation mode 
(Class-AB, B, or C), since the parallel LC circuit is tuned to the fundamental frequency, 
ideally, the voltage across the load resistor RL represents a cosine waveform. By using 
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Equations 2.7, 2.13, and 2.22, the relationship between the collector current i and the collec-
tor voltage v during a time period of −θ ≤ ωt < θ can be expressed by

 
i I

V
R

v
R

= +






−q
cc

L Lγ γ1 1   
(2.37)

where the fundamental current coefficient γ1 as a function of θ is determined by Equation 
2.16, and the load resistance is defined by RL = V/I1, where I1 is the fundamental current 
amplitude. Equation 2.37 determining the dependence of the collector current on the 
collector voltage for any values of conduction angle in the form of a straight-line func-
tion is called the load line of the active device. For a Class-A operation mode with θ = 180° 
when γ1 = 1, the load line defined by Equation 2.37 is identical to the load line defined by 
Equation 2.24.

Figure 2.6 shows the idealized active device output I–V curves and load lines for differ-
ent conduction angles according to Equation 2.37 with the corresponding collector and 
current waveforms. From Figure 2.6, it follows that the maximum collector current ampli-
tude Imax corresponds to the minimum collector voltage Vsat when ωt = 0, and is the same 
for any conduction angle. The slope of the load line defined by its slope angle β is different 
for different conduction angles and values of the load resistance, and can be obtained by

 
tan

( cos )
maxβ

θ γ
=

−
=I

V R1
1

1 L   
(2.38)

from which it follows that greater slope angle β of the load line results in smaller value of 
the load resistance RL for the same θ.

The load resistance RL for the active device as a function of θ, which is required to termi-
nate the device output to deliver the maximum output power to the load, can be written 
in a general form as

 
R

V
I

L( )
( )

θ
γ θ

=
1   

(2.39)

which is equal to the device equivalent output resistance Rout at the fundamental frequency 
[5]. The term “equivalent” means that this is not a real physical device resistance as in a 
Class-A mode, but its equivalent output resistance, the value of which determines the opti-
mum load, which should terminate the device output to deliver maximum fundamental-
frequency output power. The equivalent output resistance is calculated as a ratio between 
the amplitudes of the collector cosine voltage and fundamental-frequency collector cur-
rent component, which depends on the angle θ.

In a Class-B mode when θ = 90° and γ1 = 0.5, the load resistance RL
B is defined as 

RL
B  = 2V/ Imax. Alternatively, taking into account that Vcc = V and Pout = I1V/2 for the funda-

mental-frequency output power, the load resistance RL
B = V/I1 can be written in a simple 

idealized analytical form with zero saturation voltage Vsat as

 
R

V
P

L 
B cc

2

out2
=

  
(2.40)
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In general, the entire load line represents a broken line PK including a horizontal part, as 
shown in Figure 2.6. Figure 2.6a represents a load line PNK corresponding to a Class-AB 
mode with θ > 90°, Iq > 0, and I < Imax. Such a load line moves from point K correspond-
ing to the maximum output current amplitude Imax at ωt = 0 and determining the device 
saturation voltage Vsat through the point N located at the horizontal axis v where i = 0 
and ωt = θ. For a Class-AB operation, the conduction angle for the output current pulse 
between points N′ and N″ is greater than 180°. Figure 2.6b represents a load line PMK 
corresponding to a Class-C mode with θ < 90°, Iq < 0, and I > Imax. For a Class-C operation, 
the load line intersects a horizontal axis v in a point M, and the conduction angle for the 
output current pulse between points M′ and M″ is smaller than 180°. Hence, generally the 
load line represents a broken line with the first section having a slope angle β and the other 
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FIGURE 2.6
Collector current waveforms in Class-AB (a) and Class-C (b) operations.
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horizontal section with zero current i. In a Class-B mode, the collector current represents 
half-cosine pulses with the conduction angle of 2θ = 180° and Iq = 0.

Now, let us consider a Class-B operation with increased amplitude of the cosine collec-
tor voltage. In this case, as shown in Figure 2.7, an active device is operated in the satura-
tion, active, and pinch-off regions, and the load line represents a broken line LKMP with 
three linear sections (LK, KM, and MP). The new section KL corresponds to the saturation 
region, resulting in a half-cosine output current waveform with depression in the top part. 
With further increase of the output voltage amplitude, the output current pulse can be split 
into two symmetrical pulses containing a significant level of the higher-order harmonic 
components. The same result can be achieved by increasing a value of the load resistance 
RL when the load line is characterized by smaller slope angle β.

The collector current waveform becomes asymmetrical for the complex load, the imped-
ance of which represents the load resistance and capacitive or inductive reactance. In this 
case, the Fourier-series expansion of the output current given by Equation 2.11 includes a 
particular phase for each harmonic component. Then, the output voltage at the device col-
lector is written as

 
v V I Z n t= − +

=

∞

∑cc n

n 1

n n ( )cos ω φ
  

(2.41)

where In is the amplitude of the nth output current harmonic component, |Zn| is the mag-
nitude of the load-network impedance at the nth output current harmonic component, and 
ϕn is the phase of the nth output current harmonic component. Assuming that Zn is zero for 
n = 2, 3, …, which is possible for a resonant load network having negligible impedance at 
any harmonic component except the fundamental, Equation 2.41 can be rewritten as

 v V I Z t= − +cc 1 1 1 ( )cos ω φ   (2.42)
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FIGURE 2.7
Collector current waveforms for the device operating in saturation, active, and pinch-off regions.
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As a result, for the inductive load impedance, the depression in the collector current 
waveform reduces and moves to the left-hand side of the waveform, whereas the capaci-
tive load impedance causes the depression to deepen and shift to the right-hand side of the 
collector current waveform [10]. This effect can simply be explained by the different sign 
for the phase angle ϕ1 in Equation 2.42, as well as generally by the different phase condi-
tions for fundamental and higher-order harmonic components composing the collector 
current waveform, and is illustrated by the different load lines for (a) inductive and (b) 
capacitive load impedances shown in Figure 2.8. Note that now the load line represents a 
two-dimensional curve with a complicated behavior.

2.3 Nonlinear Active Device Models

Generally, for an accurate power amplifier simulation and matching circuit design for dif-
ferent operating frequencies and output-power levels, it is necessary to represent an active 
device in the form of a nonlinear equivalent circuit, which can adequately describe the 
small- and large-signal electrical behavior of the power amplifier up to the device transi-
tion frequency fT and higher to its maximum frequency fmax that allows a sufficient number 
of harmonic components to be taken into account. Accurate device modeling is extremely 
important to develop monolithic integrated circuits. Better approximations of the final 
design can only be achieved if the nonlinear device behavior is described accurately.
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(a)
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FIGURE 2.8
Load lines for (a) inductive and (b) capacitive load impedances.
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2.3.1 LDMOSFETs

Figure 2.9a shows the cross-section of the physical structure of an LDMOSFET (lateral 
diffusion metal-oxide semiconductor field-effect transistor) device where a heavily doped 
p+-sinker is inserted between top source and p+-substrate (source grounding) for low resis-
tivity to provide high-current flow between the drain and source terminals [11]. The lightly 
doped p-epilayer and n-drift layer are required to provide sufficient distance between 
regions to prevent latchup (forward-biased p–n diodes) and for the drain-source break-
down protection. The parasitic gate-drain capacitance is directly related to the overlap of 
the gate oxide onto the heavily doped n+-source region. To describe accurately the nonlin-
ear properties of the large-size MOSFET (metal-oxide semiconductor field-effect transis-
tor) device, it is necessary to consider its two-dimensional gate-distributed nature along 
both the channel length and channel width, resulting in lower values of the intrinsic series 
gate and shunt gate-source resistances. Figure 2.9b shows the nonlinear MOSFET equiva-
lent circuit with extrinsic parasitic elements, which can properly describe the nonlinear 
behavior of both VDMOSFET (vertical diffusion metal-oxide semiconductor field-effect 
transistor) and LDMOSFET devices [12,13].

The nonlinear current source i(vgs, vds, τ) as a function of the input gate-source and out-
put drain-source voltages incorporating self-heating effect can be described sufficiently 
simple and accurate using hyperbolic functions [13,14]. Careful analytical description of 
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FIGURE 2.9
Nonlinear LDMOSFET model and its physical structure.
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the transition from quadratic to linear regions of the device transfer characteristic enables 
the more accurate prediction of the intermodulation distortion [15]. The overall channel 
carrier transit time τ also includes an effect of the transcapacitance required for charge 
conservation. The drain-source capacitance Cds and gate-drain capacitance Cgd are consid-
ered as the junction capacitances that strongly depend on the drain-source voltage. The 
extrinsic parasitic elements are represented by the gate and drain bondwire inductances Lg 
and Ld, source inductance Ls, source and drain bulk and ohmic resistances Rs and Rd, and 
gate contact and ohmic resistance Rg. The effect of the gate-source channel resistance Rgs 
becomes significant at higher frequencies close to the transition frequency fT = gm/2πCgs, 
where gm is the device transconductance. To account for self-heating effect and substrate 
losses, a special four-port thermal circuit and a series combination of the resistance and 
capacitance between the external drain and source terminals can be included [16].

An empirical nonlinear model developed for silicon LDMOS transistors (or LDMOSFET 
devices), which is single-piece and continuously differentiable, can be written as
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where λ is the drain current slope parameter, β is the transconductance parameter, Vth0 is 
the forward threshold voltage, Vst is the subthreshold slope coefficient, VT is the tempera-
ture voltage, Iss is the forward diode leakage current, VBR is the breakdown voltage, K1, K2, 
M1, M2, and M3 are the breakdown parameters, and VK, VGexp, Δ, and γ are the gate-source 
voltage parameters [14].

The gate-source capacitance Cgs can be analytically described as a function of the gate-
source voltage since it is practically independent of the drain-source voltage. It is equal to 
the oxide capacitance Cox in the accumulation region, significantly reduces in the depletion 
region, slightly decreases and reaches its minimum in the weak-inversion region, and then 
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significantly increases in the moderate-inversion region and becomes practically constant 
in the strong-inversion or saturation region, as shown in Figure 2.10 [17]. The approxima-
tion function for the gate-source capacitance Cgs as the dependence of Vgs can be derived 
by using two components containing the hyperbolic functions as

 

C C C C V C

C C V
gs gs1 gs2 gs6 gs gs3

gs4 gs5 gs 

= + + +
+ −

{ tanh[ ( )]}

[ tanh(

1

1 ))]   
(2.44)

where Cgs1, Cgs2, Cgs3, Cgs4, Cgs5, and Cgs6 are the approximation parameters [14].
The gate-source resistance Rgs is determined by the effect of the channel inertia in 

responding to rapid changes of the time-varying gate-source voltage, and varies in such 
a manner that the charging time τg = RgsCgs remains approximately constant. Thus, the 
increase of Rgs in the velocity saturation region, when the channel conductivity decreases, 
is partially compensated by the decrease of Cgs due to nonuniform channel charge distri-
bution [18]. The effect of Rgs becomes significant at higher frequencies close to the transi-
tion frequency fT of the MOSFET and cannot be taken into consideration when designing 
RF circuits that operate below 2 GHz, as used for commercial wireless applications [19,20].

2.3.2 GaAs MESFETs and GaN HEMTs

Adequate representation for MESFETs (metal-semiconductor field-effect transistors) and 
HEMTs (high-electron-mobility transistors) in a frequency range up to at least 25 GHz 
can be provided using a nonlinear model shown in Figure 2.11a, which is very similar to a 
nonlinear MOSFET model [21,22]. The intrinsic model is described by the channel charg-
ing resistance Rgs, which represents the resistive path for the charging of the gate-source 
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FIGURE 2.10
Gate-source capacitance versus gate-source voltage.
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capacitance Cgs, feedback gate-drain capacitance Cgd, and drain-source capacitance Cds 
with the gate-source diode to model the forward conduction current igs(vgs) and gate-drain 
diode to account for the gate-drain avalanche current igd(vgs, vds), which can occur at large-
signal operation conditions. The gate-source capacitance Cgs and gate-drain capacitance 
Cgd represent the charge depletion region and can be treated as the voltage-dependent 
Schottky-barrier diode capacitances, being the nonlinear functions of the gate-source volt-
age vgs and drain-source voltage vds. For negative gate-source voltage and small drain-
source voltage, these capacitances are practically equal. However, when the drain-source 
voltage is increased beyond the current saturation point, the gate-drain capacitance Cgd is 
much more heavily back-biased than the gate-source capacitance Cgs. Therefore, the gate-
source capacitance Cgs is significantly more important and usually dominates the input 
impedance of the MESFET or HEMT device. The influence of the drain-source capaci-
tance Cds on the device behavior is insignificant and its value is bias independent. The 
capacitance Cdsd and resistance Rdsd model the dispersion of the MESFET or HEMT cur-
rent–voltage characteristics due to trapping effect in the device channel, which leads to 
discrepancy between the dc and S-parameter measurements at higher frequencies [23,24]. 
A large-signal model for monolithic power amplifier design must be accurate for all oper-
ating conditions. In addition, the model parameters should be easily extractable and the 
model must be as simple as possible. Various nonlinear MESFET and HEMT models with 
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Nonlinear MESFET and HEMT model with HEMT physical structures.
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different complexity are available, and each one can be considered sufficiently accurate for 
a particular application. For example, although the Materka model does not fulfill charge 
conservation, it seems to be an acceptable compromise between accuracy and model sim-
plicity for MESFETs, but not for HEMTs, where it is preferable to use the Angelov model 
[25,26]. For example, it can be used to predict the large-signal behavior of the pHEMT 
(pseudomorphic HEMT) devices using in high-power, high-efficiency 60-GHz MMICs 
(microwave monolithic integrated circuits) [27]. By using three additional terms of the 
gate power-series function in the Angelov model, the better accuracy can be achieved in 
a large-signal modeling of AlGaN/GaN HEMT devices on SiC substrate [28]. This model 
can also be improved by incorporating two additional analytical expressions to model the 
device behavior in saturation region [29].

Figure 2.11b shows the cross-section of the physical structure of an InGaAs/AlGaAs 
HEMT device, where an undoped InGaAs n-epilayer is used as a channel and two heav-
ily n-doped AlGaAs layers with a high energetic barrier for holes are necessary to maxi-
mize high electron mobility in the channel. In this case, spacing between AlGaAs layer 
and InGaAs channel is optimized to achieve high breakdown voltage. An example of 
the physical structure of a AlGaN/GaN HEMT device is shown in Figure 2.11c, where an 
undoped AlGaN n-epilayer is used as a channel, an n-type doped GaN layer can suppress 
dispersion in the device current–voltage characteristics, and a SiN passivation layer with 
optimized parameters contributes to a lower-trap device structure [30]. Thermal conduc-
tivity of a GaN HEMT device is improved by using a SiC substrate. Note that the GaN-
based technology can provide higher breakdown voltage, wider bandwidth, and higher 
efficiency of the power amplifier due to high charge density and the ability to operate at 
higher voltages for GaN HEMT devices, which are characterized by lower output capaci-
tance and on-resistance [31,32].

The basic electrical properties of the MESFET or HEMT device can be characterized by 
the admittance Y-parameters expressed through the device intrinsic small-signal equiva-
lent circuit as
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where gm is the device transconductance and Rds is the differential drain-source resistance 
[13]. In this case, the dispersion effect, which is important at higher frequencies and mod-
eled by Cdsd and Rdsd, cannot be taken into account.

By separating Equations 2.45 through 2.48 into their real and imaginary parts, the ele-
ments of the small-signal equivalent circuit can be analytically determined as
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which are valid for a wide frequency range up to the transition frequency fT [33]. Assuming 
that all extrinsic parasitic elements are known, the only problem is then to determine the 
admittance Y-parameters of the intrinsic two-port network from on-bias experimental 
data [34]. Consecutive steps shown in Figure 2.12 can represent such a determination pro-
cedure [35]:

• Measurement of the S-parameters of the extrinsic device
• Transformation of the S-parameters to the impedance Z-parameters with subtrac-

tion of the series inductances Lg and Ld

• Transformation of the impedance Z-parameters to the admittance Y-parameters 
with subtraction of the parallel capacitances Cgp and Cdp

• Transformation of the admittance Y-parameters to the impedance Z-parameters 
with subtraction of series resistances Rg, Rs, Rd, and inductance Ls

• Transformation of the impedance Z-parameters to the admittance Y-parameters of 
the intrinsic device two-port network

A simple and accurate nonlinear Angelov model is capable of modeling the drain cur-
rent–voltage characteristics and its derivatives, as well as the gate-source and gate-drain 
capacitances, for different submicron gate-length HEMT devices and commercially avail-
able MESFETs. The drain current source is described by using the hyperbolic functions as

 I I V Vds pk ds ds)tanh= + +( tanh )(1 1ψ λ α   (2.56)

where Ipk is the drain current at maximum transconductance with the contribution from 
the output conductance subtracted, λ is the channel-length modulation parameter, and 
α = α0 + α1tanhψ is the saturation voltage parameter, where α0 is the saturation voltage 
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parameter at pinch-off and α1 is the saturation voltage parameter at Vgs > 0. The parameter 
ψ is a power-series function centered at Vpk with the bias voltage Vgs as a variable,

 ψ = − + − + − +P V V P V V P V V1 gs pk 2 gs pk 3 gs pk( ) ( ) ( )2 3 �   (2.57)

where Vpk is the gate voltage for maximum transconductance gmpk. The model parameters 
as a first approximation can be easily obtained from the experimental Ids(Vgs, Vds) curves at 
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a saturated channel condition when all higher terms in ψ are assumed to be zero and λ is 
the slope of the Ids − Vds characteristic.

The same hyperbolic functions can be used to model the intrinsic device capacitances 
Cgs and Cds. When an accuracy of 5%–10% is sufficient, the gate-source capacitance Cgs and 
gate-drain capacitance Cgd can be described by

 C C P V P Vgs gs0 gsg gs gsd ds1 + tanh( )  [1 tanh( )]= +[ ]1 1   (2.58)

 C C P V P V P V Vgd gd0 gdg gs gdd ds cc gs ds= [1 + tanh( )][1 tanh( )]1 1 1− +   (2.59)

where the product P1ccVgsVds reflects the cross-coupling of Vgs and Vds on Cgd and the coef-
ficients P1gsg, P1gsd, P1gdg, and P1gdd are the fitting parameters.

2.3.3 Low- and High-Voltage HBTs

Figure 2.13a shows the modified Gummel–Poon nonlinear model of the bipolar transistor 
with extrinsic parasitic elements [36,37]. Such a hybrid-π equivalent circuit can model the 
nonlinear electrical behavior of bipolar transistors, in particularly HBT (heterojunction 
bipolar transistor) devices, with sufficient accuracy up to about 20 GHz. The intrinsic model 
is described by the dynamic diode resistance rπ, the total base–emitter junction capacitance 
and base charging diffusion capacitance Cπ, the base–collector diode required to account 
for the nonlinear effects at the saturation, the internal collector–base junction capacitance 
Cci, the external distributed collector–base capacitance Cco, the collector–emitter capaci-
tance Cce, and the nonlinear current source i(vbe, vce). The lateral and base semiconductor 
resistances underneath the base contact and the base semiconductor resistance underneath 
the emitter are combined into a base-spreading resistance rb. The extrinsic parasitic ele-
ments are represented by the base bondwire inductance Lb, emitter ohmic resistance re, 
emitter inductance Le, collector ohmic resistance rc, and collector bondwire inductance Lc. 
To increase the usable operating frequency range of the device up to 50 GHz, it is necessary 
to include the collector current delay time τ in the collector current source as gmexp(−jωτ). 
The more complicated models, such as VBIC, HICUM, or MEXTRAM, include the effects of 
self-heating of a bipolar transistor, take into account the parasitic p–n–p transistor formed 
by the base, collector, and substrate regions, provide an improved description of depletion 
capacitances at large forward bias, and take into account avalanche and tunneling currents 
and other nonlinear effects corresponding to distributed high-frequency effects [38].

Figure 2.13b shows the modified version of a bipolar transistor equivalent circuit, where 
Cc = Cco + Cci, rb1 = rbCci/Cc, and rb2 = rbCco/Cc [39]. Such an equivalent circuit becomes pos-
sible due to an equivalent π- to T-transformation of the elements rb, Cco, and Cci and a con-
dition rb <<  (Cci + Cco)/ωCciCco, which is usually fulfilled over a frequency range close to 
the device maximum frequency fmax. Then, from a comparison of the transistor nonlinear 
models, for a bipolar transistor in Figure 2.13b, for a MOSFET device in Figure 2.9b, and 
for a MESFET device in Figure 2.11a, it is easy to detect the circuit similarity of all these 
equivalent circuits, which means that the basic circuit design procedure is very similar 
for any type of the bipolar or field-effect transistors (FETs). The main difference is in the 
device physics and values of the model parameters. However, techniques for representa-
tion of the input and output impedances, stability analysis based on feedback effect, and 
derivation of power gain and efficiency are very similar.
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Nonlinear BJT and HBT models and HBT physical structure.
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The cross-section of a physical structure of an AlGaAs/GaAs HBT device is shown in 
Figure 2.13c, with a heavily p-doped base to reduce base resistance and a lightly n-doped 
emitter to minimize emitter capacitance [40]. The lightly n-doped collector region allows 
collector–base junction to sustain relatively high voltages without breaking down. The for-
ward-bias emitter-injection efficiency is very high since the wider-bandgap AlGaAs emit-
ter injects electrons into the GaAs p-base at lower energy level, but the holes are prevented 
from flowing into the emitter by a high energy barrier, thus resulting in the ability to 
decrease base length, base-width modulation, and increase frequency response. By using 
a wide bandgap InGaP layer instead of an AlGaAs one, the device performance over tem-
perature can be improved [41]. The high-linearity power performance in Class-AB condi-
tion at the backoff power level, the ruggedness under mismatch and overdrive condition, 
and the long lifetime of the InGaP/GaAs HBT technology makes it very attractive for the 
28-V power amplifier applications [42]. The growth process used for a high-voltage HBT 
device is identical to the process used for the conventional low-voltage HBT device, which 
is widely used in handset power amplifiers, except for changes to the collector because 
of the higher voltage operating requirements. The epitaxial growth process starts with a 
highly doped n-type collector layer and a lightly n-doped collector drift region, then fol-
lowed by a heavily doped p-type base layer and an InGaP emitter layer, and finishes with 
an InGaAs cap layer [43]. As a result, the high-voltage HBT devices exhibit collector–base 
breakdown voltages higher than 70 V.

The bipolar transistor intrinsic Y-parameters can be written as
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(2.60)

 Y j C12 = − ω ci   (2.61)
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where rce is the output Early resistance that models the effect of the base-width modulation 
on the transistor characteristics due to variations in the collector–base depletion region.

After separating Equations 2.60 through 2.63 into their real and imaginary parts, the 
elements of the intrinsic small-signal equivalent circuit can be determined analytically 
as [44]
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A simple nonlinear HBT model for computer-aided simulations can be based on represen-
tation of the collector current source through the power series and diffusion capacitances 
through the hyperbolic functions [45]. To equivalently represent the input impedance of a 
bipolar transistor, it needs to take into account that Cce is usually much smaller than Cc. As 
a result, the equivalent output capacitance can be defined as Cout ≅ Cc. The input equivalent 
resistance Rin can approximately be represented by the base resistance rb, while the input 
equivalent capacitance can be defined as Cin ≅ Cπ + Cc. The feedback effect of the collector 
capacitance Cc through Cco and Cci is sufficiently high when load variations are directly 
transferred to the device input with a significant extent.

2.4 Power Gain and Stability

Power amplifier design aims for maximum power gain and efficiency for a given value 
of output power with a predictable degree of stability. In order to extract the maximum 
power from a generator, it is a well-known fact that the external load should have a vector 
value that is a conjugate of the internal impedance of the source [46]. The power delivered 
from a generator to a load, when matched on this basis, will be called the available power 
of the generator [47]. In this case, the power gain of the four-terminal network is defined 
as the ratio of power delivered to the load impedance connected to the output terminals to 
power available from the generator connected to the input terminals, usually measured in 
decibels, and this ratio is called the power gain irrespective of whether it is greater or less 
than one [48,49].

Figure 2.14 shows the basic block schematic of a single-stage power amplifier circuit, 
which includes an active device, an input matching circuit to match with the source 
impedance, and an output matching circuit to match with the load impedance. Generally, 
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FIGURE 2.14
Block schematic of single-stage power amplifier.
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the two-port active device is characterized by a system of the immittance W-parameters, 
that is, any system of impedance Z-parameters, hybrid H-parameters, or admittance 
Y-parameters [50,51]. The input and output matching circuits transform the source and 
load immittances WS and WL into specified values between points 1-2 and 3-4, respectively, 
by means of which the optimal design operation mode of the power amplifier is realized.

The operating power gain GP, which represents the ratio of power dissipated in the active 
load ReWL to the power delivered to the input port of the active device, can be expressed 
in terms of the immittance W-parameters as
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where
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is the input immittance and Wij (i, j = 1, 2) are the immittance two-port parameters of the 
active device equivalent circuit.

The transducer power gain GT, which represents the ratio of power dissipated in the 
active load ReWL to the power available from the source, can be expressed in terms of the 
immittance W-parameters as
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The operating power gain GP does not depend on the source parameters and characterizes 
only the effectiveness of the power delivery from the input port of the active device to the 
load. This power gain helps to evaluate the gain property of a multistage amplifier when the 
overall operating power gain GP(total) is equal to the product of each stage GP. The transducer 
power gain GT includes an assumption of conjugate matching of the load and the source.

The bipolar transistor simplified small-signal π-hybrid equivalent circuit shown in 
Figure 2.15 provides an example for a conjugate-matched bipolar power amplifier. The 
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FIGURE 2.15
Simplified equivalent circuit of matched bipolar power amplifier.

© 2016 by Taylor & Francis Group, LLC

  



70 Broadband RF and Microwave Amplifiers

impedance Z-parameters of the equivalent circuit of the bipolar transistor in a common-
emitter configuration can be written as
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where gm is the transconductance, rb is the series base resistance, Cπ is the base–emitter 
capacitance including both diffusion and junction components, and Cc is the feedback col-
lector capacitance.

By setting the device feedback impedance Z12 to zero and complex conjugate-matching 
conditions at the input of RS = ReZin and Lin = −ImZin/ω and at the output of RL = ReZout 
and Lout = −ImZout/ω, the small-signal transducer power gain GT can be calculated from
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where fT = gm/2πCπ is the device transition frequency.
Figure 2.16 shows the simplified circuit schematic for a conjugate-matched FET power 

amplifier. The admittance Y-parameters of the small-signal equivalent circuit of any FET 
device in a common-source configuration can be written as
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where gm is the transconductance, Rgs is the gate-source resistance, Cgs is the gate-source 
capacitance, Cgd is the feedback gate-drain capacitance, Cds is the drain-source capacitance, 
and Rds is the differential drain-source resistance.

Since the value of the gate-drain capacitance Cgd is usually relatively small, the effect 
of the feedback admittance Y12 can be neglected in a simplified case. Then, it is necessary 
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FIGURE 2.16
Simplified equivalent circuit of matched FET power amplifier.
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to set RS = Rgs and Lin = 1/ω2Cgs for input matching, while RL = Rds and Lout = 1/ω2Cds for 
output matching. Hence, the small-signal transducer power gain GT can be approximately 
calculated from

 
G C MAG

f
f

R
R

T gd
 T

2
ds

gs
( )= = =







0
4

  
(2.76)

where fT = gm/2πCgs is the device transition frequency and MAG is the maximum available 
gain representing a theoretical limit on the power gain that can be achieved under com-
plex conjugate-matching conditions.

From Equations 2.74 and 2.76, it follows that the small-signal power gain of a conjugate-
matched power amplifier for any type of the active device drops off as 1/f 2 or 6 dB per 
octave. Therefore, GT( f) can be readily predicted at a certain frequency f, if a power gain is 
known at the transition frequency fT, by
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It should be noted that previous analysis is based upon the linear small-signal consid-
eration when generally nonlinear device current source as a function of both input and 
output voltages can be characterized by the linear transconductance gm as a function of 
the input voltage and the output differential resistance Rds as a function of the output 
voltage. This is a result of a Taylor-series expansion of the output current as a function of 
the input and output voltages with maintaining only the dc and linear components. Such 
an approach helps to understand and derive the maximum achievable power-amplifier 
parameters in a linear approximation. In this case, an active device is operated in a Class-A 
mode when one-half of the dc power is dissipated in the device, while the other half is 
transformed to the fundamental-frequency output power flowing into the load, resulting 
in a maximum ideal collector efficiency of 50%. The device output resistance Rout remains 
constant and can be calculated as a ratio of the dc supply voltage to the dc current flowing 
through the active device. In a common case, for a complex conjugate-matching procedure, 
the device output immittance under large-signal consideration should be calculated using 
a Fourier-series analysis of the output current and voltage fundamental components. This 
means that, unlike a linear Class-A mode, an active device is operated in a device linear 
region for only part of the entire period, and its output resistance is defined as a ratio of the 
fundamental-frequency output voltage to the fundamental-frequency output current. This 
is not a physical resistance resulting in a power loss inside the device, but an equivalent 
resistance required to use for a conjugate matching procedure. In this case, the complex 
conjugate matching concept is valid when it is necessary first to compensate for the reac-
tive part of the device output impedance and second to provide a proper load resistance 
resulting in a maximum power gain for a given supply voltage and required output power 
delivered to the load. Note that this is not a maximum available small-signal power gain, 
which can be achieved in a linear operation mode, but a maximum achievable large-signal 
power gain that can be achieved for a particular operation mode with a certain conduction 
angle. Of course, the maximum large-signal power gain is smaller than the small-signal 
power gain for the same input power, since the output power in a nonlinear operation 
mode also includes the powers at the harmonic components of the fundamental frequency.
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Therefore, it makes more practical sense not to separately introduce the concepts of the 
gain match with respect to the linear power amplifiers and the power match in nonlinear 
power amplifier circuits since the maximum large-signal power gain, being a function of 
the angle θ, corresponds to the maximum fundamental-frequency output power delivered 
to the load due to large-signal conjugate output matching. It is very important to provide 
a conjugate matching at both input and output device ports to achieve maximum power 
gain in a large-signal mode. In a Class-A mode, the maximum small-signal power gain 
ideally remains constant regardless of the output power level.

The transistor characterization in a large-signal mode can be done based on equivalent 
quasi-harmonic nonlinear approximation under the condition of sinusoidal port voltages 
[52]. In this case, the large-signal impedances are generally determined in the following 
manner. The designer tunes the load network (often by trial and error) to maximize the 
output power to the required level using a particular transistor at a specified frequency 
and supply voltage. Then, the transistor is removed from the circuit and the impedance 
seen by the collector is measured at the carrier frequency. The complex-conjugate of the 
measured impedance then represents the equivalent large-signal output impedance of the 
transistor at that frequency, supply voltage, and output power. Similar design process is 
used to measure the input impedance of the transistor in order to maximize power-added 
efficiency of the power amplifier.

In early radiofrequency vacuum-tube transmitters, it was observed that the tubes and 
associated circuits may have damped or undamped oscillations depending upon the cir-
cuit losses, the feedback coupling, the grid and anode potentials, and the reactance or 
tuning of the parasitic circuits [53,54]. Various parasitic oscillator circuits such as the 
tuned-grid−tuned-anode circuit with capacitive feedback, Hartley, Colpitts, or Meissner 
oscillators can be realized at high frequencies, which potentially can be eliminated by 
adding a small resistor close to the grid or anode connections of the tubes for damping 
the circuits. Inductively coupled rather than capacitively coupled input and output circuits 
should be used wherever possible.

According to the immittance approach applied to the stability analysis of the active non-
reciprocal two-port network, it is necessary and sufficient for its unconditional stability if 
the following system of equations can be satisfied for the given active device:

 Re [ ]S inW W( ) ( )ω ω+ > 0   (2.78)

 Im [ ] 0S inW W( ) ( )ω ω+ =   (2.79)

or

 Re [ ]L outW W( ) ( )ω ω+ > 0   (2.80)

 Im [ ]L outW W( ) ( )ω ω+ = 0   (2.81)

where ReWS and ReWL are considered to be greater than zero [55,56]. The active two-port 
network can be treated as unstable or potentially unstable in the case of the opposite signs 
in Equations 2.78 and 2.80.

Analysis of Equation 2.78 or Equation 2.80 on extremum results in a special relationship 
between the device immittance parameters called the device stability factor
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which shows a stability margin indicating how far from zero value are the real parts in 
Equations 2.78 and 2.80 if they are positive [56]. An active device is unconditionally stable 
if K ≥ 1 and potentially unstable if K < 1.

When the active device is potentially unstable, an improvement of the power ampli-
fier stability can be provided with the appropriate choice of the source and load immit-
tances WS and WL. In this case, the circuit stability factor KT is defined in the same way 
as the device stability factor K, taking into account ReWS and ReWL along with the device 
W-parameters, and written as
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If the circuit stability factor KT ≥ 1, the power amplifier is unconditionally stable. 
However, the power amplifier becomes potentially unstable if KT < 1. The value of KT = 1 
corresponds to the border of the circuit unconditional stability. The values of the circuit 
stability factor KT and device stability factor K become equal if ReWS = ReWL = 0.

For the active device stability factor K > 1, the operating power gain GP has to be maxi-
mized. By analyzing Equation 2.70 on extremum, it is possible to find optimum values 
ReWL

o and ImWL
o when the operating power gain GP is maximal [57,58]. As a result
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The power amplifier with an unconditionally stable active device provides a maximum 
power gain operation only if the input and output of the active device are conjugate-
matched with the source and load impedances, respectively. For the lossless input match-
ing circuit when the power available at the source is equal to the power delivered to the 
input port of the active device, that is, PS = Pin, the maximum operating power gain is equal 
to the maximum transducer power gain, that is, GPmax = GTmax.

The domains of the device’s potential instability include the operating frequency 
ranges where the active device stability factor is equal to K < 1. Within the bandwidth 
of such a frequency domain, parasitic oscillations can occur, defined by internal posi-
tive feedback and operating conditions of the active device. The instabilities may not 
be self-sustaining, induced by the RF drive power but remaining on its removal. One 
of the most serious cases of the power amplifier instability can occur when there is a 
variation of the load impedance. Under these conditions, the transistor may be destroyed 
almost instantaneously. However, even it is not destroyed, the instability can result in 
an increased level of the spurious emissions in the output spectrum of the power ampli-
fier tremendously. Generally, the following classification for linear instabilities can be 
made [59]:

• Low-frequency oscillations produced by thermal feedback effects
• Oscillations due to internal feedback
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• Negative resistance or conductance-induced instabilities due to transit-time 
effects, avalanche multiplication, etc.

• Oscillations due to external feedback as a result of insufficient decoupling of the 
dc supply, etc.

Therefore, it is very important to determine the effect of the device feedback parameters 
on the origin of the parasitic self-oscillations and to establish possible circuit configura-
tions of the parasitic oscillators. Based on the simplified bipolar equivalent circuit shown 
in Figure 2.15, the device stability factor can be expressed through the parameters of the 
transistor equivalent circuit as
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where ωT = 2πfT [13,39].
At very low frequencies, the bipolar transistors are potentially stable and the fact that 

K → 0 when f → 0 in Equation 2.85 can be explained by simplifying the bipolar equivalent 
circuit. In practice, at low frequencies, it is necessary to take into account the dynamic 
base–emitter resistance rπ and Early collector–emitter resistance rce, the presence of which 
substantially increases the value of the device stability factor. This gives only one unstable 
frequency domain with K < 1 and low-boundary frequency fp1. However, an additional 
region of possible low-frequency oscillations can occur due to thermal feedback where 
the collector junction temperature becomes frequently dependent, and the common-base 
configuration is especially affected by this [60].

Equating the device stability factor K with unity allows us to determine the high-bound-
ary frequency of a frequency domain of the bipolar transistor potential instability as
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When rbgm > 1 and gm >> ωTCc, Equation 2.86 is simplified to
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At higher frequencies, a presence of the parasitic reactive intrinsic transistor param-
eters and package parasitics can be of great importance in view of power amplifier 
stability. The parasitic series emitter lead inductance Le shown in Figure 2.17 has a 
major effect on the device stability factor. The presence of Le leads to the appearance of 
the second frequency domain of potential instability at higher frequencies. The circuit 
analysis shows that the second frequency domain of potential instability can be real-
ized only under the particular ratios between the normalized parameters ωTLe/rb and 
ωTrbCc [13,39]. For example, the second domain does not occur for any values of Le when 
ωTrbCc ≥ 0.25.
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An appearance of the second frequency domain of the device potential instability is the 
result of the corresponding changes in the device feedback phase conditions and takes 
place only under a simultaneous effect of the collector capacitance Cc and emitter lead 
inductance Le. If the effect of one of these factors is lacking, the active device is character-
ized by only the first domain of its potential instability.

Figure 2.18 shows the potentially realizable equivalent circuits of the parasitic oscilla-
tors. If the value of a series-emitter inductance Le is negligible, the parasitic oscillations 
can occur only when the values of the source and load reactances are positive, that is 
ImZS = jXS > 0 and ImZL = jXL > 0. In this case, the parasitic oscillator shown in Figure 2.18a 
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(b)
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FIGURE 2.18
Equivalent circuits of parasitic bipolar oscillators.
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FIGURE 2.17
Simplified bipolar π-hybrid equivalent circuit with emitter lead inductance.
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represents the inductive three-point circuit, where the inductive elements LS and LL in 
combination with the collector capacitance Cc form a Hartley oscillator. From a practical 
point of view, the more the value of the collector dc-feed inductance exceeds the value of 
the base-bias inductance, the more likely low-frequency parasitic oscillators can be cre-
ated. It was observed that a very low inductance, even a short between the emitter and 
the base, can produce very strong and dangerous oscillations, which may easily destroy a 
transistor [59]. Therefore, it is recommended to increase a value of the base choke induc-
tance and to decrease a value of the collector choke inductance.

The presence of Le leads to narrowing of the first frequency domain of the potential insta-
bility, which is limited to the high-boundary frequency fp2, and can contribute to appear-
ance of the second frequency domain of the potential instability at higher frequencies. The 
parasitic oscillator that corresponds to the first frequency domain of the device potential 
instability can be realized only if the source and load reactances are inductive, that is, 
ImZS = jXS > 0 and ImZL = jXL > 0, with the equivalent circuit of such a parasitic oscilla-
tor shown in Figure 2.18b. The parasitic oscillator corresponding to the second frequency 
domain of the device potential instability can be realized only if the source reactance is 
capacitive and the load reactance is inductive, that is, ImZS = −jXS < 0 and ImZL = jXL > 0, 
with the equivalent circuit shown in Figure 2.18c. The series-emitter inductance Le is an 
element of fundamental importance for the parasitic oscillator that corresponds to the 
second frequency domain of the device potential instability. It changes the circuit phase 
conditions so it becomes possible to establish the oscillation phase-balance condition at 
high frequencies. However, if it is possible to eliminate the parasitic oscillations at high 
frequencies by other means, increasing of Le will result to narrowing of a low-frequency 
domain of potential instability, thus making the power amplifier potentially more stable, 
although at the expense of reduced power gain.

Similar analysis of the MOSFET power amplifier also shows two frequency domains of 
MOSFET potential instability due to the internal feedback gate-drain capacitance Cgd and 
series source inductance Ls [13]. Because of the very high gate-leakage resistance, the value 
of the low-boundary frequency fp1 is sufficiently small. For usually available conditions for 
power MOSFET devices when gmRds = 10 ÷ 30 and Cgd/Cgs = 0.1 ÷ 0.2, the high boundary 
frequency fp2 can approximately be calculated from
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It should be noted that power MOSFET devices have a substantially higher value of gmRds 
at small values of the drain current than at its high values. Consequently, for small drain 
current, the MOSFET device is characterized by a wider domain of potential instability. 
This domain is significantly wider than the same first domain of the potential instability 
of the bipolar transistor. The series source inductance Ls contributes to the appearance of 
the second frequency domain of the device potential instability. The potentially realizable 
equivalent circuits of the MOSFET parasitic oscillators are the same as for the bipolar tran-
sistor, as shown in Figure 2.18 [13].

Thus, to prevent the parasitic oscillations and to provide a stable operation mode of 
any power amplifier, it is necessary to take into consideration the following common 
requirements:

• Use an active device with stability factor K > 1
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• If it is impossible to choose an active device with K > 1, it is necessary to provide 
the circuit stability factor KT > 1 by the appropriate choice of the real parts of the 
source and load immittances

• Disrupt the equivalent circuits of the possible parasitic oscillators
• Choose proper reactive parameters of the matching circuit elements adjacent to 

the input and output ports of the active device, which are necessary to avoid the 
self-oscillation conditions

Generally, the parasitic oscillations can arise at any frequency within the potential insta-
bility domains for particular values of the source and load immittances WS and WL. The 
frequency dependences of WS and WL are very complicated and very often cannot be pre-
dicted exactly, especially in multistage power amplifiers. Therefore, it is very difficult to 
propose a unified approach to provide a stable operation mode of the power amplifiers 
with different circuit configurations and operation frequencies. In practice, the parasitic 
oscillations can arise close to the operating frequencies due to the internal positive feed-
back inside the transistor and at the frequencies sufficiently far from the operating fre-
quencies due to the external positive feedback created by the surface-mounted elements. 
As a result, the stability analysis of the power amplifier must include the methods to pre-
vent the parasitic oscillations in different frequency ranges.

It should be noted that expressions in Equations 2.78 through 2.84 are given by using 
the device immittance Z- or Y-parameters that allow the power gain and stability to be 
calculated using the parameters of the device equivalent circuit and to physically under-
stand the corresponding effect of each circuit parameter, but not through the scattering 
S-parameters, which are very convenient during the measurement procedure required 
for device modeling. Moreover, by using modern simulation tools, there is no need to 
even draw stability circles on a Smith chart or analyze the stability factor across the wide 
frequency range since the K-factor is just a derivation from the basic stability conditions 
and usually is a function of linear parameters, which can only reveal linear instabilities. 
Besides, it is difficult to predict unconditional stability for a multistage power amplifier 
because parasitic oscillations can be caused by the interstage circuits. In this case, the easi-
est and most effective way to provide stable operation of the multistage power amplifier 
(or single-stage power amplifier) is to simulate the real part of the device input impedance 
Zin = Vin/Iin at the input terminal of each transistor as a ratio between the input voltage 
and current by placing a voltage node and a current meter, as shown in Figure 2.19a. If 
ReZin < 0, then either a low-value series resistor must be added to the device base terminal 
as a part of the input matching circuit or a load-network configuration can be properly 
chosen to provide the resulting positive value of ReZin. In this case, not only linear insta-
bilities with small-signal soft startup oscillation conditions but also nonlinear instabili-
ties with large-signal hard startup oscillation conditions or parametric oscillations can be 
identified around the operating region. Figure 2.19b shows the parallel RC stabilizing cir-
cuit with a bypass capacitor Cbypass connected in series to the input port of a GaN HEMT 
device [61]. In this case, using a stabilizing resistor Rgate and a low-value gate-bias resistor 
Rbias improves the stability factor considerably at low frequencies without affecting the 
device performance at higher frequencies.

Figure 2.20 shows the example of a stabilized bipolar VHF (very high frequency) power 
amplifier configured to operate in a zero-bias Class-C mode. Conductive input and output 
loading due to resistances R1 and R2 eliminate a low-frequency instability domain. The 
series inductors L3 and L4 contribute to higher power gain if the resistance values are too 

© 2016 by Taylor & Francis Group, LLC

  



78 Broadband RF and Microwave Amplifiers

small, and can compensate for the capacitive input and output device impedances. To pro-
vide a negative-bias Class-C mode, the shunt inductor L2 can be removed. The equivalent 
circuit of the potential parasitic oscillator at higher frequencies is realized by means of 
the parasitic reactive parameters of the transistor and external circuitry. The only possible 
equivalent circuit of such a parasitic oscillator at these frequencies is shown in Figure 
2.18c. It can only be realized if the series-emitter lead inductance is present. Consequently, 
the electrical length of the emitter lead should be reduced as much as possible, or, alter-
natively, the appropriate reactive immittances at the input and output transistor ports are 
provided. For example, it is possible to avoid the parasitic oscillations at these frequen-
cies if the inductive immittance is provided at the input of the transistor and capacitive 
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FIGURE 2.20
Stabilized bipolar Class-C VHF power amplifier.
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reactance is provided at the output of the transistor. This is realized by an input series 
inductance L1 and an output shunt capacitance C5.

2.5 Push–Pull and Balanced Power Amplifiers

Generally, if it is necessary to increase an overall output power of the power amplifier, 
several active devices can be used in parallel or push–pull configurations. In a parallel 
configuration, the active devices are not isolated from each other, which requires a very 
good circuit symmetry, and output impedance becomes too small in the case of high out-
put power. The latter drawback can be eliminated in a push–pull configuration, which 
provides increased values of the input and output impedances. In this case, for the same 
output power level, the input impedance Zin and output impedance Zout are approximately 
four times as high as that of in a parallel connection of the active devices since a push–pull 
arrangement is essentially a series connection. At the same time, the loaded quality fac-
tors of the input and output matching circuits remain unchanged because both the real 
and reactive parts of these impedances are increased by the factor of four. Very good cir-
cuit symmetry can be provided using balanced active devices with common emitters (or 
sources) in a single package. The basic concept of a push–pull operation can be analyzed 
by using the corresponding circuit schematic shown in Figure 2.21 [62].

2.5.1 Basic Push–Pull Configuration

It is most convenient to consider an ideal Class-B operation, which means that each tran-
sistor conducts exactly half a cycle (equal to 180°) with zero quiescent current. Let us also 
assume that the number of turns of both primary and secondary windings of the output 
transformer T2 is equal when n1 = n2 and the collector current of each transistor can be rep-
resented in the following half-sinusoidal form:

For the first transistor
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(2.89)

For the second transistor
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(2.90)

where Ic is the output current amplitude.
Being transformed through the output transformer T2 with the appropriate phase condi-

tions, the total current flowing through the load RL is obtained as

 i t i t i t I tR c1 c2 c ( ) ( ) ( ) sinω ω ω ω= − =   (2.91)
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The current flowing into the center tap of the primary windings of the output trans-
former T2 is the sum of the collector currents, resulting in

 i t i t i t I tcc c1 c2 c( ) ( ) ( ) sinω ω ω ω= + =   (2.92)

Ideally, the even-order harmonics being in phase are canceled out and should not appear 
at the load. In practice, a level of the second-harmonic component of 30–40 dB below the 
fundamental is allowable. However, it is necessary to connect a bypass capacitor to the 
center tap of the primary winding to exclude power losses due to even-order harmonics. 
The current iR(ωt) produces the load voltage vR(ωt) onto the load RL as

 v t I R t V tR c L R ( ) ( )( ) sin sinω ω ω= =   (2.93)
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FIGURE 2.21
Basic concept of push–pull operation.
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where VR is the load voltage amplitude.
The total dc collector current is defined as the average value of icc(ωt), which yields
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(2.94)

The total dc power P0 and fundamental-frequency output power Pout for the ideal case 
of zero saturation voltage of both transistors when Vc = Vcc and taking into account that 
VR = Vc for equal turns of windings when n1 = n2 are calculated respectively from

 
P I V0 c cc = 2

π   
(2.95)
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I V
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(2.96)

Consequently, the maximum theoretical collector efficiency that can be achieved in a 
push–pull Class-B operation is equal to

 
η π= = ≅P

P
out

0 4
78 5. %

  
(2.97)

In a balanced circuit, identical sides carry 90° quadrature or 180° out-of-phase signals 
of equal amplitude. In the latter case, if perfect balance is maintained on both sides of the 
circuit, the difference between signal amplitudes becomes equal to zero in each midpoint 
of the circuit, as shown in Figure 2.22. This effect is called the virtual grounding, and this 
midpoint line is referred to as the virtual ground. The virtual ground, being actually inside 
the balanced transistor package having two identical transistor chips, reduces a common-
mode inductance and results in better stability and usually higher power gain [63].

Virtual Ground

FIGURE 2.22
Basic concept of balanced transistor.
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When using a balanced transistor, new possibilities for both internal and external imped-
ance matching procedure emerge. For instance, for a push–pull operation mode of two 
single-ended transistors, it is necessary to provide reliable grounding for input and output 
matching circuits for each device, as shown in Figure 2.23a. Using the balanced transistors 
significantly simplifies the matching circuit topologies, with the series inductors and shunt 
capacitors connected between amplifying paths, as shown in Figure 2.23b, where the dc-
blocking capacitors are not needed [64]. Such an approach can provide additional design 
flexibility when, for example, a two-stage monolithic push–pull X-band GaAs MESFET 
power amplifier can be optimized for either small-signal, high-gain operation, or for large-
signal power saturated operation by changing the lengths of the bondwires that form the 
shunt inductance at the drain circuits of each stage [65].

2.5.2 Baluns

For a push–pull operation of the power amplifier with a balanced transistor, it is also nec-
essary to provide the unbalanced-to-balanced transformation referenced to the ground 
both at the input and at the output of the power amplifier. The most suitable approach to 
solve this problem in the best possible manner at high frequencies and microwaves is to 
use the transmission-line baluns (balanced-to-unbalanced transmission-line transform-
ers). The first transmission-line balun for coupling a single coaxial line having a quarter 
wavelength at the center bandwidth frequency to a push–pull coaxial line (or a pair of 
coaxial lines), which maintains perfect balance over a wide frequency range was intro-
duced and described by Lindenblad in 1939 [66,67].

(a)

(b)

FIGURE 2.23
Matching technique for single-ended (a) and balanced (b) transistors.
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Figure 2.24a shows the basic structure and equivalent circuit of a simple coaxial balun, 
where port A is the unbalanced port and port B is the balanced port. To be a perfect balun 
when a balanced load is connected to port terminals B, the shield return current I2 − I3 
would equal to I1, which would ideally represent the delayed input current, and the output 
terminal voltages would be equal and opposite with respect to the ground. In this case, if 
the characteristic impedance Z0 of the coaxial transmission line is equal to the input imped-
ance at the unbalanced end of the transformer, the total impedance from both outputs at 
the balanced end of the transformer will be equal to the input impedance. Hence, such a 
transmission-line transformer can be used as a 1:1 balun. The equivalent circuit for this 
coaxial balun demonstrates the basic drawback of this balun, when its inner conductor is 
shielded from ground having practically infinite impedance to ground, whereas the outer 
shield does have a finite impedance to ground when a balun is placed above a printed cir-
cuit board. The presence of the lower ground plane creates a shunt short-circuit stub with 
the characteristic impedance Z1 across one of the load and this converts the high-pass balun 
structure into a bandpass one. As a result, this stub has a dramatic effect on the balun per-
formance, with the bandwidth being reduced to about an octave based on phase imbalance. 
One of the solutions is simply to raise the transmission line as high as possible above the 
printed circuit board and make both conductors symmetrical with respect to lower ground 
plane. The other solution is to attach a compensating stub to the other load, as shown in 
Figure 2.24b, which results in perfect amplitude and phase balance above the low-frequency 
cutoff region providing less than 1-dB insertion loss achieved from 5 MHz to 2.5 GHz [68].
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FIGURE 2.24
Basic structures and equivalent circuits of coaxial baluns.
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Figure 2.25 shows the basic structure of a push–pull power amplifier with a balanced 
bipolar transistor including the input and output matching circuits. To extend the oper-
ating frequency range to lower frequencies, the outside of the coaxial line of the balun 
can be loaded with a low-loss ferrite core, which acts as a choke to force equal and oppo-
site currents in the inner and outer conductor and isolate the 180° output from the input 
ground terminal by creating a high and lossy impedance for Z1. In this case, the measured 
S-parameters of the back-to-back connected baluns showed an insertion loss of about 0.5–
0.6 dB and better than 20-dB return loss over 50–1000 MHz [69]. As a result, four broad-
band GaN HEMT power amplifier units were combined using such a low-loss coaxial 
balun that transforms an unbalanced 50-Ω load into two 25-Ω impedances that are 180° 
out of phase and each of the 25-Ω end is driven by a pair of the power amplifier units con-
nected in parallel. A similar balun is used at the input to create the 180° out-of-phase input 
to the two pairs of the power amplifier units, resulting in over 100-W output power and 
higher than 60% drain efficiency across the frequency bandwidth of 100–1000 MHz. The 
lower cutoff bandwidth frequency can be provided to cover down to 10 MHz by adding 
lower-frequency ferrites, but it may affect performance at high bandwidth frequencies. 
Generally, since ferrite has limited bandwidth, it is possible to use several ferrite cores to 
broaden the frequency bandwidth. For example, by using a low-frequency ferrite core cov-
ering 1–10 MHz, a medium-frequency ferrite core covering 10–200 MHz, and a high-fre-
quency ferrite core covering high frequencies above 200 MHz, the balun can cover 1 MHz 
to 2.5 GHz with the loss of 0.25 dB at low frequency and 1.3 dB at 2.5 GHz [70].

Figure 2.26 shows the load-network arrangement with two coaxial baluns com-
bined to provide a push–pull operation of the balanced power amplifier by creating a 

PoutPin

FIGURE 2.25
Push–pull bipolar power amplifier with input and output baluns.

RL = Z0

T2T1Z0/2

Z0/2

Z0/2 Z0

FIGURE 2.26
Load-network arrangement with two coaxial baluns for push–pull operation.
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balanced-to-unbalanced impedance transformation with higher spectral purity. Ideally, 
the 180° out-of-phase currents from both active devices will have pure half-sinusoidal 
waveforms in a Class-B operation mode, which contain (according to the Fourier-series 
expansion) only fundamental and even harmonic components. This implies a 180° shift 
between the fundamental components from both active devices and in-phase condition for 
remaining even harmonic components. In this case, the transformer T1 representing a phase 
inverter is operated as a filter for even harmonics because currents flow through its inner 
and outer conductors in opposite directions. For each fundamental component flowing 
through its inner and outer conductors in the same directions, it works as an RF choke, the 
impedance of which depends on the ferrite core permeability, and power supply can be con-
veniently connected to its middle point bypassed by a large-value capacitor. Consequently, 
since the transformer T2 represents a 1:1 coaxial balun, in order to provide maximum power 
delivery to the load RL, the output equivalent impedance of each active device should be 
twice as small, being equal to the characteristic impedance of the transformer T1. As an 
example, four broadband MOSFET power amplifier units, each having such a load-network 
configuration with two coaxial baluns, were combined in a single module achieving an out-
put power of 100 W and over 40% drain efficiency across the frequency range of 2–76 MHz 
with the second- and third-harmonic suppression better than 28 dB [71].

The miniaturized compact input unbalanced-to-balanced transformer shown in 
Figure 2.27 covers the frequency bandwidth up to an octave with well-defined rejection-
mode impedances [72]. To avoid the parasitic capacitance between the outer conductor 
and the ground, the coaxial semirigid transformer T1 is mounted atop microstrip shorted 
stub l1 and soldered continuously along its length. The electrical length of this stub is 
usually chosen from the condition of θ ≤ π/2 on the high bandwidth frequency depend-
ing on the matching requirements. To maintain circuit symmetry on the balanced side 
of the transformer network, another semirigid coaxial section T2 with unconnected cen-
ter conductor is soldered continuously along microstrip shorted stub l2. The lengths of T2 
and l2 are equal to the lengths of T1 and l1, respectively. Because the input short-circuited 
microstrip stubs provide inductive impedances, the two series capacitors C1 and C2 of the 
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FIGURE 2.27
Push–pull power amplifier with compact balanced-to-unbalanced transformers.
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same value are used for matching purposes, thereby forming the first high-pass matching 
section and providing dc blocking at the same time. The practical circuit realization of the 
output matching circuit and balanced-to-unbalanced transformer can be the same as for 
the input matching circuit.

Figure 2.28a shows the basic structure of a compensated coaxial balun, including a 
series open-circuit line to compensate for the short-circuited line reactance over a wide 
frequency range, where Za and Zb represent the characteristic impedances of coaxial lines 
a and b, respectively, and Zab is the characteristic impedance of the balanced line ab com-
posed of the outer conductors of coaxial lines a and b [73]. In this case, the compensating 
line provides control of the reactance around center bandwidth frequency. It should be 
noted that this balun has exactly the same equivalent circuit as the Marchand balun [74]. 
However, the Roberts balun is easier to implement, and both baluns are inherently band-
pass networks.

An equivalent circuit of the compensated balun is shown in Figure 2.28b, from which it 
follows that it is desirable for broader bandwidth to make Zab as large as possible relative 
to RL, where RL is a balanced load. The input impedance Zin seen by the series coaxial line 
is written as
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(2.98)

From Equation 2.98, it follows that the resistive term of the input impedance is inde-
pendent of the compensating reactance Zb. Let the electrical lengths of line b and ab be 
equal, making θ = θab = θb, and let the characteristic impedances Zab = RL and Za = Zb. Then, 
Equation 2.98 is simplified to

 Z R j R Zin L L a ( )= + −sin cot sin2 2θ θ θ   (2.99)
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FIGURE 2.28
Structure (a) and equivalent circuit (b) of broadband compensated bandpass balun.
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and the input impedance becomes perfectly matched at two widely separated frequencies 
(symmetrically disposed about a center bandwidth frequency corresponding to θ = 90° 
when cotθ = 0) according to

 
sin2 θ = Z

R
a

L   
(2.100)

As an example, for matching a 70-Ω balanced load to a 50-Ω unbalanced load when 
Za = Zb = 50 Ω, Zab = 50 Ω, and θab = θb, the values of θ for which a perfect match is expected 
are calculated from Equation 2.100 as equal to 58° and 122°. Since θ is linearly proportional 
to frequency, the frequency band between points of perfect match has a ratio of 2.1. The 
mismatch at the worst point in this band (namely, at the center bandwidth frequency) 
corresponds to a VSWR of 1.4 [73]. Such a compensated balun utilizing a multidielectric 
structure achieved a broadband performance of up to 3:1 in a simple coplanar configura-
tion with an input return loss better than 15 dB, amplitude imbalance better than 0.35 dB, 
and phase imbalance better than 1.5° over the frequency range from 15 to 45 GHz [75].

Figure 2.29 shows the circuit schematic of a broadband microstrip balun with normalized 
parameters using a three-section Wilkinson divider for power splitting followed by Lange 
coupled-line directional couplers for phase shifting [76]. This planar balun structure can 
be easily fabricated on alumina substrate using a conventional monolithic process, result-
ing in good broadband amplitude and phase balance performance. In order to achieve the 
required tight coupling over 3:1 bandwidth, interdigitated Lange couplers in an unfolded 
configuration to minimize bondwire connections were employed. The balun fabricated 
on a 10-mil alumina substrate achieved an amplitude imbalance of ±0.6 dB, average phase 
imbalance of 7° (with worst case of 11°) and maximum insertion loss of 1.2 dB from 6 to 
20 GHz. With a single-section Wilkinson divider and additional short-length correction 
line on the noninverting arm, the amplitude response within ±1 dB, phase difference of 
180 ± 4°, and insertion loss of the order of 1 dB over 6–18 GHz were measured [77].
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FIGURE 2.29
Circuit schematic of broadband planar balun.

© 2016 by Taylor & Francis Group, LLC

  



88 Broadband RF and Microwave Amplifiers

2.5.3 Balanced Power Amplifiers

The balanced amplifier technique using the quadrature 3-dB couplers for power dividing 
and combining represents an alternative approach to the push–pull operation. Figure 2.30a 
shows the basic circuit schematic of a balanced amplifier where two power amplifier units 
of the same performance are arranged between the input splitter and output combiner, 
each having a 90° phase difference between coupled and through ports. The fourth port of 
each quadrature coupler must be terminated with a ballast resistor Rbal, which is equal to 
50 Ω for a 50-Ω system impedance. The input signal is split into two equal-amplitude com-
ponents by the first 90° hybrid coupler with 0° and 90° paths, then amplified, and finally 
recombined by the second 90° hybrid coupler. Owing to proper phase shifting, both sig-
nals in the load of the isolated port of the combiner are canceled, and the load connected 
at the combiner output port sees the sum of these two signals. The theory of balanced 
amplifiers has been given by Kurokawa when the operating frequency bandwidth over 
1.2 octaves can be obtained with one-section distributed quarterwave 3-dB directional 
couplers [78]. For a wide frequency range, the main advantages of the balanced design 
are the improved input and output impedance matching, gain flatness, intermodulation 
distortion, and potential design simultaneously for minimum noise figure and good input 
match. As an example, a four-stage balanced bipolar amplifier achieved a power gain of 
20 ± 0.5 dB and an input VSWR less than 1.2 across the octave frequency bandwidth from 
0.8 to 1.6 GHz [79]. By extending the wide operating frequency range to higher frequencies, 
an output power of around 23 dBm with gain variations close to 1 dB over 4.5–6.5 GHz 
and 8–12 GHz was achieved for the balanced microstrip GaAs MESFET amplifiers [80,81].
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Schematics of balanced power amplifiers with quadrature hybrid couplers.
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If the individual amplifiers with equal performance in the balanced pair are not perfectly 
matched at certain frequencies, then a signal in the 0° path of the coupler will be reflected 
from the corresponding amplifier and a signal in the 90° path of the coupler will be simi-
larly reflected from the other amplifier. The reflected signals will again be phased with 90° 
and 0°, respectively, and the total reflected power as a sum of the in-phase reflected signals 
flows into the isolated port and dissipates on the ballast resistor Rbal. As a result, an input 
VSWR of the quadrature coupler does not depend on the equal load mismatch level. This 
gives a constant well-defined load to the driver stage, improving amplifier stability and 
driver power flatness across the operating frequency range. Generally, the stability factor 
of a balanced stage can be an order of magnitude higher than its single-ended equivalent, 
depending on the VSWR and isolation of the quadrature couplers. If one of the amplifiers 
fails or is turned off, the balanced configuration provides a gain reduction of −6 dB only. 
Besides, the balanced structure ideally provides the cancellation in the load of the third-
order products such as 2f1 + f2, 2f2 + f1, 3f1, 3f2, …, and attenuation by 3 dB of the second-
order products such as f1 ± f2, 2f1, 2f2, …. In a microstrip implementation for octave-band 
power amplifiers, one of the most popular couplers for power dividing and combining is 
a 3-dB Lange hybrid coupler.

Figure 2.30b shows the circuit schematic of a two-way balanced module consisting of 
two pairs of cascaded balanced amplifier stages, where the respective output powers are 
combined using simple two-element power combiners, which are composed of two quar-
terwave transmission lines with different characteristic impedances [82]. Based on this 
architecture and GaAs MESFET devices with the gate periphery of 1 × 1000 µm2, an output 
power of 1 W across 7.25–12 GHz was achieved.

Figure 2.31a shows the microstrip single-section topology of a coupled-line directional 
coupler, which can be used for broadband power dividing and combining. Its electrical 
properties are described using a concept of two types of excitations for the coupled lines 
in TEM approximation. In this case, for the even mode, the currents flowing in the strip 
conductors are equal in amplitude and flow in the same direction. The electric field has 
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FIGURE 2.31
Coupled-line directional couplers.
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even symmetry about the center line, and no current flows between two strip conductors. 
For the odd mode, the currents flowing in the strip conductors are equal in amplitude, but 
flow in opposite directions. The electric field lines have an odd symmetry about the center 
line, and a voltage null exists between these two strip conductors. An arbitrary excitation 
of the coupled lines can always be treated as a superposition of appropriate amplitudes of 
even and odd modes.

Therefore, the characteristic impedance for even excitation mode Z0e and the character-
istic impedance for the odd excitation mode Z0o characterize the coupled lines. For two 
coupled equal-strip lines used in a standard system with the characteristic impedance of 
Z0, Z Z Z0

2 = 0e 0o  and

 
Z Z

C
C

0e 0= +
−

1
1   

(2.101)

 
Z Z

C
C

0o 0= −
+

1
1   
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where the midband voltage coupling coefficient C of the directional coupler is defined as

 
C

Z Z
Z Z

= −
+

0e 0o

0e 0o   
(2.103)

where C = 0 for zero coupling and C = 1 for completely superposed transmission lines 
[83,84].

An analysis in terms of the scattering S-parameters results in a condition of S11 = S14 = 0 
for any electrical lengths of the coupled lines, which means that the output port 4 is iso-
lated from the matched input port 1. Varying the coupling between the lines and their 
widths can change the characteristic impedances Z0e and Z0o. In this case,

 
S

C

C j
12 

2

2
= −

− +
1

1 cos sinθ θ   (2.104)

 
S

jC

C j
13 2

=
− +
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θ
θ θ1   (2.105)

where θ is the electrical length of the coupled-line section.
The voltage-split ratio K is defined as the ratio between voltages at port 2 and port 3 as

 
K

S
S

C
C

= = −12

13

1 2

sinθ   (2.106)

where K can be controlled by varying the coupling coefficient C and electrical length θ.
For a quarter-wavelength-long coupler when θ = 90°, Equations 2.104 and 2.105 reduce to
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 S j C12
2= − −1   (2.107)

 S C13 =   (2.108)

from which it follows that equal voltage split between the output ports 2 and 3 can be pro-
vided with C = 1 2/  (or 3 dB).

If it is necessary to provide the output ports 2 and 3 at one side, it is possible to use 
a construction of a microstrip directional coupler with crossed bondwires, as shown in 
Figure 2.31b. The strip crossover for a stripline directional coupler can be easily achieved 
with the three-layer sandwich. The microstrip 3-dB directional coupler fabricated on alu-
mina substrate for idealized zero strip thickness should have the calculated strip spacing 
of less than 10 µm. Such a narrow value easily explains the great interest to the construc-
tions of the directional couplers with larger spacing.

A popular way to increase the coupling between two edge-coupled microstrip lines is to 
use several parallel narrow microstrip lines interconnected with each other by the bond-
wires, as shown in Figure 2.32. For an interdigitated Lange coupler shown in Figure 2.32a, 
four coupled microstrip lines are used, resulting in a 3-dB coupling over an octave or more 
bandwidth [85]. In this case, the signal flowing to the input port 1 is distributed between 
the output ports 2 and 3 with the phase difference of 90°. However, this structure is quite 
complicated for practical implementation when, for alumina substrate with ϵr = 9.6, the 
dimensions of a 3-dB interdigitated Lange coupler are W/h = 0.107 and S/h = 0.071, where 
W is the width of each strip and S is the spacing between adjacent strips.

Figure 2.32b shows the unfolded Lange coupler with four strips of equal length offering 
the same electrical performance but easier for circuit modeling [86]. The even-mode charac-
teristic impedance Ze4 and odd-mode characteristic impedance Zo4 of the unfolded Lange 
coupler with Z Z Z0

2
 e4 o4=  in terms of the characteristic impedances of a two-conductor 

line (which is identical to any pair of adjacent lines in the coupler) can be obtained as
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FIGURE 2.32
Lange directional couplers.
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where Z0e and Z0o are the even- and odd-mode characteristic impedances of the two-con-
ductor pair [87].

The midband voltage coupling coefficient C is given by
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The even- and odd-mode characteristic impedances Z0e and Z0o, as functions of the char-
acteristic impedance Z0 and coupling coefficient C, are determined by
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For alumina substrate with εr = 9.6, the dimensions of such a 3-dB unfolded Lange cou-
pler are W/h = 0.112 and S/h = 0.08, where W is the width of each strip and S is the spacing 
between the strips.

2.6 Transmission-Line Transformers and Combiners

The transmission-line transformers and combiners can provide very wide operating band-
widths up to frequencies of 3 GHz and higher [62,88]. They are widely used in matching 
networks for antennas and power amplifiers in the HF and VHF bands, and their low 
losses make them especially useful in high-power circuits [89,90]. Typical structures for 
transmission-line transformers and combiners consist of parallel wires, coaxial cables, or 
bifilar twisted wire pairs. In the latter case, the characteristic impedance can be easily 
determined by the wire diameter, the insulation thickness, and, to some extent, the twist-
ing pitch [91,92]. For coaxial cable transformers with correctly chosen characteristic imped-
ance, the theoretical high-frequency bandwidth limit is reached when the cable length 
comes in order of a half wavelength, with the overall achievable bandwidth being about a 
decade. By introducing the low-loss high-permeability ferrites alongside a good–quality, 
semi-rigid coaxial or symmetrical strip cable, the low-frequency limit can be significantly 
improved providing bandwidths of several or more decades.

The concept of a broadband impedance transformer consisting of a pair of interconnected 
transmission lines was first disclosed and described by Guanella [93,94]. Figure 2.33a shows 
a Guanella transformer system with transmission-line character achieved by an arrange-
ment comprising one pair of cylindrical coils, which are wound in the same sense and are 
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spaced a certain distance apart by an intervening dielectric. In this case, one cylindrical 
coil is located inside the insulating cylinder and the other coil is located on the outside of 
this cylinder. For the currents flowing through both windings in opposite directions, the 
corresponding flux in the coil axis is negligibly small. However, for the currents flowing in 
the same direction through both coils, the latter may be assumed to be connected in paral-
lel, and a coil pair represents a considerable inductance for such currents and acts like a 
choke coil. With terminal 4 being grounded, such a 1:1 transformer provides matching of 
the balanced source to unbalanced load. In this case, if terminal 2 is grounded, it simply 
represents a delay line. In a particular case, when terminals 2 and 3 are grounded, the 
transformer performs as a phase inverter.

A series–parallel connection of a plurality of coil pairs can produce a match between 
unequal source and load resistances. Figure 2.33b shows a 4:1 impedance (2:1 voltage) 
transmission-line transformer, where the two pairs of cylindrical transmission-line coils 
are connected in series at the input and in parallel at the output. For the characteristic 
impedance Z0 of each transmission line, this results in twice higher impedance 2Z0 at 
the input and twice lower impedance Z0/2 at the output. By grounding terminal 4, such 
a 4:1 impedance transformer provides impedance matching of the balanced source to the 
unbalanced load. In this case, when terminal 2 is grounded, it performs as a 4:1 unun 
(unbalanced-to-unbalanced transformer). With a series–parallel connection of n coil pairs 
with the characteristic impedance Z0 each, the input impedance is equal to nZ0 and the 
output impedance is equal to Z0/n. Since voltages that have equal delays through the 
transmission lines are added, such a technique results in the so-called equal-delay trans-
mission-line transformers.

The simplest transmission-line transformer is a quarterwave transmission line, whose 
characteristic impedance is chosen to give the correct impedance transformation. However, 
this transformer provides a narrowband performance valid only around frequencies, for 
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FIGURE 2.33
Schematic configurations of Guanella 1:1 (a) and 4:1 (b) transformers.
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which the transmission line is odd multiples of a quarter wavelength. If a ferrite sleeve is 
added to the transmission line, common-mode currents flowing in both transmission-line 
inner and outer conductors in phase and in the same direction are suppressed and the load 
may be balanced and floating above ground [95,96]. If the characteristic impedance of the 
transmission line is equal to the terminating impedances, the transmission is inherently 
broadband. If not, there will be a dip in the response at the frequency, at which the trans-
mission line is a quarter-wavelength long.

A coaxial cable transformer, whose physical configuration is shown in Figure 2.34a and 
equivalent circuit representation with polarity reversing is shown in Figure 2.34b, con-
sists of the coaxial line arranged inside the ferrite core, or wound around the ferrite core. 
Either end of the load resistor can be grounded, depending on the desired output polarity. 
The larger the core permeability, the fewer the turns required for a given low-frequency 
response and the larger the overall bandwidth. Owing to its practical configuration, the 
coaxial cable transformer takes a position between the lumped and distributed systems. 
Therefore, at lower frequencies, its equivalent circuit represents a conventional low-fre-
quency transformer, as shown in Figure 2.34c, while at higher frequency, it is a transmis-
sion line with the characteristic impedance Z0, as shown in Figure 2.34d. The advantage of 
such a transformer is that the parasitic interturn capacitance determines its characteristic 
impedance, whereas this parasitic capacitance negatively contributes to the transformer 
frequency performance of the conventional wire-wound transformer with discrete wind-
ings by resonating with the leakage inductance that produces a loss peak.

When RS = RL = Z0, the transmission line can be considered a transformer with a 1:1 
impedance transformation. To avoid any resonant phenomena, especially for complex 
loads, which can contribute to the significant output power variations, the length l of the 
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FIGURE 2.34
Schematic configurations of coaxial cable transformer.
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transmission line, as a rule of thumb, is kept to no more than an eighth of a wavelength 
λmin at the highest operating frequency,

 
l ≤ λmin

8   
(2.114)

where λmin  is the minimum wavelength in the transmission line corresponding to the 
high operating frequency fmax.

The low-frequency bandwidth limit of a coaxial cable transformer is determined by the 
effect of the magnetizing inductance Lm of the outer surface of the outer conductor, accord-
ing to the equivalent low-frequency transformer model shown in Figure 2.35a, where the 
transmission line is represented by the ideal 1:1 transformer [90]. The resistance R0 repre-
sents the losses of the transmission line. An approximation to the magnetizing inductance 
can be made by considering the outer surface of the coaxial cable to be the same as that of a 
straight wire (or linear conductor), which, at higher frequencies where the skin effect causes 
the current to be concentrated on the outer surface, would have the self-inductance of

 
L l
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where l is the length of the coaxial cable in centimeters and r is the radius of the outer sur-
face of the outer conductor in centimeters [90].

High permeability of core materials results in shorter transmission lines. If a toroid is 
used for the core, the magnetizing inductance Lm is obtained by
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Low-frequency models of 1:1 coaxial cable transformer.
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where n is the number of turns, µ is the core permeability, Ae is the effective cross-sectional 
area of the core in cm2, and Le is the average magnetic path length in cm [97].

Considering the transformer equivalent circuit with a lossless transmission line shown 
in Figure 2.35a, the ratio between the power delivered to the load PL and power available 
at the source P V RS S

2
S/= 8 , when RS = RL, can be obtained from
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which gives the minimum operating frequency fmin for a given magnetizing inductance 
Lm, when taking into account the maximum decrease of the output power by 3 dB, as
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S

m 
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4π   
(2.118)

A similar low-frequency model for a coaxial cable transformer using twisted or parallel 
wires is shown in Figure 2.35b [90]. Here, the model is symmetrical as both conductors are 
exposed to magnetic material and therefore contribute identically to the losses and low-
frequency performance of the transformer.

An approach using a transmission line based on a single bifilar wound coil to realize a 
broadband 1:4 impedance transformation was introduced by Ruthroff [98,99]. In this case, by 
using a core material of a sufficiently high permeability, the number of turns can be signifi-
cantly reduced. Figure 2.36a shows the circuit schematic of an unbalanced-to-unbalanced 
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FIGURE 2.36
Schematic configurations of Ruthroff 1:4 impedance transformer.
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1:4 transmission line transformer, where terminal 4 is connected to the input terminal 1. 
As a result, for V = V1 = V2, the output voltage is twice the input voltage, and the trans-
former has a 1:2 voltage step-up ratio. As the ratio of input voltage to input current is one-
fourth the load voltage to load current, the transformer is fully matched for maximum 
power transfer when RL = 4RS, and the transmission-line characteristic impedance Z0 is 
equal to the geometric mean of the source and load impedances,

 Z R R0 S L=   (2.119)

where RS is the source resistance and RL is the load resistance. Figure 2.36b shows an 
impedance transformer acting as a phase inverter, where the load resistance is included 
between terminals 1 and 4 to become a 1:4 balun. This technique is called the bootstrap 
effect, which does not have the same high-frequency response as the Guanella equal-delay 
approach because it adds a delayed voltage to a direct one [100]. The delay becomes exces-
sive when the transmission line reaches a significant fraction of a wavelength.

Figure 2.37a shows the physical implementation of a Ruthroff 4:1 impedance trans-
former using a coaxial cable arranged inside the ferrite core. At lower frequencies, such 
a transformer can be considered an ordinary 2:1 voltage autotransformer. To improve 
the performance at higher frequencies, it is necessary to add an additional phase-com-
pensating line of the same length, as shown in Figure 2.37b, resulting in a Guanella 
ferrite-based 4:1 impedance transformer. In this case, a ferrite core is necessary only for 
the upper line because the outer conductor of the lower line is grounded at both ends, 
and no current flows through it. A current I driven into the inner conductor of the upper 
line produces a current I that flows in the outer conductor of the upper line, resulting in 
a current 2I flowing into the load RL. Because the voltage 2V from the transformer input 
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FIGURE 2.37
Schematic configurations of 4:1 coaxial cable transformer.
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is divided in two equal parts between the coaxial line and the load, such a transformer 
provides impedance transformation from RS = 2Z0 into RL = Z0/2, where Z0 is the charac-
teristic impedance of each coaxial line. The bandwidth extension for the Ruthroff trans-
formers can also be achieved by using the transmission lines with step-function and 
exponential changes in their characteristic impedances [101,102]. To adopt this transmis-
sion line transformer for microwave planar applications, the coaxial line can be replaced 
by a pair of stacked strip conductors or coupled microstrip lines [103,104]. For asym-
metric broadside-coupled microstrip lines, the coupling coefficient is much stronger 
because both electric and magnetic coupling are present, resulting in wider bandwidth 
and smaller size [105].

Figure 2.38 shows similar arrangements for the 3:1 voltage coaxial cable transformers, 
which produce 9:1 impedance transformation. A current I driven into the inner conductor 
of the upper line in Figure 2.38a will cause a current I to flow in the outer conductor of the 
upper line. This current then produces a current I in the outer conductor of the lower line, 
resulting in a current 3I flowing into the load RL. The lowest coaxial line can be removed, 
resulting in a 9:1 impedance coaxial cable transformer shown in Figure 2.38b. The charac-
teristic impedance of each transmission line is specified by the voltage applied to the end 
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Schematic configurations of 9:1 coaxial cable transformer.
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of the line and the current flowing through the line and is equal to Z0. In a 0.18-µm CMOS 
process with six metal layers, a 1:9 transmission-line transformer with broadside-coupled 
and multiple-metal stacked transmission lines achieved a broadband impedance trans-
formation from 5.0 ± 0.1 Ω optimal load impedance of the power cell to 50-Ω load with a 
bandwidth of 4.4–6.6 GHz and an insertion loss of about 1 dB [106].

By using the transmission-line baluns with different integer-transformation ratios in 
certain connection, it is possible to obtain the fractional-ratio baluns and ununs [88,107,108]. 
Figure 2.39 shows a transformer configuration for obtaining an impedance ratio of 2.25:1, 
which consists of a 1:1 Guanella balun on the top combined with a 1:4 Guanella balun 
where voltages on the left-hand side are in series and on the right-hand side are in paral-
lel [107]. In this case, the left-hand side has the higher impedance. In a matched condition, 
this transformer should have a high-frequency response similar to a single transmission 
line. By grounding the corresponding terminals (shown by a dashed line), it becomes a 
broadband unun. Different ratios can be obtained with other configurations. For example, 
using a 1:9 Guanella balun below the 1:1 unit results in a 1.78:1 impedance ratio, whereas 
the impedance ratio becomes 1.56:1 with a 1:16 balun.

On the other hand, the overall 1:1.5 voltage transformer configuration can be achieved by 
using the cascade connection of a 1:3 voltage transformer to increase the impedance 9 times, 
and a 2:1 voltage transformer to decrease the impedance 4 times, the block schematic of 
which is shown in Figure 2.40a [108]. The practical configuration of this transformer using 
coaxial cables and ferrite cores is shown in Figure 2.40b. Here, the currents I/3 in the inner 
conductors of two lower lines cause an overall current 2I/3 in the outer conductor of the 
upper line, resulting in a current 2I/3 flowing into the load RL. A load voltage 3V/2 is 180° 
out of phase with a longitudinal voltage V/2 along the upper line, resulting in a voltage V 
at the transformer input. The lowest line can also be eliminated with direct connection of 
the points at both ends of its inner conductor, as in the case of the 2:1 and 3:1 Ruthroff volt-
age transformers shown in Figures 2.37a and 2.38b, respectively. If the source impedance 
is 50 Ω, then the characteristic impedance of all three transmission lines should be 75 Ω. In 
this case, the matched condition corresponds to a load impedance of 112.5 Ω.

By using the coaxial cable transformers, the output powers from two or more power 
amplifiers can be combined. Figure 2.41 shows an example of such a transformer, which 
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FIGURE 2.39
Schematic configuration of equal-delay 2.25:1 unun.
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combines two in-phase signals when both signals are delivered to the load RL and no sig-
nal will be dissipated in the ballast resistor R0 if their amplitudes are equal [98,109]. The 
main advantage of this transformer is zero longitudinal voltage along the line for equal 
input powers; as a result, no losses occur in the ferrite core. When one power amplifier 
defaults or disconnects, the longitudinal voltage becomes equal to half a voltage of another 
power amplifier. For this transformer, it is possible to combine two 180° out-of-phase sig-
nals when the ballast resistor is considered the load, and the load resistor in turn is con-
sidered the ballast resistor.

The schematic of another hybrid coaxial cable transformer using as a combiner is shown 
in Figure 2.42. The advantage of this combiner is that both the load RL and the ballast resis-
tor R0 are grounded. In this case, the optimum characteristic impedance of each coaxial 
cable is defined as RS 2. These hybrid transformer-based combiners can also be used for 
power dividing when the output power from a single power amplifier is divided and deliv-
ered into two independent loads. In this case, the original load and the two signal sources 
should be switched. It should be noted that the term “hybrid” comes not from the fact that 
the transformer might be constructed of two different entities (e.g., cable and resistor), but 
just because it is being driven by two signals as opposed to only one. Consequently, the 
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hybrid transformer represents a four-port passive device having two input ports, one sum 
port, and one difference port. The unique characteristic of the hybrid transformer is ability 
to isolate the two input signal sources.

Figure 2.43a shows a coaxial cable two-way combiner where the input signals have the 
same amplitudes and phases at ports 2 and 3 are matched at higher frequencies when 
all lines are of the same lengths and RS = Z0 = RL/2 = R0/2 [88]. In this case, the isolation 
between these input ports can be calculated in decibels by

 C23 = +10 4 1 410
2log [ ( cot )]θ   (2.120)

where θ is the electrical length of each transmission line. In order to improve the isola-
tion, the symmetrical ballast resistor R0 should be connected through two additional lines 
(coaxial cables), as shown in Figure 2.43b, where all transmission lines have the same elec-
trical lengths.

Figure 2.44 shows a coaxial cable two-way combiner, which is fully matched and isolated 
in pairs [88]. Such combiners can effectively be used in high-power broadcasting VHF FM 
and VHF-UHF TV transmitters. In this case, for power amplifiers with the identical output 
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impedances RS1 = RS2 = Z0/2, it is necessary to choose the ballast resistor R0 and the load RL 
of equal values as R0 = RL = Z0, where Z0 is the characteristic impedance of each transmis-
sion line of the same length.
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3
Lossless Matched Broadband Power Amplifiers

Generally, the matching design procedure is based on the methods of circuit analysis, 
optimization, and synthesis. According to the first method, the circuit parameters are 
calculated at one frequency chosen in advance (usually the center or high-bandwidth 
frequency), and then, the power amplifier performance is analyzed across the entire fre-
quency bandwidth. To synthesize the broadband matching/compensation network, it is 
necessary to choose the maximum attenuation level or reflection coefficient magnitude 
inside the operating frequency bandwidth and then to obtain the parameters of match-
ing networks by using special tables and formulas to convert the lumped elements into 
distributed ones. For push–pull power amplifiers, it is very convenient to use both lumped 
and distributed parameters when the lumped capacitors are connected in parallel to the 
microstrip lines due to the effect of virtual ground.

3.1 Impedance Matching

In a common case, an optimum solution depends on the circuit requirements, such as the 
simplicity in practical realization, the frequency bandwidth and minimum power ripple, 
design implementation and adjustability, stable operation conditions, and sufficient har-
monic suppression. As a result, many types of the matching networks are available that 
are based on the lumped elements and transmission lines. To simplify and visualize the 
matching design procedure, an analytical approach when all parameters of the matching 
circuits are calculated using simple analytical equations alongside with their Smith chart 
visualization can be used.

3.1.1 Basic Principles

Impedance matching is necessary to provide maximum delivery to the load of the RF power 
available from the source by using some impedance-matching network that can modify 
the load as viewed from the generator [1]. This means that generally, when the electrical 
signal propagates in the circuit, a portion of this signal might be reflected at the interface 
between the sections with different impedances. Therefore, it is necessary to establish the 
conditions that allow to fully transmitting the entire RF signal without any reflection. To 
determine an optimum value of the load impedance ZL, at which the power delivered to 
the load is maximal, the equivalent circuit shown in Figure 3.1a can be considered.

In this case, the power delivered to the load can be defined as
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where ZS = RS + jXS is the source impedance, ZL = RL + jXL is the load impedance, VS is 
the source voltage amplitude, and Vin is the load voltage amplitude. Substituting the 
real and imaginary parts of the source and load impedances ZS and ZL into Equation 
3.1 yields
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(3.2)

If the source impedance ZS is fixed, then, it is necessary to vary the real and imaginary 
parts of the load impedance ZL until maximum power is delivered to the load. To maxi-
mize the output power, the following analytical conditions in the form of derivatives with 
respect to the output power are written:
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(3.3)

Applying these conditions and taking Equation 3.2 into consideration, the system of two 
equations can be obtained as
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VinYSIS Yin = YL

FIGURE 3.1
 Equivalent circuits with voltage and current sources.
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Simplifying Equations 3.4 and 3.5 results in

 R R X XS
2

L
2

L S
2− + +( ) = 0  (3.6)

 X X XL L S( )+ = 0  (3.7)

By solving Equations 3.6 and 3.7 simultaneously for RS and XS, one can obtain

 R RS L=  (3.8)

 X XL S= −  (3.9)

or, in an impedance form,

 Z ZL S= ∗
 (3.10)

where (*) denotes the complex-conjugate value [2].
Equation 3.10 is called an impedance conjugate-matching condition, and its fulfillment 

results in maximum power delivered to the load for fixed source impedance. Maximum 
power delivered to the load must be equal to

 
P

V
R

= S
2

S8  
(3.11)

The admittance conjugate-matching condition, which is applied to the equivalent circuit 
shown in Figure 3.1b, is given as

 Y YL S= ∗
 (3.12)

and can be readily obtained in the same way. Maximum power delivered to the load in this 
case can be defined as

 
P

I
G

= S
2

S8  
(3.13)

where GS = ReYS is the source conductance and IS is the source current amplitude.
Thus, the conjugate-matching conditions in a common case can be determined through 

the immittance parameters, representing any system of the impedance Z-parameters or 
admittance Y-parameters in the form

 W WL S= ∗
 (3.14)

The matching circuit is connected between the source and the input of an active device, as 
shown in Figure 3.2a, and between the output of an active device and the load, as shown in 
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112 Broadband RF and Microwave Amplifiers

Figure 3.2b. For a multistage amplifier, the load represents an input circuit of the next stage. 
Therefore, the matching circuit in this case is connected between the output of the active 
device of the preceding amplifier stage and the input of the active device of the succeeding 
stage of the power amplifier, as shown in Figure 3.2c. The main objective is to properly trans-
form the load immittance WL to the optimum device output immittance Wout, the value of 
which is properly determined by the supply voltage, output power, device saturation voltage, 
and selected operation class to maximize the amplifier efficiency and output power. It should 
be noted that Equation 3.14 is given in a general immittance form without an indication of 
whether it is used in a small-signal or large-signal application. In the latter case, this only 
means that the device immittance W-parameters are fundamentally averaged over a large-
signal swing across the device-equivalent circuit parameters and that the conjugate-matching 
principle is valid in both the small-signal application and the large-signal application, where 
the optimum equivalent device output resistance (or conductance) at the fundamental fre-
quency is matched to the load resistance (or conductance) and the effect of the device output 
reactive elements is compensated by the conjugate reactance of the load network. In addition, 
the matching circuits should be designed to provide the required voltage and current wave-
forms at the device output and the stability of operation conditions. The losses in the output-
matching circuits must be as small as possible to deliver the output power to the load with 
maximum efficiency. Finally, it is desirable that the matching circuit must be easy to tune.

3.1.2 Matching with Lumped Elements

Generally, there is a variety of configurations for matching networks to efficiently deliver 
the signal from the source to the load, and application of any of these matching networks 

WS

WLWout

Wout Win

Win

(a)

Matching
circuit

Matching
circuit

Matching
circuit

(b)

(c)

FIGURE 3.2
Matching circuit arrangements.
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in the power amplifier depends on its class of operation, level of output power, operating 
frequency, frequency bandwidth, or level of harmonic suppression. The lumped matching 
networks in the form of (a) L-transformer, (b) π-transformer, or (c) T-transformer shown 
in Figure 3.3, respectively, have proved to be effective for a long time for power amplifier 
design [1]. The simplest and most popular matching network is the circuit in the form of 
the L-transformer. The transforming properties of this matching circuit can be analyzed 
by using the equivalent transformation of a parallel into a series representation of the RX 
network.

Consider the parallel RX network shown in Figure 3.4a, where R1 is the real (resistive) 
part and X1 is the imaginary (reactive) part of the network impedance Z1 = jX1R1/(R1 + jX1), 
and the series RX network shown in Figure 3.4b, where R2 is the resistive part and X2 is the 
reactive part of the circuit impedance Z2 = R2 + jX2. These two impedance networks (series 
and parallel) can be considered equivalent at some frequency if Z1 = Z2, which results in
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Equation 3.15 can be rearranged into two separate equations for real and imaginary 
parts as

 R R Q1 2
2= +( )1  (3.16)

 X X Q1 2
2= + −( )1  (3.17)

where Q = R1/|X1| = |X2|/R2 is the network quality factor, which is equal for both the 
series and parallel RX networks.

Consequently, if the reactive impedance or reactance X1 = −X2(1 + Q−2) is connected in 
parallel to the series circuit composed of the resistance R2 and reactance X2, it allows the 
reactance of the series circuit to be compensated. In this case, the input impedance of such 

X2 X3

X2

X1 X2

X3

X1 X1

(a) (b)

(c)

FIGURE 3.3
Matching networks in the form of L-, π-, and T-transformers.
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114 Broadband RF and Microwave Amplifiers

a two-port network, which is shown in Figure 3.5, will be only resistive and equal to R1. 
Consequently, to transform the resistance R1 into the other resistance R2 at a certain fre-
quency, it is sufficient to connect a two-port L-transformer between them with the opposite 
signs of the reactances X1 and X2, the parameters of which can be easily calculated from 
the following simple equations:

 
X

R
Q

1
1=

 
(3.18)

 X R Q2 2=  (3.19)

where
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R
R

= − 1

2
1

 
(3.20)

is the circuit-loaded quality factor expressed through the resistances to be matched. Thus, 
to design a matching circuit with fixed resistances to be matched, first, we need to cal-
culate the quality factor Q according to Equation 3.20 and then to define the reactive ele-
ments, according to Equations 3.18 and 3.19.

Owing to the opposite signs of the reactances X1 and X2, the two possible circuit con-
figurations (one in the form of a low-pass filter section and another in the form of a 
high-pass filter section) with the same transforming properties can be realized, which 
are shown in Figure 3.6 together with the design equations. In practice, the single two-
port L-transformers can be used as the input or interstage-matching circuits in power 

R1 Z1X1

(a) (b)

R2Z2

X2

FIGURE 3.4
Impedance parallel and series-equivalent networks.

X1Zin = R1 R2

X2

FIGURE 3.5
Input impedance of a two-port network.
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115Lossless Matched Broadband Power Amplifiers

amplifiers, where the requirements for the out-of-band suppression and harmonic control 
required for higher efficiency are not as high as for the output-matching circuits. In this 
case, the main advantage of such an L-transformer is its simplicity when the only two 
reactive elements with fast tuning are needed. For larger values of Q ≥ 10, it is possible to 
use a cascade connection of L-transformers, which allows wider frequency bandwidth and 
transformer efficiency to be realized.

The matching circuits in the form of (a) π-transformer and (b) T-transformer can be 
realized by the appropriate connection of two L-transformers, as shown in Figure 3.7. For 
each L-transformer, the resistance R1 and the resistance R2 are transformed to some inter-
mediate resistance R0 with the value of R0 < (R1, R2) for a π-transformer and the value of 
R0 > (R1, R2) for a T-transformer. The value of R0 is not fixed and can be chosen to be arbi-
trary depending on the frequency bandwidth. This means that, compared to the simple 
L-transformer with fixed parameters for the same ratio of R2/R1, the circuit parameters of 
the π- or T-transformer can be different. However, they provide narrower frequency band-
widths due to higher quality factors because the intermediate resistance R0 is either greater 
or smaller than each of the resistances R1 and R2. By taking into account the two possible 

L2

L1

C2

R2

ωC1 = Q/R1 R1

R2ωL2 = QR2

ωL1 = R1/Q

ωC2 = 1/QR2

Q = 1−

R1 R2C1

(a) (b)

R1

FIGURE 3.6
L-type matching circuits and relevant equations.
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FIGURE 3.7
Matching circuits developed by connecting two L-transformers.
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circuit configurations of the L-transformer shown in Figure 3.6, it is possible to develop the 
different circuit configurations of the two-port transformers shown in Figure 3.7a, where 
X X X3 3 3= ′ + ′′ , and in Figure 3.7b, where X X X X X3 3 3 3 3/= ′ ′′ ′ + ′′( ).

Several of the most widely used two-port π-transformers, together with the design equa-
tions, are shown in Figure 3.8 [3,4]. The π-transformers are usually used as output-match-
ing circuits of the high-power amplifiers in a Class-B operation when it is necessary to 
achieve a sinusoidal drain (or collector) voltage waveform by appropriate harmonic sup-
pression. In addition, it is convenient to use some of them as interstage-matching circuits 
in low-power and medium-power amplifiers when it is necessary to provide sinusoidal 
voltage waveforms both at the drain (or collector) of the driver-stage transistor and at the 
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FIGURE 3.8
π-Transformers and relevant equations.
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117Lossless Matched Broadband Power Amplifiers

gate (or base) of the next-stage transistor. In this case, for a π-transformer with two shunt 
capacitors, the input and output capacitances of these transistors can be easily included 
into the matching circuit elements C1 and C2, respectively. Finally, a π-transformer can be 
directly used as the load network for a high-efficiency Class-E mode with proper calcula-
tion of its design parameters.

The π-transformer with two shunt capacitors, which is shown in Figure 3.8a, represents 
a face-to-face connection of the two simple low-pass L-transformers. As a result, there is 
no special requirement for the resistances R1 and R2, which means that the ratio R1/R2 
can be greater or smaller than unity. In this case, the design equations correspond to the 
case of R1/R2 > 1. However, as it will be further derived, the π-transformer with a series 
capacitor shown in Figure 3.8b can only be used for impedance matching when R1/R2 > 1. 
Such a π-transformer represents a face-to-face connection of the high-pass and low-pass 
L-transformers, as shown in Figure 3.9a.

The design equations for a high-pass section are written using Equations 3.18 through 
3.20 as
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where R0 is the intermediate resistance.
Similarly, for a low-pass section,
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FIGURE 3.9
π-Transformer with series capacitor.
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Since it is assumed that R1 > R2 > R0, from Equation 3.23, it follows that the loaded qual-
ity factor Q1 of a high-pass L-transformer can be chosen from the condition
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Substituting Equation 3.23 into Equation 3.26 results in
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Combining the reactances of two series elements (capacitor ′C3  and inductor ′L3 ) defined 
by Equations 3.22 and 3.25 yields
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As a result, since Q1 > Q2, the total series reactance is negative, which can be provided by 
a series capacitance C3 shown in Figure 3.9b with a susceptance
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(3.30)

On the other hand, if Q2 > Q1 when R2 > R1 > R0, the total series reactance is positive, 
which can be provided by a series inductance L3, and all matching circuit parameters can 
be calculated according to the design equations given in Figure 3.8c. In this case, it first 
needs to choose the value of Q2 for fixed resistances R1 and R2 to be matched, then to deter-
mine the value of Q1, and finally to calculate the values of the shunt inductance L1, shunt 
capacitance C2, and series inductance L3.

Some of the matching circuit configurations of the two-port T-transformers, together 
with the design equations, are shown in Figure 3.10 [3,4]. The T-transformers are usually 
used in the high-power amplifiers as the input, interstage, and output-matching circuits, 
especially the matching circuit with shunt and series capacitors shown in Figure 3.10b. In 
this case, if a high value of the inductance L2 is chosen, then, the current waveform at the 
input of the transistor with a small input real part will be close to sinusoidal. By using 
such a T-transformer for the output matching of a power amplifier, it is easy to realize 
a high-efficiency Class-F operation mode, because the series inductor connected to the 
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drain (or collector) of the active device can create close-to-open-circuit harmonic imped-
ance conditions.

The T-transformer with two series inductors, which is shown in Figure 3.10a, represents 
a back-to-back connection of the two simple low-pass L-transformers. In this case, the 
resistance ratio R1/R2 can be greater or smaller than unity, similar to a π-transformer with 
two shunt capacitors shown in Figure 3.8a. In this case, the design equations correspond to 
the case of R1/R2 > 1. However, the T-transformer with series and shunt capacitors, which 
is shown in Figure 3.10b, can only be used for impedance matching when R1/R2 > 1. Such 
a T-transformer represents a back-to-back connection of the high-pass and low-pass 
L-transformers, as shown in Figure 3.11a.

The design equations for a high-pass section of such a T-transformer are written using 
Equations 3.18 through 3.20 as
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FIGURE 3.10
T-transformers and relevant equations.
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where R0 is the intermediate resistance.
Similarly, for a low-pass section,

 ωL Q R2 2 2=  (3.34)

 ω ′ =C Q R3 2 0/  (3.35)
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Since it is assumed that R0 > R1 > R2, from Equation 3.36, it follows that the loaded qual-
ity factor Q2 of a low-pass L-transformer can be chosen from the condition
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FIGURE 3.11
T-transformer with series and shunt capacitors.
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Substituting Equation 3.36 into Equation 3.33 results in
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Combining the susceptances of two shunt elements (inductor ′L3  and capacitor ′C3 ) 
defined by Equations 3.32 and 3.35 yields
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As a result, since Q2 > Q1, the total shunt susceptance is positive, which can be provided 
by a shunt capacitance C3 shown in Figure 3.11b with a susceptance
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On the other hand, if Q1 > Q2 when R0 > R2 > R1, the total shunt susceptance is negative, 
which can be provided by a shunt inductance L3, and all matching circuit parameters can 
be calculated according to the design equations given in Figure 3.10c. In this case, it first 
needs to choose the value of Q1 for fixed resistances R1 and R2 to be matched, then to deter-
mine the value of Q2, and finally to calculate the values of the series capacitance C1, series 
inductance L2, and shunt inductance L3.

At microwave frequencies, lumped-element-matching circuits are very useful to provide 
a broadband operation and to reduce the size of the power amplifiers for miniaturization. 
Depending on the device cell size and the desired frequency range of operation, the value 
of the input shunt capacitance can range from 0.6 to 1.2 pF, and the value of inductances 
realized with bondwire inductances are of the order of 0.3–1.5 nH [5]. In this case, for the 
device cell with a total gate width of 6400 µm to achieve output powers up to 3 W with 
a 1-dB bandwidth of 2 GHz within the frequency range from 7 to 10 GHz, the input and 
interstage-matching circuits are implemented in the form of the T-transformers with two 
series inductors and shunt capacitors, as shown in Figure 3.10a. Figure 3.12 shows the circuit 
schematic of a broadband medium-power single-stage GaAs MESFET amplifier, where the 
matching circuits in the form of the π-transformers with two inductors and one capacitor 
on each side of the transistor can cover the frequency bandwidth of 6–12 GHz [6]. Here, the 
shunt inductors L2 and L3 implemented with ribbons essentially affect the low-frequency 
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L2
L3

L4

C2C1

FIGURE 3.12
Schematic of a broadband lumped-element FET amplifier.
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gain response, whereas the series low-pass networks (L1, C1, L4, and C2) match the high end 
of the frequency bandwidth and selectively mismatch the device at the low end.

Now, let us demonstrate a lumped matching circuit technique at very high frequencies to 
design a 150-W MOSFET power amplifier with a supply voltage of 50 V operating in a fre-
quency bandwidth of 132–174 MHz (Δf = 42 MHz) and providing a power gain greater than 
10 dB. In this case, the center bandwidth frequency is equal to f0 =  132 174⋅  = 152 MHz. 
For example, from the datasheet on the MOSFET device, it follows that the values of the 
input and output impedances at this frequency are Zin = (0.9 − j1.2) Ω and Zout = (1.8 + j2.1) 
Ω, respectively, where the input reactance ImZin is capacitive and the output reactance 
ImZout is inductive. To cover the required frequency bandwidth, the low-Q-matching cir-
cuits should be used that allow reduction of the in-band amplitude ripple and improve-
ment of the input VSWR. The value of a circuit quality factor for 3-dB bandwidth level 
must be less than Q = f0/Δf = 152/42 MHz = 3.6. In this case, it is very convenient to design 
the input- and output-matching circuits using the simple L-transformers in the form of 
low-pass and high-pass filter sections with a constant value of Q, which are connected in 
series [7].

Hence, to match the required low-value input series capacitive impedance to the stan-
dard 50-Ω source impedance in a frequency bandwidth of 27.6%, it needs to use at least 
three filter sections, as shown in Figure 3.13. From the negative imaginary part of the 
input impedance Zin, it follows that the input capacitance Cin at the operating frequency 
of 152 MHz is equal to approximately 873 pF. To compensate for this capacitive reactance 
at the center bandwidth frequency, it is sufficient to connect an inductance of 1.3 nH in 
series to the device input capacitance. When the device input capacitive reactance has been 
compensated, the next step is to proceed with the design of the input-matching circuit. To 
simplify the matching design procedure, it is best to cascade the L-transformers with an 
equal value of Q. Although equal-Q values are not absolutely necessary, this provides a 
convenient guide for both analytical calculation of the matching circuit parameters and 
the Smith chart graphical design.

In this case, the following ratio can be written for the input-matching circuit:

 

R
R

R
R

R
R

1

2

2

3

3

in
= =

 
(3.41)

resulting in R2 = 13 Ω and R3 = 3.5 Ω for Rsource = R1 = 50 Ω and Rin = Re Zin = 0.9 Ω. 
Consequently, a loaded quality factor of each L-transformer according to Equation 3.20 
is equal to Q = 1.7. The elements of the input-matching circuit using equations given in 
Figure 3.6 can be calculated as L1 = 31 nH, C1 = 47 pF, L2 = 6.2 nH, C2 = 137 pF, L3 = 1.6 nH, 
and C3 = 509 pF.

C1

L1Rsource = R1 R2 R3

L2

Zin

RinC2 C3

L3 + Lin Cin

FIGURE 3.13
Complete broadband input-matching circuit.
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This equal-Q approach significantly simplifies the matching circuit design using the 
Smith chart. In this case, it is first necessary to plot two circles of equal-Q values on the 
Smith chart. The circle of equal Q is plotted, taking into account that, for each point located 
at this circle, a ratio of X/R or B/G must be the same. Then, each element of the input-
matching circuit can be readily determined, as shown in Figure 3.14. Each trace for the 
series inductance and capacitance must be plotted as far as the intersection point with the 
Q-circle, whereas each trace for the shunt capacitance and inductance should be plotted 
until the intersection with the horizontal real axis.

To match the output series inductive impedance to the standard 50-Ω load, it is suffi-
cient to use only two filter sections, as shown in Figure 3.15. At the operating frequency 
of 152 MHz, the transistor series output inductance is equal to approximately 2.2 nH. This 
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FIGURE 3.14
Smith chart with elements from Figure 3.13.
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inductance can be used as a part of the L-transformer in the form of a low-pass filter section. 
For an output-matching circuit, the condition of equal-Q values gives the following ratio:

 

R
R

R
R

2

1

1

out
=

 
(3.42)

with the value R1 = 9.5 Ω for Rload = R2 = 50 Ω and Rout = 1.8 Ω. Consequently, the loaded 
quality factor of each L-transformer is equal to Q = 2.1, which is substantially smaller than 
the value of Q for 3-dB bandwidth level. Then, it is necessary to check the value of a series 
inductance of the low-pass section, which must exceed the value of 2.2 nH for the correct 
matching procedure. The appropriate calculation gives the value of a total series induc-
tance L4 + Lout of approximately 4 nH. As a result, the values of the output-matching circuit 
elements are L4 = 1.8 nH, C4 = 231 pF, C5 = 52 pF, and L5 = 25 nH.

The output-matching circuit design using the Smith chart with constant-Q circles is 
shown in Figure 3.16. For the final high-pass section, a trace for the series capacitance C5 
must be plotted as far as the intersection with Q = 2.1 circle, whereas a trace for the shunt 
inductance L5 should be plotted until the intersection with the center point of the Smith 
chart.

3.1.3 Matching with Transmission Lines

At very high frequencies, it is very difficult to implement lumped elements with a pre-
defined accuracy in view of a significant effect of their parasitic parameters, for example, 
the parasitic interturn and direct-to-ground capacitances for lumped inductors and the 
stray inductance for lumped capacitors. However, these parasitic parameters can repre-
sent a part of a distributed LC structure such as a transmission line. In this case, for a 
microstrip line, the series inductance is associated with the flow of current in the conduc-
tor and the shunt capacitance is associated with the strip separated from the ground by 
the dielectric substrate. If the line is wide, the inductance is reduced but the capacitance is 
large. However, for a narrow line, the inductance is increased but the capacitance is small.

Figure 3.17 shows an impedance-matching circuit in the form of a transmission-line 
transformer connected between the source impedance ZS and load impedance ZL. The 
input impedance as a function of the electrical length of the transmission line with arbi-
trary load impedance is defined as

 
Z Z

Z jZ
Z jZ

in 0
L 0

0 L
= +

+
tan
tan

θ
θ  

(3.43)

Lout

Rout

Zout

R1 L5 R2 = Rload

L4 C5

C4

FIGURE 3.15
Complete broadband output-matching circuit.
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FIGURE 3.16
Smith chart with elements from Figure 3.15.

ZinZS ZL

Z0, θ

FIGURE 3.17
Transmission-line impedance transformer.
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126 Broadband RF and Microwave Amplifiers

where Z0 is the characteristic impedance, θ = βl is the electrical length of the transmission 
line, β ω µ ε= r r /c  is the phase constant, c is the speed of light in free space, µr is the sub-
strate permeability, εr is the substrate permittivity, ω is the radian frequency, and l is the 
geometrical length of the transmission line [8,9].

For a quarter-wavelength transmission line when θ = π/2, the expression for Zin reduces to

 Z Z Zin 0 L/= 2
 (3.44)

from which it follows that, for example, a 50-Ω load is matched to a 12.5-Ω source with the 
characteristic impedance of 25 Ω.

Usually, such a quarter-wavelength impedance transformer is used for impedance 
matching in a narrow frequency bandwidth of 10%–20%, and its length is chosen at the 
bandwidth center frequency. However, using a multisection quarter-wave transformer 
widens the bandwidth and expands the choice of the substrate to include materials with 
high-dielectric permittivity, which reduces the transformer size. For example, by using a 
transformer composed of seven quarter-wavelength transmission lines of different char-
acteristic impedances, whose lengths are selected at the highest bandwidth frequency, the 
power gain flatness of ±1 dB was achieved over the frequency range of 5–10 GHz for a 
15-W GaAs MESFET power amplifier [10].

To provide a complex-conjugate matching of the input transmission-line impedance Zin 
with the source impedance ZS = RS + jXS when RS = ReZin and XS = −ImZin, Equation 3.43 
can be rewritten as

 
R jX Z

R j X Z
Z X jR

S S 0
L L 0

0 L Ltan
− = +

− +
( tan )

tan
+ θ
θ θ  

(3.45)

For a quarter-wavelength transformer, Equation 3.45 can be divided into two separate 
equations representing the real and imaginary parts of the source impedance ZS as

 
R Z

R
R X

S
L

L
2

L
2=

+0
2

 
(3.46)

 
X Z

X
R X

S
L

L
2

L
2= −

+0
2

 
(3.47)

For a pure real load impedance RL = ReZL when XL = 0, a quarter-wave transmission line 
with the characteristic impedance Z0 can provide impedance matching with a pure real 
source RS according to

 Z R R0 = S L  (3.48)

Generally, Equation 3.45 can be divided into two equations representing the real and 
imaginary parts as

 R Z X R Z XS 0 L L 0 S  0( tan ) ( tan )− − − =θ θ  (3.49)
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 X X Z Z X Z R RS L 0 0 L 0 S L( tan ) ( tan ) tanθ θ θ− − + + = 0  (3.50)

Solving Equations 3.49 and 3.50 for the two independent variables Z0 and θ yields

 
Z

R R X R R X
R R

0
S L

2
L
2

L S
2

S
2

L S
 = + − +

−
( ) ( )

 
(3.51)

 
θ = −

−






−tan 1
0Z

R R
R X X R

S L

S L S L  
(3.52)

As a result, the transmission line having the characteristic impedance Z0 determined 
by Equation 3.51 and the electrical length θ determined by Equation 3.52 can match any 
source and load impedances when the impedance ratio gives a positive value inside the 
square root in Equation 3.51.

In practice, to simplify the power amplifier designs at microwave frequencies, the 
simple matching circuits are very often used, which can include an L-transformer with 
a series transmission line as the basic matching section. It is convenient to analyze the 
transforming properties of this matching circuit by substituting the equivalent transfor-
mation of the parallel RX circuit to the series circuit. For example, R1 is the resistance and 
X1 = −1/ωC is the reactance of the impedance Z1 = jR1X1/(R1 + jX1) for the parallel RC circuit, 
and Rin = Re Zin is the resistance and Xin = Im Zin is the reactance of the input impedance 
Zin = Rin + jXin for the loaded series transmission-line circuit shown in Figure 3.18. For a 
conjugate matching when Z Z1 in= ∗ , one can obtain

 

R X
R X

j
R X

R X
R jX1 1

2

1
2

1
2

1

1
2

1
2 in in+

+
+

= −1
2

 
(3.53)

The solution of Equation 3.53 can be written in the form of two expressions for real and 
imaginary impedance parts by

 R R Q1 in
2= +( )1  (3.54)

 X X Q1 in
2= + −− ( )1  (3.55)

Z1

CR1 R2
Zin

Z0, θ

FIGURE 3.18
L-transformer with series transmission line.
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128 Broadband RF and Microwave Amplifiers

where Q  = R1/|X1| = Xin/Rin is a quality factor equal for both parallel capacitive and series 
transmission-line circuits. By using Equation 3.43, the real and imaginary parts of the 
input impedance Zin can be written as

 
R Z R

Z R
in 2= +

+0
2

2

0
2

2
2

1 tan
( tan )

θ
θ  

(3.56)

 
X Z

Z R
Z R

in = −
+0

0
2

2
2

0
2

2
2tan

( tan )
θ

θ  
(3.57)

From Equation 3.57, it follows that an inductive input impedance (necessary to compen-
sate for the capacitive parallel component) is provided when Z0 > R2 for θ < π/2 and Z0 < R2 
for π/2 < θ < π. As a result, to transform the resistance R1 into the other resistance R2 at the 
given frequency, it is necessary to connect a two-port L-transformer with a shunt capacitor 
and series transmission line between them. When one parameter (usually the characteris-
tic impedance Z0) is known in advance, the matching circuit parameters can be calculated 
from the following two equations:

 
C

Q
R

=
ω 1  

(3.58)
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( ) ( )
2

2

0 2 2 0
θ =

−
Q

Z R R Z/ /  
(3.59)

where
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− 1

2

2 2

0

2
2 1cos sinθ θ

 

(3.60)

is the circuit quality factor defined as a function of the resistances R1 and R2 and the param-
eters of the transmission line (characteristic impedance Z0 and electrical length θ).

As it follows from Equations 3.59 and 3.60, the electrical length θ can be calculated as a 
result of the numerical solution of a transcendental equation with one unknown param-
eter θ. In this case, it is more convenient to rewrite them in the implicit form of

 

R
R

Z R R Z
R Z

1

2

0 2 2 0
2 2 2

2
2 0

2 2= + −
+

1 / /
/

(( ) ( )) sin cos
cos ( ) sin

θ θ
θ θ  

(3.61)

A π-transformer can be realized by back-to-back connection of the two L-transformers, 
as shown in Figure 3.19a, where the resistances R1 and R2 are transformed to some interme-
diate resistance R0. In this case, to minimize the electrical length of the transmission line, 
the value of R0 should be smaller than that of both R1 and R2, that is, R0 < (R1, R2). The same 
procedure for a T-transformer shown in Figure 3.19b gives the value of R0 that is larger than 
that of both R1 and R2, that is, R0 > (R1, R2). Then, for a T-transformer, the two shunt-adjacent 
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capacitances are combined. For a π-transformer, the two adjacent series transmission lines 
are combined into a single transmission line with the total electrical length.

For a π-transformer, the electrical lengths of each part of the combined transmission line 
can be calculated by equating the imaginary parts of the impedances from both sides at 
the reference plane A−A′ to zero, which means that the intermediate impedance R0 is real. 
This leads to a system of the two quadratic equations to calculate the electrical lengths θ1 
and θ2 of the combined series transmission line written as

 

tan ( ) tan2
1

1

0 1
1
2 0

1

2

11 1 1 0θ θ− − + 

















− =R
Z Q

Q
Z
R

 

(3.62)
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2
2 0

2

2

21 1 1 0θ θ− − + 

















− =R
Z Q

Q
Z
R

 

(3.63)

where Q1 = ωC1R1 and Q2 = ωC2R2.
A widely used two-port π-transformer with two shunt capacitors along with its design 

formulas is shown in Figure 3.20 [4,11]. Such a transformer can be conveniently used as 
an output-matching circuit when the device collector (or drain–source capacitance) can 
be considered as the first shunt capacitance and the parasitic series lead inductance can 
easily be added to a series transmission line. Also, it is convenient to use this transformer 
as the matching circuits in balanced power amplifiers, where the shunt capacitors can be 
connected between series transmission lines due to the effect of virtual grounding. The 
schematic of a transmission-line two-port T-transformer with series and shunt capacitors 
along with the design formulas is given in Figure 3.21.

Generally, the input impedance of the transmission line at a particular frequency can be 
equivalently expressed as that of a lumped element. If load represents a short when ZL = 0, 
from Equation 3.43, it follows that

C1 C2 C1

A

C2

C32 R2R1R2R1 C31C3 R0

R0 R2R2 R1

(a)

(b)

A’

A’

A

R1

Z0, θ Z0, θ1

Z01, θ1Z02, θ2Z01, θ1

Z0, θ2

Z02, θ2

FIGURE 3.19
π- and T-transformers with transmission lines.
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 Z jZin 0= tanθ  (3.64)

which corresponds to the inductive input impedance for θ < π/2. The equivalent induc-
tance at a certain radian frequency ω is calculated as

 
L

X Z= =in

ω
θ

ω
0 tan

 
(3.65)

where Xin = ImZin is the input reactance. This means that the network shunt inductor can 
equivalently be replaced with a short-circuited transmission line having the characteristic 
impedance Z0 and electrical length θ.

Similarly, when ZL = ∞,

 Z jZin 0= − cot θ  (3.66)

R1 R2

C1

C2

ωC1 = 1 /
R1Q1

ωC2 =sin 2θ1 R1(1 + Q1
2)

1 + Q2
2

2Q2=

R1
R2

R2

sin 2θ1cos 2 θ1 + (R2 / Z01)

R2

– 1Q2 >Q1 = R2
R1

– 1

Z01, θ1

Z01

Z01

Q2 – Q1–

FIGURE 3.21
Transmission-line T-transformer and relevant equations.
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Q2 Q1 >
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R2R1
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Q ωC2 R2

R2
R1

R1
R2

Q

Z0, θ

θ = θ1 + θ2

(1 + Q1
2) – 1 – 1

==

=

FIGURE 3.20
Transmission-line π-transformer and relevant equations.
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which corresponds to the capacitive input impedance for θ < π/2. The equivalent capaci-
tance at a certain radian frequency ω is obtained by

 
C

X Z
= − =1

ω in 0

tanθ
ω  

(3.67)

Consider the design example of a broadband 150-W power amplifier for TV applications, 
which is required to operate over a frequency bandwidth of 470–860 MHz with a power 
gain of more than 10 dB at a supply voltage of 28 V. In this case, it is convenient to use a 
high-power-balanced LDMOS transistor as an active device, which is specially designed 
for UHF TV transmitters. Let us assume that the manufacturer states the input impedance 
for each transistor-balanced part as Zin = (1.7 + j1.3) Ω at the center bandwidth frequency 
f0 470 860= ×  = 635 MHz. The input impedance Zin represents a series combination of 
the input resistance and inductive reactance. To cover the required frequency bandwidth, 
the low-Q-matching circuits should be used to reduce an in-band amplitude ripple and to 
improve an input VSWR.

To achieve a 3-dB frequency bandwidth, the value of a circuit quality factor must be less 
than Q = 635/(860 − 470) = 1.63. On the basis of this value of Q, the next step is to define a 
number of matching sections. For example, for a single-stage input lumped matching cir-
cuit, the value of a quality factor Q is chosen as

 
Q > − =50

1 7
1 5 33

.
.

which means that the entire frequency range can be appropriately covered using only a 
multistage-matching circuit.

In this case, the device input quality factor is calculated as Qin = 1.3/1.7 = 0.76, which 
is smaller than the required value of 1.63 to provide the broadband performance. It is 
very convenient to design the input-matching circuit (as well as the output-matching 
circuit) by using simple low-pass L-transformers with a constant value of Q composed 
of a series transmission line and a shunt capacitor each for both balanced parts of the 
active device. Then, these two input-matching circuits are combined by inserting the 
shunt capacitors, the values of which are reduced twice, between the two series trans-
mission lines.

To match the series input inductive impedance Zin with the standard 50-Ω source, it is 
best to use three low-pass transmission-line L-transformers, as shown in Figure 3.22. In 
this case, the input resistance Rin can be assumed to be constant over the entire frequency 

Rsource = R1 R2 C2 R3 Zin

RinC1 C3

LinZ03, θ3 − θinZ02, θ2Z01, θ1

FIGURE 3.22
Complete broadband input-matching circuit.
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range. At the center bandwidth frequency of 635 MHz, the input inductance is approxi-
mately equal to 0.3 nH. Taking this inductance into account, it is necessary to subtract the 
appropriate value of the electrical length θin from the total electrical length θ3. Owing to 
the short-length size of this transmission line when tan θin ≈ θin, a value of θin can be easily 
calculated as

 
θ ω

in
in in≅ =X

Z
L

Z0 0  
(3.68)

According to Equation 3.60, there are two simple possibilities to provide an input match-
ing using a technique with equal quality factors of the L-transformers. One option is to use 
the same values of the characteristic impedance for all transmission lines, and the other 
one is to use the same electrical lengths for all transmission lines. When considering the 
first approach, which also allows direct use of the Smith chart, it is convenient to choose 
the value of the characteristic impedance as Z0 = Z01 = Z02 = Z03 = 50 Ω. In this case, the 
ratio of the input and output resistances can be written as

 

R
R

R
R

R
R

1

2

2

3

3

in
= =

 
(3.69)

which results in R2 = 16.2 Ω and R3 = 5.25 Ω for Rsource = R1 = 50 Ω and Rin = 1.7 Ω. The val-
ues of the corresponding electrical lengths are determined from Equation 3.61 as θ1 = 30°, 
θ2 = 7.5°, and θ3 = 2.4°.

To calculate the quality factor Q (equal for each L-transformer) from Equation 3.60, it 
is enough to know the electrical length θ1 of the first L-transformer. The remaining two 
electrical lengths θ2 and θ3 can be directly obtained from Equation 3.59. As a result, the 
quality factor of each L-transformer is equal to a value of Q = 1.2. The values of the shunt 
capacitances using Equation 3.58 are C1 = 6 pF, C2 = 19 pF, and C3 = 57 pF.

For a constant Q, we can significantly simplify the design of the multisection-matching 
circuit by using the Smith chart. After calculating the value of Q, it is necessary to plot a 
constant Q-circle on the Smith chart. Figure 3.23 shows the input-matching circuit design 
using the Smith chart with a constant Q-circle, where the curves for the series transmis-
sion lines represent the arcs of the circles with the center point at the center of the Smith 
chart. The capacitive traces are moved along the circles with the increasing susceptances 
and constant conductances.

Another approach assumes the same values of the electrical lengths θ = θ1 = θ2 = θ3 and 
calculates the characteristic impedances of series transmission lines from Equation 3.60 
at equal ratios of the input and output resistances according to Equation 3.69. Such an 
approach is more convenient in practical design, because, when using the transmission 
lines with standard characteristic impedance Z0 = 50 Ω, the electrical length of the trans-
mission line adjacent to the transistor input terminal is usually too short. In this case, it 
makes sense to set the characteristic impedance Z01 = 50 Ω only for the first transmission 
line. Then, the value of θ = 30° is determined from Equation 3.61. The subsequent cal-
culation of Q from Equation 3.60 for fixed θ and Z0/R2 yields Q = 1.2. The characteristic 
impedances of the remaining two transmission lines are then calculated from Equation 
3.60. Their values are Z02 = 15.7 Ω and Z03 = 5.1 Ω with the same values of the shunt 
capacitances.
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3.2 Bode–Fano Criterion

Generally, the design for a broadband-matching circuit should solve a problem with con-
tradictory requirements when a wider-matching bandwidth is required with a minimum 
reflection coefficient, or how to minimize the number of the matching network sections 
for a given wideband specification. The necessary requirements are determined by the 
Bode–Fano criterion, which gives (for certain canonical types of load impedances) a theo-
retical limit on the maximum reflection coefficient magnitude that can be obtained with 
an arbitrary-matching network [12,13].
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FIGURE 3.23
Smith chart with elements from Figure 5.22.
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For the lossless-matching networks with a parallel RC load shown in Figure 3.24a and 
with a series LR load shown in Figure 3.24b, the Bode–Fano criterion states that

 

ln
| ( )|

1

0
Γ ω

ω π
τ

∞

∫ ≤d

 

(3.70)

where Γ(ω) is the input reflection coefficient seen looking into the arbitrary lossless-match-
ing network and τ = RC = L/R.

For the lossless-matching networks with a series RC load shown in Figure 3.24c and with 
a parallel LR load shown in Figure 3.24d, the Bode–Fano integral is written as

 

ω
ω

ω πτ−
∞

∫ ≤2

0

1
ln

| ( )|Γ
d

 

(3.71)

The mathematical relationships expressed by Equations 3.70 and 3.71 reflect the flat 
responses of an ideal filter over the required frequency bandwidth, as shown in Figure 3.25 
for two different cases. For the same load, both plots illustrate the important trade-off: the 
wider the matching network bandwidth, the worse the reflection coefficient magnitude. 

Lossless
matching
network

(a) (b)

(c) (d)
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FIGURE 3.24
Loaded lossless-matching circuits.
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FIGURE 3.25
Ideal filter flat responses with (a) wide and (b) narrow bandwidths.
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From Equation 3.70, it follows that |Γ(ω)| is constant and equal to |Γ|max over a frequency 
band of width Δω and |Γ(ω)| = 1; otherwise,

 

ln
| ( )|

ln
| ( )|

ln
| |max

1 1 1

0 1

2

Γ Γ
∆

Γω
ω

ω
ω ω π

τ
ω

ω∞

∫ ∫= = ≤d d

 

(3.72)

As a result,

 
| |maxΓ

∆
= −



exp

π
ωτ  

(3.73)

where Δω = ω2 − ω1.
Similarly, for the lossless network with a series RC load and with a parallel LR load,

 
| |maxΓ

∆
= −





exp
πω τ

ω
0
2

 
(3.74)

where ω ω ω0 1 2=  is the center bandwidth frequency. It should be noted that the theoreti-
cal bandwidth limits can be realized only with an infinite number of matching network 
sections. The frequency bandwidth with a maximum reflection coefficient magnitude is 
determined by a loaded quality factor QL = ω0τ for the series RL or parallel RC circuit and 
by QL = 1/(ω0τ) for the parallel RL or series RC circuit, respectively. The Chebyshev match-
ing transformer with a finite number of sections can be considered as a close approxima-
tion to the ideal passband network when the ripple of the Chebyshev response is made 
equal to |Γ|max. By combining the matching theory with the closed formulas for the ele-
ment values of a Chebyshev low-pass filter, explicit formulas for optimum matching net-
works can be obtained in certain simple but common cases [14]. For example, analytic 
closed-form solutions for the design of optimum matching networks up to order n = 4 can 
be derived [15].

Generally, Equations 3.73 and 3.74 can be rewritten in a simplified form

 
| |maxΓ = −







exp
L

π Q
Q

0

 
(3.75)

where Q0 = ω0/Δω.

3.3 Broadband-Matching Networks with Lumped Elements

To correctly design the broadband-matching circuits for the transistor power amplifiers, it 
is necessary to transform and match the device complex impedances with the source and 
load impedances, which are usually resistive and equal to 50 Ω. For high-power or low-
supply voltage cases, the device impedances may be small enough, and it needs to include 
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an ideal transformer (IT) together with a matching circuit, as shown in Figure 3.26. In this 
case, such an IT provides only a required transformation between the source resistance 
RS and the input impedance of the matching circuit and does not have any effect on the 
circuit frequency characteristics.

To implement such an IT to the impedance-transforming circuit, it is useful to operate 
with the Norton transform. As a result, an IT with two capacitors C1 and C2, which is shown 
in Figure 3.27a, can be equivalently replaced by three capacitors CI, CII, and CIII connected 
in the form of a π-transformer, as shown in Figure 3.27b. Their values are determined by

 C n n CI T T= −( )1 1  (3.76)

 C n CII T= 1  (3.77)

 C C n CIII 2 T= − −( )1 1  (3.78)

where nT is the transformation coefficient. In this case, all the parameters of these two-port 
networks are assumed identical at any frequency. However, such a replacement is possible 
only if the capacitance CIII obtained by Equation 3.78 is positive and, consequently, physi-
cally realizable.

Similarly, an IT with two inductors L1 and L2, as shown in Figure 3.28a, can be replaced 
by three inductors LI, LII, and LIII connected in the form of a T-transformer, as shown in 
Figure 3.28b, with values determined by

 L n n LI T T= −( )1 2  (3.79)

CII

CIII

(a) (b)

C2

C11 : nT

C1

FIGURE 3.27
Capacitive impedance-transforming circuits.

Matching
circuit

IT L

R

RS

VS

FIGURE 3.26
Matching circuit with IT.
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 L n LII T= 2  (3.80)

 L L n LIII 1 T= − −( )1 2  (3.81)

Again, this replacement is possible only if the inductance LIII defined by Equation 3.81 is 
positive and, consequently, physically realizable.

The broadband impedance-transforming circuits generally represent the transforming 
bandpass filters when the in-band matching requirements with a specified ripple must 
be satisfied. In this case, the out-of-band mismatching can be very significant. One of the 
design methods of such matching circuits is based on the theory of transforming the low-
pass filters of a ladder configuration of series inductors alternating with shunt capacitors, 
whose two-section equivalent representation is shown in Figure 3.29. For a large ratio of 
R0/R5, mismatching at zero frequency is sufficiently high, and such a matching circuit can 
be treated as a bandpass impedance-transforming filter.

Table 3.1 gives the maximum passband ripples and coefficients g1 and g2 required to 
calculate the parameters of a two-section low-pass Chebyshev filter for different trans-
formation ratios r = R0/R5 and frequency bandwidths w = 2( f2 − f1)/( f2 + f1), where f2 and 
f1 are the high- and low-bandwidth frequencies, respectively [16]. The coefficients g3 and 
g4 are calculated as g3 = rg2 and g4 = g1/r, respectively, and the circuit elements can be 
obtained by

 
C

g
R

C
g
R

1
1

0
3

3

0
= =

ω ω0 0  
(3.82)

L1

L2

LIII

LII

LI(a) (b)1 : nT

FIGURE 3.28
Inductive impedance-transforming circuits.

L2, g2

C1, g1 C3, g3 R5, g5

VS

R0, 
g0 = 1

L4, g4

FIGURE 3.29
Two-section impedance-transforming circuit.
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L

g R
L

g R
2

2

0
4

4

0
= =0 0

ω ω  
(3.83)

where ω ω ω0 1 2=  is the center bandwidth frequency.
As an example, consider the design of a broadband input- matching circuit in the form of 

a two-section low-pass transforming filter shown in Figure 3.29, with a center bandwidth 
frequency f0 = 3 GHz, to match the source impedance RS = R0 = 50 Ω with the device input 
impedance Zin = Rin + jω0Lin, where Rin = R5 = 2 Ω, Lin = L4 = 0.223 nH, and ω0 = 2πf0. The 
value of the series input device inductance Lin = L4 is chosen to satisfy the requirements of 
Table 3.1 for r = 25 and w = 0.4 with a maximum ripple of 0.156725 and g1 = 2.31517. From 
Equation 3.83, for g2 = 0.422868, it follows that

 
L

g R g R
r

4
4 1= = =0

0

0

0
0.223 nH

ω ω

As a result, the circuit parameters shown in Figure 3.30a are calculated from Equations 
3.82 and 3.83, thus resulting in the corresponding circuit frequency response shown in 
Figure 3.30b with the required passband from 2.6 to 3.4 GHz. The particular value of the 
inductance Lin is chosen for the design convenience. If this value differs from the required 
value, it means that it is necessary to change the maximum frequency bandwidth, the 
power ripple, or the number of ladder sections.

Another approach is based on the transformation from the low-pass impedance-trans-
forming prototype filters, the simple L-, T-, and π-type equivalent circuits of which are 

TABLE 3.1

Two-Section Low-Pass Chebyshev Filter 
Parameters

r w Ripple (dB) g1 g2

5 0.1 0.000087 1.26113 0.709217
0.2 0.001389 1.27034 0.704050
0.3 0.007023 1.28561 0.695548
0.4 0.022109 1.30687 0.638859

10 0.1 0.000220 1.60350 0.591627
0.2 0.003516 1.62135 0.585091
0.3 0.017754 1.65115 0.574412
0.4 0.055746 1.69304 0.559894

25 0.1 0.000625 2.11734 0.462747
0.2 0.009993 2.15623 0.454380
0.3 0.050312 2.22189 0.440863
0.4 0.156725 2.31517 0.422868

50 0.1 0.001303 2.57580 0.384325
0.2 0.020801 2.64380 0.374422
0.3 0.104210 2.75961 0.358638
0.4 0.320490 2.92539 0.338129
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shown in Figure 3.31, to the bandpass impedance-transforming filters. Table 3.2 gives the 
parameters of the low-pass impedance-transforming Chebyshev filters–prototypes for dif-
ferent maximum in-band ripples and the number of elements n [17]. This transformation 
can be obtained using the frequency substitution as

 
ω ω

ω
ω
ω

ω
ω

→ −





0

0

0

∆  
(3.84)

where ω ω ω0 1 2=  is the center bandwidth frequency, Δω = ω2 − ω1 is the passband, and ω1 
and ω2 are the low and high edges of the passband, respectively.

As a result, a series inductor Lk is transformed into a series LC-circuit according to

 
ω ω
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where

 
′ = ′ =L

L
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L
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k∆
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ω
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2

 
(3.86)

Similarly, a shunt capacitor Ck is transformed into a shunt LC-circuit as

1.12 nH(a)

(b)

0.223 nH

2.46 pF 11.22 pFRS
50 Ω

Rin
2 Ω

0

1.0 1.5 2.0 3.0
Frequency (GHz)

4.0 5.02.5 3.5 4.5

–5

–10

dB
(S

(2
, 1

))

–15

–20

Lin

Zin

FIGURE 3.30
Two-section broadband low-pass-matching circuit and its frequency response.
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where

 
′ = ′ =C
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(3.88)

The low-pass impedance-transforming prototype filter will be transformed to the 
 bandpass impedance-transforming filter when all its series elements are replaced by the 
series-resonant circuits and all its parallel elements are replaced by the parallel resonant 

L3, g3L1, g1

C2, g2

(a) (b)

(c) (d)

C1, g1 C3, g3
R, 

g0 = 1
R, 

g0 = 1
R/g4, 

g4

Rg4, 
g4

L2, g2

L2, g2

C1, g1

L1, g1

C2, g2
R, 

g0 = 1
R, 

g0 = 1
R/g3, 

g3

Rg3, 
g3

FIGURE 3.31
Lumped L-, π-, and T-type impedance-transforming circuits.

TABLE 3.2

Parameters of Low-Pass Chebyshev Filters–Prototypes

Ripple (dB) n g1 g2 g3 g4

0.01 1 0.0960 1.0000
2 0.4488 0.4077 1.1007
3 0.6291 0.9702 0.6291 1.0000

0.1 1 0.3052 1.0000
2 0.8430 0.6220 1.3554
3 1.0315 1.1474 1.0315 1.0000

0.2 1 0.4342 1.0000
2 1.0378 0.6745 1.5386
3 1.2275 1.1525 1.2275 1.0000

0.5 1 0.6986 1.0000
2 1.4029 0.7071 1.9841
3 1.5963 1.0967 1.5963 1.0000
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circuits, where each of them are tuned to the center bandwidth frequency ω0. The  bandpass 
filter elements can be calculated from

 
∆ωC

g
R

k
k=

 
(3.89)

 ∆ωL g Rk k=  (3.90)

where k is an element serial number for the low-pass prototype filter and gk are the appro-
priate coefficients given by Table 3.2.

Generally, the low-pass prototype filters obtained on the basis of their bandpass filters 
do not perform an impedance transformation. The input and output resistances are either 
equal for the symmetric T- or π-type filters shown in Figure 3.31a and b where g4 = 1 or 
their ratio is too small for L-type filters, as those shown in Figure 3.31c and d, where g3 < 2. 
Therefore, in this case, it is necessary to use an IT concept. This approach is based on using 
the existing data tables, from which the parameters of such impedance-transforming net-
works can be easily calculated for a given quality factor of the device input or output 
circuit. However, they can also be very easily verified or optimized by using a CAD opti-
mization procedure incorporating it in any comprehensive circuit simulator.

Consider the design example of the broadband interstage impedance-transforming filter 
with the center bandwidth frequency of 1 GHz to match the output driver-stage circuit 
with the input final-stage circuit of the power amplifier, as shown in Figure 3.32a [18]. In 
this case, it is initially convenient to convert the parallel connection of the device output 
resistance Rout and capacitance Cout into the corresponding series connection at the center 
bandwidth frequency ω0 according to

 
′ =

+
R

R
R C

out
out

0 out out1 ( )ω 2
 

(3.91)

 
′ = +

C
R C

R C
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ω
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2

2
 

(3.92)

as shown in Figure 3.32b.
For the three-element low-pass impedance-transforming prototype filter shown in 

Figure 3.31a with the maximum in-band ripple of 0.1 dB, we can obtain g1 = g3 = 1.0315, 
g2 = 1.1474, and g4 = 1 for n = 3 from Table 3.2. According to Equation 3.90, the relative fre-
quency bandwidth in this case is defined as

 

∆ω
ω ω0

1 16 5= =g R
L

in

0 in
. %

based on a value of which the shunt capacitance C2 can be calculated using Equation 3.89, 
thus resulting in a capacitive reactance equal to 0.215 Ω. The inductive reactance corre-
sponding to a series inductance Lin is equal to 9.42 Ω.

To convert the low-pass filter into its bandpass prototype, it is necessary to connect 
the capacitor in series to the input inductor and the inductor in parallel to the shunt 
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capacitor and calculate with the same reactances to resonate at the center bandwidth 
frequency ω0, as shown in Figure 3.32c, where an IT with the transformation coefficient 
nT / 2 556= =9 8 1 5. . .  is included. Here, the reactances for each series element are equal to 
9.42 Ω, whereas the reactances for each parallel element are equal to 0.215 Ω, respectively. 
Then, moving the corresponding elements with transformed parameters (each inductive 
and capacitive reactance is multiplied by nT

2) to the left-hand side of IT to apply a Norton 
transform gives the circuit shown in Figure 3.32d, where the required series elements with 
reactances of 9 42 2. nT Ω  are realized by the inductance Lout, converted device output capaci-
tance ′Cout , and additional elements L′ and C′. Finally, by using a Norton transform shown 
in Figure 3.27 with the IT and two capacitors, the resulting impedance-matching bandpass 
filter is obtained, as shown in Figure 3.33a. The frequency response of the filter with mini-
mum in-band ripple and significant out-of-band suppression is shown in Figure 3.33b. 
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FIGURE 3.32
Impedance-transformer design procedure using a low-pass filter–prototype.
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In the case of serious difficulties with practical implementation of a very small inductance 
of 0.22 nH or a very large capacitance of 109 pF, it is possible to design a multi-section low-
pass impedance-transforming circuit.

Figure 3.34a shows the circuit schematic of a microwave broadband amplifier using a 
1-µm GaAs FET-packaged transistor, where the input multisection-matching circuit is 
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FIGURE 3.33
Impedance-transforming bandpass filter and its frequency response.
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FIGURE 3.34
Schematics of broadband lumped-element microwave FET amplifiers.
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designed to provide the required gain taper and both input- and output-matching cir-
cuits are optimized to provide broadband impedance transformation [19]. As a result, 
a nominal power gain of 8 dB with a maximum deviation of ±0.07% in a frequency 
range of 7–14 GHz was achieved. In the first monolithic broadband GaAs FET ampli-
fier, the input- and output-matching circuits were based on lumped elements fabricated 
together with the FET device on a semi-insulating high-resistivity gallium-arsenide 
substrate with a total size of 1.8 × 1.2 mm2, providing a power gain of 4.5 ± 0.9 dB with 
an output power of 11 dBm at 1-dB gain compression from 7.0 to 11.7 GHz [20]. The 
circuit diagram of a two-stage pHEMT MMIC power amplifier for Ku-band applica-
tions is shown in Figure 3.34b, where the lumped components were used in the input, 
interstage, and output-matching circuits to minimize the overall chip size [21]. Here, 
the topology of each matching network represents a double-resonant circuit to form 
a broadband impedance transformer, which includes a shunt inductor in series with 
a bypass capacitor to provide a dc path, a series-blocking capacitor, and a low-pass 
L-section transformer. In this case, for a 8.4-mm driver-stage pHEMT and a 16.8-mm 
power-stage pHEMT, a saturated output power of 38.1 dBm (6.5 W), a small-signal gain 
of 10.5 dB, and a peak PAE of 24.6% from 13.6 to 14.2 GHz were achieved with a chip size 
of MMIC as small as 3.64 × 2.35 mm2. On the basis of T-shape-combining transformers 
with three individual inductors implemented in a 0.15-µm pHEMT technology, a broad-
band MMIC power amplifier combining two pHEMT devices with an overall 400-µm 
gate-width size achieved a saturated output power of 22–23.5 dBm and a power gain of 
more than 10 dB from 17 to 35 GHz [22]. In a 90-nm standard CMOS process, a canonical 
doubly terminated third-order bandpass network was converted into the output-match-
ing topology, which provides both impedance transformation and differential-to-sin-
gle-ended power combining [23]. The power amplifier achieved a 3-dB bandwidth from 
5.2 to 13 GHz with a 25.2-dBm peak-saturated output power and a peak PAE of 21.6%.

3.4  Broadband-Matching Networks with Mixed 
Lumped and Distributed Elements

The matching circuits, which incorporate mixed, lumped, and transmission-line elements, 
are widely used both in hybrid and monolithic design techniques. Such matching circuits 
are very convenient when designing the push–pull power amplifiers with the effect of vir-
tual grounding, where the shunt capacitors are connected between two series microstrip 
lines. According to the quasi-linear transformation technique, the basic four-step design 
procedure consists of an appropriate choice of the lumped-prototype schematic result-
ing in near-maximum gain across the required frequency bandwidth, its decomposition 
into subsections, their replacement by almost equivalent-distributed circuits, and then, the 
application of an optimization technique to minimize power variation over the operation 
frequency bandwidth [24].

A periodic lumped LC structure in the form of a low-pass ladder π-network is used as 
the basis for the lumped-matching prototype. Then, the lumped prototype should be split 
up into individual π-type sections with equal capacitances by consecutive step-by-step 
process and replaced by their equivalent-distributed network counterparts. Finally, the 
complete mixed-matching structure is optimized to improve the overall performance by 
employing a standard nonlinear optimization routine on the element values. Note that 
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generally, the lumped-prototype structure can be decomposed into different subnetworks 
also including L-type matching sections and individual capacitors or inductors.

For a single-frequency equivalence between lumped and distributed elements, the 
low-pass-lumped π-type ladder section can be made equivalent to a symmetrically 
loaded transmission line at a certain frequency, as shown in Figure 3.35a. The transmis-
sion ABCD-matrices of these lumped and distributed ladder sections can be written, 
respectively, as
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where θ0 is the electrical length of a transmission line at the center bandwidth frequency ω0.
Consequently, since these two circuits are equivalent, equal matrix elements AL = AT and 

BL = BT can be rewritten as

 1 0
2

0 0 0− = −ω θ ω θLC C Zcos 0 T sin  (3.95)

 j L jZω θ0 0 0= sin  (3.96)
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FIGURE 3.35
Transforming design procedure for lumped and distributed matching circuits.
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After solving Equations 3.95 and 3.96, the characteristic impedance Z0 and shunt capaci-
tance CT can be explicitly calculated by
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To provide the design method using a single-frequency-equivalent technique, the 
 following consecutive design steps can be performed:

• Designate the lumped π-type C1–L1–C2 section to be replaced.
• From a chosen π-type C1–L1–C2 section, form the symmetrical C–L–C ladder 

 section with equal capacitances C, as shown in Figure 3.35b. The choice of capaci-
tances is arbitrary but the values cannot exceed the minimum of C1 and C2.

• Calculate the parameters of the symmetrical CT –TL–CT section using the param-
eters of the lumped-equivalent π-section by setting the electrical length θ0 of the 
transmission line according to Equations 3.97 and 3.98. Here, it is assumed that the 
minimum of the capacitances C1 and C2 should be greater than or equal to CT so 
that CT can be readily embedded in the new CT –TL–CT section.

• Finally, replace the π-type C1–L1–C2 ladder section by the equivalent  symmetrical 
CT –TL–CT section and combine adjacent shunt capacitors, as shown in Figure 
3.35b, where the loaded shunt capacitances CA and CB are given as C C CA 1 T= ′ +  
and C C CB 2 T= ′ + .

Figure 3.36a shows the circuit schematic of a simulated broadband 28-V LDMOSFET 
power amplifier. To provide an output power of about 15 W with a power gain of more 
than 10 dB in a frequency range of 225–400 MHz, an LDMOSFET device with a gate geom-
etry of 1.25 µm × 40 mm was chosen. In this case, the matching design technique is based 
on using multisection low-pass networks, with two π-type sections for the input-matching 
circuit and one π-type section for the output-matching circuit. The sections adjacent to 
the device input and output terminals incorporate the corresponding internal input gate–
source and output drain–source device capacitances. Since a ratio between the device-
equivalent output resistance at the fundamental for several tens of watts of output power 
and the load resistance of 50 Ω is not significant, it is sufficient to be limited to only one 
section for the output-matching network.

Once a matching network structure is chosen, based on the requirements for the elec-
trical performance and frequency bandwidth, the simplest and fastest way is to apply 
an optimization procedure using CAD simulators to satisfy certain criteria. For such a 
broadband power amplifier, these criteria can be the minimum output power ripple and 
input return loss with maximum power gain and efficiency. In a CAD of broadband and 
low-noise microwave amplifier, an objective function to maximize gain while minimiz-
ing ripple and noise figure can be used [25]. To minimize the overall dimensions of the 
power amplifier board, the shunt microstrip line in the drain circuit can be treated as an 
element of the output-matching circuit and its electrical length can be considered as a 
variable to be optimized. Applying a nonlinear broadband CAD optimization technique 
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implemented in any high-level circuit simulator and setting the ranges of electrical length 
of the transmission lines between 0° and 90° and parallel capacitances from 0 to 100 pF, 
we can potentially obtain the parameters of the input- and output-matching circuits. The 
characteristic impedances of all transmission lines can be set to 50 Ω for simplicity and 
convenience of the circuit implementation. However, to speed up this procedure, it is best 
to optimize circuit parameters separately for input- and output-matching circuits with the 
device-equivalent input and output impedances: a series RC circuit for the device input 
and a parallel RC circuit for the device output. It is sufficient to use a fast linear optimiza-
tion process, which will take only a few minutes to complete the matching circuit design. 
Then, the resulting optimized values are incorporated into the overall power amplifier 
circuit for each element and final optimization is performed using a large-signal-active 
device model. In this case, the optimization process is finalized by choosing the nominal 
level of input power with optimizing elements in much narrower ranges of their values 
of about 10%–20% for most critical elements. Figure 3.36b shows the simulated broadband 
power amplifier performance, with an output power of 43.5 ± 1.0 dBm and a power gain of 
13.5 ± 1.0 dB in a frequency bandwidth of 225–400 MHz [4].
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FIGURE 3.36
Circuit schematic and performance of broadband LDMOSFET power amplifier.
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3.5 Matching Networks with Transmission Lines

The lumped or mixed-matching networks generally work well at sufficiently low frequen-
cies (up to one or several gigahertz). However, the lumped elements such as inductors and 
capacitors are difficult to implement at microwave frequencies where they can be treated 
as distributed elements. In addition, the quality factors for inductors are sufficiently small 
so that they contribute to additional losses.

Generally, the design of a practical distributed filter circuit is based on some approxi-
mate equivalence between lumped and distributed elements, which can be established 
by applying Richards’s transformation [26]. This implies that the distributed circuits 
composed of equal-length open- and short-circuited transmission lines can be treated as 
lumped elements under the transformation

 
s j= tan

πω
ω2 0  

(3.99)

where s = jω/ωc is the conventional normalized complex frequency variable and ω0 is the 
radian frequency for which the transmission lines are a quarter-wavelength [27].

As a result, the one-port impedance of a short-circuited transmission line corresponds to 
the reactive impedance of a lumped inductor ZL as

 
Z sL j L jLL tan  = = =ω πω

ω2 0  
(3.100)

Similarly, the one-port admittance of an open-circuited transmission line corresponds to 
the reactive admittance of a lumped capacitor YC as

 
Y sC j C jCC tan= = =ω πω

ω2 0  
(3.101)

The results given in Equations 3.100 and 3.101 show that an inductor can be replaced 
with a short-circuited stub of the electrical length θ = πω/(2ω0) and characteristic imped-
ance Z0 = L, while a capacitor can be replaced with an open-circuited stub of the electrical 
length θ = πω/(2ω0) and characteristic impedance Z0 = 1/C when a unity-filter characteris-
tic impedance is assumed.

From Equation 3.99, it follows that, for a low-pass filter prototype, the cutoff occurs when 
ω = ωc, resulting in

 
tan 1cπω

ω2 0
=

 
(3.102)

which gives a stub length θ = 45° (or π/4) with ωc = ω0/2. Hence, the inductors and capaci-
tors of a lumped-element filter can be replaced with the short-circuited and open-circuited 
stubs, as shown in Figure 3.37. Since the lengths of all stubs are the same and equal to λ/8 
at the cutoff frequency ωc, these lines are called the commensurate lines. At the frequency 
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ω = ω0, the transmission lines will be a quarter-wavelength long, resulting in an attenu-
ation pole. However, at any frequency away from ωc, the impedance of each stub will no 
longer match the original lumped-element impedances, and the filter response will differ 
from the desired filter prototype response. Note that the response will be periodic in fre-
quency, repeating every 4ωc.

Since the transmission line generally represents a four-port network, it is very conve-
nient to use a matrix technique for a filter design. In the case of cascade of several net-
works, the rule is that the overall matrix of the new network is simply the matrix product 
of the matrices for the individual networks taken in the order of connection [28]. In terms 
of Richards’s variable, an ABCD matrix for a transmission line with the characteristic 
impedance Z0 can be written as

 

A B

C D s

sZ

s
Z









 =

−

















1

1
 

1

12

0

0  

(3.103)

representing a unit element that has a half-order transmission zero at s = ±1. The matrix 
of the unit element is the same as that of a transmission line of the electrical length θ and 
characteristic impedance Z0. Unit elements are usually introduced to separate the circuit 
elements in transmission-line filters, which are otherwise located at the same physical 
point.

The application of Richards’s transformation provides a sequence of the short-circuited 
and open-circuited stubs, which are then converted into a more practical circuit imple-
mentation. This can be done based on a series of equivalent circuits known as Kuroda 
identities, which allows these stubs to be physically separated, transforming the series 
stub into the shunt and changing impractical characteristic impedances into more realiz-
able impedances [29]. The Kuroda identities use the unit elements, and these unit elements 
are thus commensurate with the stubs used to implement inductors and the capacitors of 
the prototype design. Connecting the unit element with the characteristic impedance Z0 
to the same load impedance Z0 does not change the input impedance. The four Kuroda 
identities are illustrated in Figure 3.38, where the combinations of unit elements with the 
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FIGURE 3.37
Equivalence between lumped elements and transmission lines.
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characteristic impedance Z0 and electrical length θ = 45°, the reactive elements, and the 
relationships between them are given.

To prove the equivalence, consider two circuits of identity at the first row in Figure 3.38 
when ABCD matrix for the entire left-hand circuit can be written as
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where Z1 is the characteristic impedance of the left-hand unit element.
Similarly, for the right-hand circuit,
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FIGURE 3.38
Four Kuroda identities.
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where Z2 is the characteristic impedance of the right-hand unit element.
The results in Equations 3.104 and 3.105 are identical if
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where n =  1 + Z1C.
As an example, consider the design of the broadband input transmission-line-matching 

circuit based on a lumped two-section low-pass-transforming filter shown in Figure 3.29, 
with a center bandwidth frequency f0 = 3 GHz to match a 50-Ω source impedance with the 
device input impedance Zin = Rin + jω0Lin, where Rin = 2 Ω and Lin = 0.223 nH. The value of 
the series input device inductance is chosen to satisfy Table 3.1 when n = 4, w = 0.4, maxi-
mum ripple of 0.156725, r = 25, and g1 = 2.31517; from Equation 3.83, it follows that

 
L

g R g R
r

4
4 1= = =0

0

0

0
0.223 nH

ω ω

From Table 3.1, we obtain g2 = 0.422868, which gives the circuit parameters from Equations 
3.82 and 3.83 shown in Figure 3.39. The inductance value is chosen for the design conve-
nience. If this value differs from the required value, it means that it is necessary to change 
the maximum frequency bandwidth, the power ripple, or the number of ladder sections.
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FIGURE 3.39
Two-section broadband-matching circuit.
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Figure 3.40 shows the design transformation of a lumped low-pass-transforming filter to 
a microstrip filter using the Kuroda identities. The first step, which is shown in Figure 3.40a, 
is to add a 50-Ω unit element at the end of the circuit and convert a shunt capacitor into 
a series inductor using the second Kuroda identity, as shown in Figure 3.40b. Then, add-
ing another unit element and applying the first Kuroda identity, as shown in Figure 3.40c, 
result in the circuit with two unit elements and three shunt capacitors shown in Figure 
3.40d. To keep the same physical dimensions during the calculation of the circuit param-
eters, the inductance should be taken in nanohenries, and the capacitance is measured in 
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FIGURE 3.40
Design transformation from lumped low-pass to microstrip-transforming filter.
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nanofarads if the operating frequency is measured in gigahertz. Finally, Richards’s trans-
formation is used to convert the shunt capacitors into the corresponding transmission-line 
stubs. According to Equation 3.101, the normalized characteristic impedance of a shunt 
stub is 1/C, which is necessary to multiply by 50 Ω.

Figure 3.40e shows the microstrip layout of the final low-pass-transforming circuit, 
where the lengths of the shunt stubs are λ/8 at the cutoff frequency fc, as well as the lengths 
of each unit element representing the series stubs. If the normalized frequency bandwidth 
and center bandwidth frequency are chosen to be w = 0.4 and f0 = 3 GHz, respectively, the 
cutoff frequency becomes equal to

 
f f

w
c 3 6 GHz= +



 =0 1

2
.

In practical design of a microwave bipolar or GaAs FET amplifier, it is necessary to take 
into account that the intrinsic device generally exhibits a small-signal gain roll-off with 
increasing frequency at approximately 6 dB per octave [30,31]. Therefore, to maintain a 
constant gain across the design frequency band, the matching network must be designed 
for maximum gain at the highest frequency of interest [32]. In this case, reflective mis-
matching conditions are provided to compensate for the increase in the intrinsic gain of an 
FET when the frequency is decreased. As a result, it is necessary to selectively mismatch 
the input of the transistor by employing the gain-tapered input-matching circuit so that 
the overall gain of the amplifier will be flat [33]. Alternatively, the gain tapering could be 
done in the output network with input flat-matching conditions. In a simplified practi-
cal implementation when two impedance-transforming L-sections with series microstrip 
lines and shunt microstrip stubs in the input-matching circuit and a single impedance-
transforming T-section with two series microstrip lines and one shunt microstrip stub in 
the output- matching network are used, a flat gain of about 6 dB was achieved across the 
octave band of 4–8 GHz for a single-cell GaAs FET amplifier with the device transconduc-
tance gm = 55 mS [34].

Figure 3.41 shows the matching circuit design steps and the circuit schematic of a broad-
band microwave GaN HEMT power amplifier [35]. In this case, the first step to design 
the octave-band power amplifier intended to operate across the frequency bandwidth of 
2–4 GHz was to find the optimum source and load impedances that maximize the perfor-
mance of the device in terms of efficiency in the required bandwidth. In view of a GaN 
HEMT device Cree CGH60015DE, since the optimum impedances were relatively close to 
each other across the band and the acceptable level of degradation in PAE was estimated 
to be less than 8%, the task was simplified to provide the optimum impedances seen by the 
device input and output at the center bandwidth frequency across the entire bandwidth. 
The bandpass-matching network shown in Figure 3.41a was derived from a low-pass pro-
totype-matching circuit, assuming that the transistor output can be approximated by an 
ideal current source with a parallel RC network, where R0 is the source resistance cor-
responding to device-equivalent output resistance at the fundamental (or load-line resis-
tance) and the capacitance C0 is the total drain–source capacitance. To scale the obtained 
terminating resistor RL upward to 50 Ω, a Norton transformation of an IT (nT = 1.173) with 
two series–shunt capacitors to an arrangement of three capacitors, as shown in Figure 
3.27, was used. Then, based on the transforms between lumped and distributed elements, 
the two resonant-parallel LC-circuits were approximated by the corresponding grounded 
shunt quarter-wave transmission lines TL1 and TL3 with the characteristic impedance of 
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each line equal to the reactance of the inductor or capacitor multiplied by π/4, whereas 
the lumped π-network with a series inductor and two shunt capacitors was approximated 
by the series transmission line TL2, as shown in Figure 3.41b. A similar approach can be 
applied to the design of the input-matching circuit, which also includes lossy elements for 
better input return loss and stability. The entire circuit schematic of the designed broad-
band GaN HEMT power amplifier is shown in Figure 3.41c, where the two series-tapered 
transmission lines TL1 and TL5 are added at the input and output of the device. As a result, 
an output power of 41 ± 1 dBm with a power gain of 10 ± 1 dB and a drain efficiency of 
52%–72% was achieved across the frequency bandwidth of 1.9–4.3 GHz.

An alternative impedance-matching technique is based on the multisection-matching 
transformers consisting of the stepped transmission-line sections with different char-
acteristic impedances and electrical lengths [36]. These transformers, in contrast to the 
continuously tapered transmission-line transformers, are significantly shorter and pro-
vide broader performance. Figure 3.42a shows the schematic structure of a stepped trans-
mission-line transformer, which consists of a cascaded connection of n uniform sections 
of equal quarter-wave lengths l = λ0/4, where λ0 is the wavelength corresponding to the 
center bandwidth frequency. Such a stepped transmission-line transformer represents 
an antimetric structure, for which the ratio between the characteristic impedances of its 
transmission-line sections can be written in the general form as

 Z Z Z Zi n i+ − =1 S L  (3.107)
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FIGURE 3.41
Schematics of broadband microwave GaN HEMT power amplifier.
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where i = 1, 2, …, n and n is the number of sections, ZS is the source impedance, and ZL is the 
load impedance [37]. In Figure 3.43, as a practical example, the minimum possible VSWR is 
plotted for the five-step transmission-line impedance transformer with a total characteristic-
impedance variation of 8:1, which was designed for maximum VSWR of 1.021 in an octave 
frequency bandwidth and where each section is of a quarter-wave electrical length [38].

The main drawback of the stepped quarter-wave transformers is their significant total 
length of L = nλ0/4. However, it is possible to reduce the overall transformer length by 
applying other profiles of its structure. The stepped transformers using n-cascaded uni-
form transmission-line sections of various lengths with alternating impedances are shorter 
by 1.5–2 times. In this case, the number of sections n is always an even number and the sec-
tion impedances can be equal to the source and load impedances to be matched, as shown 
in Figure 3.42b. For example, the input- and output-matching circuits of a microwave GaAs 
MESFET power amplifier, which was designed to operate in a frequency bandwidth of 
4–8 GHz, were composed of the stepped microstrip lines where all the high-impedance 
sections were made of 50 Ω and all low-impedance sections were made of 10 Ω [34].

To define the unknown section lengths, the optimization approach to achieve the global 
minimum of the objective function |Γ(θ, A)| can be used, which is written as

 
min ( , )

,A
Amax

1θ θ θ
θ

∈[ ]2
Γ

 
(3.108)

where θ1 and θ2 are the electrical lengths at the low- and high-frequency bandwidth edges, 
respectively, and the vector A = (A1, A2, …, An) consists of the normalized section lengths 
Li = li/λ0 as components [39]. By solving Equation 3.108 numerically, the optimum Chebyshev 
characteristics can be provided by the stepped transmission-line structure with

 l li n i= + −1  (3.109)

where i = 1, 2, …, n/2.
The total length of such a stepped transmission-line transformer can be further reduced 

by using the structure representing the cascade connection of n transmission-line sections 
of the same length l < λ0/4 with
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FIGURE 3.43
Theoretical frequency bandwidth of the five-step transformer.
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where n is an even number and Z1 > Zn when ZS < ZL , as shown in Figure 3.42c [40]. An 
example of the stepped transmission-line transformer to match the source impedance of 
25 Ω with the load impedance of 50 Ω is shown in Figure 3.44a, where the electrical length 
of each section is equal to λ0/12. In this case, the total transformer length is shorter by 3 
times compared to the basic structure with the quarter-wave sections, and an octave pass-
band from 2 to 4 GHz for the lossless ideal transmission-line sections is provided with an 
input return loss better than 25 dB, as shown in Figure 3.44b. However, it requires the use 
of a high-impedance ratio for its sections reaching 30–50 when the source and load imped-
ances differ significantly.

To reduce a high-impedance ratio of the stepped transformers with a short total length, 
their generalized structure representing cascaded even n sections of different lengths li 
and impedances Zi, as shown in Figure 3.42d, can be used. The optimum Chebyshev char-
acteristics for this structure can be provided with the ratios between the lengths and char-
acteristic impedances of its sections according to

 

l l

Z Z Z Z
i n i

i n i

=
=

+ −

+ −

1

1 S L  
(3.111)

where i = 1, 2, …, n/2, and

 Z Z Z Z Z Zn n n n− − −> > > > > > >1 3 1 2 2… …  (3.112)

where the impedances of both even and odd sections decrease in the direction from higher 
impedance ZL to lower impedance ZS and the impedance of any odd section is always 
larger than that of any even section [39]. The lengths of even sections decrease in the direc-
tion from the transmission line of a smaller impedance, whereas the lengths of odd sec-
tions increase in the same direction.
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FIGURE 3.44
Stepped transmission-line transformer with equal-length sections.
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Another structure of the stepped transmission-line transformer with the reduced total 
electrical length is shown in Figure 3.42e, for which Equation 3.109 can be applied and 
for which the same characteristic impedances for odd and even sections differ from the 
source and load impedances according to

 

Z Z Z

Z Z Z
n

n

1 3 1

2 4

= = =
= = =

−…
…  

(3.113)

where Z1Z2 = ZSZL, Zn < ZS, and Zn−1 > ZL [39]. In particular situations of high-impedance-
matching ratio at microwave frequencies when it is necessary to match the standard source 
load impedance of 50 Ω with the device input and output impedance of 1 Ω and smaller, 
both the length and width of the microstrip-line sections can be optimized.

Table 3.3 gives the optimum parameters for different four-section transformers (n = 4) 
designed to match the transmission lines with impedances ZS = 25 Ω and ZL = 50 Ω in an 
octave frequency range, where the section lengths Li and total length L are normalized to 
λ0 [39].

3.6 Matching Technique with Prescribed Amplitude–Frequency Response

An additional difficulty to design the broadband transistor power amplifier apart from 
the broadband impedance transformation with a large-impedance ratio and prescribed 
reactive constraints is that the matching networks must be designed with prescribed 
tapered magnitude characteristics to compensate for the transistor gain roll-off at higher 

TABLE 3.3

 Optimum Parameters for Different Four-Section Transformers

|Γ|min Equal-length structure of Figure 3.42c
L1, 2, 3, 4 Z1 (Ω) Z2 (Ω) Z3 (Ω) Z4 (Ω) L

0.065 0.0833 42.38 19.80 63.13 29.49 0.3330
0.071 0.0625 55.75 13.58 92.03 22.42 0.2500
0.074 0.0418 82.58 8.45 148.01 12.14 0.1670
0.076 0.0313 109.64 6.17 202.48 11.40 0.1250

Generalized structure of Figure 3.42d
L1, 2 L3, 4 Z1 (Ω) Z2 (Ω) Z3 (Ω) Z4 (Ω) L

0.068 0.0625 0.0833 51.75 18.20 68.73 24.15 0.2916
0.070 0.0525 0.0725 62.00 15.28 81.85 20.15 0.2500
0.075 0.0320 0.0510 103.00 10.13 123.39 12.14 0.1660
0.076 0.0205 0.0420 152.90 7.78 160.95 8.18 0.1250

New structure of Figure 3.42e
L1, 2 L3, 4 Z1 (Ω) Z2 (Ω) L

0.064 0.0479 0.1171 52.38 23.86 0.3330
0.070 0.0405 0.0841 72.91 17.14 0.2500
0.074 0.0282 0.0553 114.55 10.91 0.1670
0.075 0.0213 0.0412 155.67 8.03 0.1250
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frequencies that is inherent with the high-frequency bipolar FETs. The gain tapering is 
a direct consequence of the fact that the transistor maximum available gain decreases 
with increasing frequency. Thus, for a flat overall gain response, matching networks with 
tapered magnitude characteristics must be used. The exact frequency dependence of the 
taper or gain slope varies with specific types of transistors, as well as with power levels 
(linear small-signal amplifiers or large-signal power amplifiers).

For example, for a common-emitter bipolar transistor, the input-matching network must 
be designed to simultaneously provide broadband matching to equalize the series-reactive 
constraint represented by the transistor series RL-equivalent circuit (base resistance rb and 
lead inductance Lb) and broadband impedance transformation of a 50-Ω source to the load 
impedance levels (usually rb of the order of 1 Ω or less for a high-power Class-C-biased 
transistor). However, the reactive constraint for the output-matching network is a shunt 
collector capacitance Cc, and the equivalent load impedance depends on the supply voltage 
and output power. At the same time, for a common-source FET device, its input circuit can 
be modeled more closely to a series RC circuit (gate–source resistance Rgs and gate–source 
capacitance Cgs).

The input-matching circuit is responsible for achieving the corresponding gain level 
over the operating frequency bandwidth. The collector loading, on the other hand, can 
be designed independently to satisfy output power and collector efficiency consider-
ations. A pragmatic approach to the design of an amplifier stage is to first determine a 
suitable output-matching network, and then design the input-matching section to sat-
isfy gain requirements [41]. The most promising topology for the input matching con-
sists of a two-section low-pass impedance-transforming structure, which easily absorbs 
the series RL nature of the bipolar transistor. The low-pass structure that employs shunt 
capacitors is also more readily constructed with microstrip lines than a high-pass or 
bandpass structure, which would require series capacitors in their realization. The 
design philosophy for the input-matching circuit is based on the gain response of the 
transistor versus frequency. Therefore, it is important to find a network that closely 
matches the transistor at the highest bandwidth frequency, where the transistor power 
gain will be the lowest. At lower frequencies, the power gain is greater but must be 
sacrificed by selective mismatching so that the overall gain of the amplifier will be flat. 
Thus, the matching networks must exhibit some prescribed tapered magnitude charac-
teristics to compensate for the intrinsic transistor gain roll-off. Note that the best gain–
bandwidth performance can be realized with a lumped-element equalizer, whereas 
simple transmission-line networks can usually be expected to provide near-optimum 
gain [31].

Figure 3.45a shows the general low-pass ladder-matching network configuration used 
for broadband-matching network design to approximate a prescribed tapered magnitude 
gain characteristic [41,42]. This ladder network must provide not only the prescribed gain 
slope but also provide a broadband impedance transformation. Let the gain function for 
an n-element low-pass ladder network be given by

 
| ( )|

[ ( )]
S

Q
21

2
2 2

1
1

ω
ω

=
+  

(3.114)

where

 Q a a an
n( ) /ω2

1
2

2= + + +0  ω ω�  (3.115)

© 2016 by Taylor & Francis Group, LLC

  



160 Broadband RF and Microwave Amplifiers

and n must be an even number. Once an approximation is found from Equation 3.114, an 
optimization procedure can be used to adjust the actual element values [33].

To choose the polynomial Q(ω2) in Equation 3.114, let G(ω) be the desired realizable gain 
function with a prescribed taper. Then, we need to set
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The condition given in Equation 3.116 can be rewritten as
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with a convenient way to choose the values ωk to space them evenly over the band of inter-
est using either a linear or a logarithmic frequency scale [33]. Figure 3.45b shows the low-
pass tapered magnitude-matching network configuration with n = 4.

For a two-stage power amplifier whose block schematic is shown in Figure 3.46b, the 
typical specification of a good input and output matching implies a frequency response 
of the input- and output-matching networks that is flat over the amplifier passband and 
the interstage-matching network must provide a positive-sloped gain with increasing fre-
quency, as shown in Figure 3.46c, to compensate for the gain roll-off of each transistor, 
as shown in Figure 3.46a, thus resulting in an overall flat transducer gain of a two-stage 
power amplifier [43].

The design example steps for the synthesis of the interstage-matching network of an 
arbitrary-specified gain versus frequency is outlined in Figure 3.47, where the output 
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FIGURE 3.45
Low-pass tapered magnitude-matching networks.
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impedance of the first-stage device is represented by a shunt RC circuit and the input 
impedance of the second-stage device is approximated by a series RC circuit, as shown in 
Figure 3.47a [43]. The insertion loss of the lossless-matching network shown in Figure 3.47b 
and having all transmission zeroes at zero and infinite frequencies can be expressed as
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where n = 3 is the number of natural frequencies of the network, j = 2 is the number of 
transmission zeros at zero frequency, and n − j = 1 is the number of transmission zeroes at 
infinite frequency.

The overall synthesis procedure consists of two basic steps: an insertion-loss function is 
first obtained that approximates a flat passband response in an equiripple or maximally 
flat manner, and then a straightforward computational procedure yields a network as pre-
scribed by the insertion-loss function. At the same time, the synthesis of interstage-match-
ing networks requires that insertion-loss functions of a specified gain versus frequency 
slope, bandwidth, and ripple are to be found. In this case, the insertion-loss functions 
approximating 6k-dB/octave gain slope, where k is an integer, are easily obtained from flat 
insertion-loss functions. The flat insertion-loss function is first normalized to an upper 
cutoff frequency of 1 rad/s and then divided by ω2k. Once the sloped insertion-loss func-
tion is obtained, the computation procedure yields a network having the specified fre-
quency response.

The practical steps in the interstage-matching network design process shown in Figure 
3.47 can be listed as follows: (a) model the input and output impedances of the active devices 
to be used in the microwave power amplifier; (b) select a topology consistent with device 
parasitics; (c) adjust the gain–bandwidth performance to ensure an inclusion of parasitics; 
(d) select the reflection coefficient zeroes consistent with inclusion of parasitics; (e) trans-
form impedances to desired levels; (f) transform the lumped design to a transmission-line 
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FIGURE 3.46
Block schematic and frequency responses of a two-stage power amplifier.
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realization; (g) analyze the resultant design by itself and/or as a part of the complete ampli-
fier design; and (h) optimize the amplifier design if needed [44]. Historically, the input 
and output impedances of active devices have generally been modeled by curve-fitting, 
optimization, or Smith chart manipulation. Besides, an algebraic method can be used to fit 
two- or three-element models to measured data by using the simple impedance equations 
and constraints at upper and lower passband frequencies. Given that many topologies 
of the matching networks are available, a good topology would accommodate the exis-
tent parasitics and provide a wide range of impedance transformation capabilities. The 
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FIGURE 3.47
Design synthesis process of the interstage-matching circuit for a microwave power amplifier.
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method of gain adjustment can be based on the binary search algorithm. Figure 3.48 shows 
the design example of a two-stage microstrip GaAs MESFET power amplifier with three 
matching networks having a similar structure, where the input- and interstage-matching 
networks provide a gain slop of 6 dB/octave and the output-matching network has a flat 
frequency response, resulting in a power gain of 15 ± 2 dB over the frequency bandwidth 
of 6–12 GHz [44].

3.7 Practical Examples of Broadband RF and Microwave Power Amplifiers

Multisection-matching networks based on the low- and high-pass L-transformers for 
input- and output-matching circuits can provide a wide frequency bandwidth with mini-
mum power gain ripple and significant harmonic suppression. Such a multisection match-
ing circuit configuration using lumped elements was applied for the design of a 60-W 
power amplifier operating in the frequency bandwidth of 140–180 MHz. The complete 
circuit schematic of the power amplifier is shown in Figure 3.49 [7]. To realize such tech-
nical requirements, an internally matched bipolar transistor for VHF applications, which 
provides a 100-W output power level at a supply voltage of 28 V, was used. According 
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FIGURE 3.49
Circuit schematic of a broadband high-power VHF bipolar amplifier.
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to the device data sheet, the input device impedance at the center bandwidth frequency 
f0 =  140 180×  = 159 MHz is equal to Zin = (0.9 + j1.8) Ω. Therefore, the input-matching 
circuit was designed as a three-section network with two low-pass sections and one high-
pass section to minimize the circuit quality factor Q. In this case, the device input lead 
inductance of 1.8/(2π × 0.159) = 1.8 nH was considered as a series-inductive element of the 
second low-pass section with a shunt capacitor of 540 pF. This power amplifier is operated 
in Class-C due to the base bias circuit composed of the two inductors and a 15-Ω resistor, 
which also provides low-frequency stability.

A similar design philosophy was used to design the output- matching circuit when 
the three-section network maintains a value of the quality factor close to unity or within 
Q = 1 circle on a Smith chart. The output device impedance is practically resistive of 1.65 Ω 
because the output device capacitive reactance is compensated by the device lead induc-
tance. The series inductance L2 of the first matching low-pass section adjacent to the collec-
tor terminal according to the Smith chart can be realized as a section of a 50-Ω microstrip 
line with the electrical length of 0.011λ0, where λ0 is the wavelength corresponding to the 
center bandwidth frequency f0. The physical length of this microstrip line for a 1/16-inch 
Teflon fiberglass with a dielectric permittivity εr = 2.55 must be of 0.51 inch, whereas its 
width is equal to 0.4 inch. The collector feed is provided through the combination of an 
inductor L1, a resistor R1 = 15 Ω, and an RF choke (RFC), which behaves as a high-imped-
ance circuit at the operating frequencies but offers a very low resistance at dc. As a result, 
the designed broadband power amplifier achieved a power gain of at least 8 dB with a 
gain ripple of less than 3 dB, a collector efficiency of more than 50%, and an input VSWR 
below 3:1 [7]. As an alternative, the broadband input- and output-matching circuits can be 
composed of a single low-pass-matching section followed by a 4:1 transmission-line trans-
former. In this case, an output power of more than 25 W with collector efficiency close to 
70% was achieved across the frequency range of 118–136 MHz for the input power of 2 W 
using a 12.5-V bipolar device [45].

At microwave frequencies, the amplifier bandwidth performance can also be improved 
by using an increased number of the transmission-line transformer sections. For example, 
with the use of a multisection transformer with seven quarter-wave transmission lines of 
different characteristic impedances, a power gain of 9 ± 1 dB and a PAE of 37.5 ± 7.5% over 
5–10 GHz were achieved for a 15-W GaAs MESFET power amplifier [10]. The simplified 
schematic diagram of this microwave octave-band power amplifier is shown in Figure 3.50. 
To achieve minimum output power flatness, the number of sections of the output-match-
ing circuit is determined based on load-pull measurements. At the same time, the num-
ber of sections of the input-matching circuit to compensate for the frequency-dependent 
power gain is chosen based on the small-signal S-parameter measurements. For a 5.25-mm 
GaAs MESFET device, the values of the input and output impedances at the fundamental 
derived from its large-signal model were assumed resistive and equal to Zin = 0.075 Ω and 
Zout = 1.32 Ω, respectively. To achieve minimum gain flatness, the length of each microstrip 
section was initially chosen as a quarter-wavelength at the highest frequency of 10 GHz. 
However, because the input and output device impedances are not purely resistive in prac-
tical implementation, the final optimized length of each microstrip section was reduced 
to be a quarter-wavelength at around 15 GHz. The microstrip transformer sections L1…L6 
and L9…L14 were fabricated on an alumina substrate with a dielectric permittivity εr = 9.8 
and a thickness of 0.635 mm for L1 and L2, 0.2 mm for L3…L6 and L10…L12, and 0.38 mm for 
L13…L14. The microstrip section L7 was realized on a high-dielectric substrate with εr = 38 
and thickness of 0.18 mm, whereas the microstrip sections L8 and L9 were fabricated on a 
high-dielectric substrate with εr = 89 and thickness of 0.15 mm. The final power amplifier 
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represents a balanced configuration of the two 5.25-mm GaAs MESFETs with hybrid 
quadrature couplers.

The broadband power amplifier, whose circuit schematic is shown in Figure 3.51, was 
intended for TV transponders with complex video and audio TV signal amplification in the 
frequency bandwidth of 470–790 MHz. The power amplifier was implemented on a lami-
nate substrate with εr = 4.7 of a 1.5-mm thickness. The microstrip lines are given in terms 
of their lengths on the high-bandwidth frequency, and both collectors RFCs represent the 
three-turn air-core inductors. The device input and output impedances measured at the 
base and collector terminals at 600 MHz are equal to Zin = (6 + j4) Ω and Zout = (15 + j17.5) Ω, 
respectively, which allows the corresponding two-section input-matching circuit and a 
single-section output-matching circuit to be used. In a Class-A operation mode, such a 
power amplifier using a balanced TPV-595A bipolar transistor achieved a linear output 
power of 7 W with a power gain of about 12 dB for a quiescent collector current of 1.3 A.
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FIGURE 3.51
Circuit schematic of a bipolar UHF power amplifier for TV applications.
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Microstrip broadband 15-W GaAs MESFET power amplifier.
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The circuit schematic of a high-power amplifier intended for applications in TV trans-
mitters based on a balanced bipolar transistor BLV861 is shown in Figure 3.52 [46]. In a 
Class-AB operation with a quiescent current of 100 mA, it covers the frequency bandwidth 
of 470–860 MHz with an output power of 100 W, a power gain of about 9.5 dB with a gain 
ripple of ±0.5 dB, and a collector efficiency of 55%. The nominal device input and load 
impedances at 663 MHz are equal to Zin = (4.4 + j7.9) Ω and ZL = (8.8 − j3.65) Ω, respectively. 
In this case, the three-section input-matching circuit and two-section output-matching 
circuit contain mixed microstrip-lumped elements to transform each terminal imped-
ance level to approximately 25 Ω. The balanced-to-unbalanced transformation to 50 Ω is 
obtained by the transmission-line baluns, each of them represented by a 25-Ω semi-rigid 
coaxial cable with an electrical length of 45° at the midband and a diameter of 1.8 mm, sol-
dered over the whole length on top of the same-length microstrip line. For low-frequency 
stability enhancement, the input balun stubs are connected to the bias point by means 
of 1-Ω series resistors. The large-value electrolytic capacitors are added at the input- and 
output-biasing points to improve the amplifier video response. The power amplifier is fab-
ricated on a laminate substrate with εr = 2.55 and a thickness of 0.51 mm (20 mils).

Figure 3.53 shows the schematic diagram of a two-octave high-power transistor ampli-
fier covering both the civil and military airbands between 100 and 450 MHz [47]. The 
BLF548 device is a balanced n-channel enhancement-mode VDMOS (vertical diffusion 
metal-oxide semiconductor) transistor designed for use in broadband amplifiers with an 
output power of 150 W and a power gain of more than 10 dB in a frequency range of up 
to 500 MHz. In a frequency bandwidth from 100 to 500 MHz, the real part of its input 
impedance ReZin is almost constant and equal to 0.43 Ω, whereas the imaginary part of the 
input impedance ImZin changes its capacitive reactance of −4.1 Ω at 100 MHz to the induc-
tive reactance of 0.5 Ω at 500 MHz. The required load impedance seen by the device out-
put at the fundamental is inductive and equal to ZL = (1.1 + j0.4) Ω at the high-bandwidth 
frequency of 500 MHz. Coaxial semirigid baluns are used to transform the unbalanced 
50-Ω source and load into two 180° out-of-phase 25-Ω sections, respectively, followed by 
coaxial 4:1 transformers with the characteristic impedance of 10 Ω for input matching and 
of 25 Ω for output matching. This yields the lower impedance Rin /4 3 95= × = Ω25 10 .
, which is then necessary to transform to the device input impedance of 0.43 Ω, and the 
higher impedance Rout /4 6 25= × = Ω25 25 . , which is then necessary to transform to the 
load impedance of 2.8 Ω seen by the device output at the center bandwidth frequency of 
250 MHz.

The final matching is provided by simple L-transformers with series microstrip lines and 
parallel variable capacitors. The microstrip lines were fabricated on a 30-mil substrate with 
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167Lossless Matched Broadband Power Amplifiers

a dielectric permittivity εr = 2.2. In this case, the dimensions of each microstrip line with 
the characteristic impedance of 20 Ω are as follows: L1 and L3 are 5 × 8 mm, L2 and L4 are 
2.5 × 8 mm, L5 and L7 are 11.5 × 8 mm, and L6 and L8 are 4 × 8 mm. To compensate for the 
6-dB/octave slope, conjugate matching is provided at 450 MHz, since at lower frequencies, 
a mismatch gives the required decrease of a power gain to provide acceptable broadband 
power gain flatness. As a result, the gain variation of an output power of 150 W is smaller 
than 1 dB with an input return loss better than 12 dB in a frequency range of 100–450 MHz.

MMICs based on GaN HEMT technology can provide wider bandwidth, higher output 
power density, improved reliability at high junction temperature, better thermal properties, 
higher breakdown voltage, and higher operating efficiency compared to MMICs based on 
GaAs technology. For a 0.25-µm GaN HEMT technology using an SiC substrate, the break-
down voltage of 120 V allows operation with a supply voltage up to 40 V, and the maximum 
output power density of 5.6 W/mm for the device gate periphery and capacitance sheet 
of 250 pF/mm2 for an MIM capacitor can be provided. The three-stage reactively matched 
0.25-µm GaN HEMT power amplifier MMIC with parallel matching networks can achieve 
an output power from 6 to 10 W over 6–18 GHz with a minimum power gain of 18 dB and 
a PAE greater than 13% at Vdd = 25 V [48]. An averaged output power of 20 W with an aver-
aged power gain of 9.6 dB and a PAE of more than 15% over С–Ku band (6–18 GHz) was 
achieved for a two-stage GaN HEMT MMIC power amplifier at Vdd = 35 V [49].

Figure 3.54 shows the circuit schematic of a two-stage reactively matched GaN HEMT 
MMIC power amplifier, which operates as a driver amplifier of ultra-wideband high-
power transmit modules for multifunctional active electronically scanned antenna radar 
systems [50]. The MMIC driver amplifier is based on three identical GaN HEMT cells, each 
with 8 × 100-µm gate periphery (one transistor in the first stage and two transistors in the 
second stage), to achieve the maximum output power of about 36 dBm with a parallel con-
nection of two second-stage-amplifying paths. The unconditional stability of the MMIC 
driver amplifier from 100 MHz to 6 GHz is provided by applying parallel RC networks 
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168 Broadband RF and Microwave Amplifiers

at the gates of each transistor cell. The integrated resistors are also used in the gate bias 
circuits of each device cell to ensure stability without sacrificing gain or efficiency. The dc-
feed paths, which consist of narrow microstrip lines to provide the corresponding induc-
tive reactances and bypass MIM capacitors to provide isolation between the dc and RF 
paths, are constituent parts of the input, interstage, and output-matching circuits, which 
are realized in the form of low-pass L- and T-transformers with the series microstrip lines 
and shunt MIM capacitors. The matching networks provide impedance transformation 
with low-Q-factors enabling an increased frequency bandwidth.

Figure 3.55a shows a photograph of the reactively matched MMIC driver amplifier with a 
chip size of 3 × 4 mm2. When driven with a 20-dBm input power, the maximum- measured 
output power achieves 4 W with a typical output power of 1.8 W and a worst-case return 
loss of 7.5 dB in the frequency range from 6 to 18 GHz, as shown in Figure 3.55b. The out-
put power of 10 W was achieved for a three-stage reactively matched GaN HEMT power 
amplifier, with four similar device cells in the final stage [50]. When driven with a 28-dBm 
input power, the maximum-measured output power achieves 15.6 W with an average out-
put power of 10.6 W and a worst-case return loss of 7.5 dB in the frequency range from 6.4 
to 18.4 GHz. Over the complete frequency range from 6 to 18 GHz, average values for a 
PAE of 18% are the same for simulations and measurements, with a typical value of 20% 
across the frequency range from 6 to 12 GHz.

3.8 Broadband Millimeter-Wave Power Amplifiers

In recent years, there have been increasing demands for millimeter-wave systems, such 
as automotive and fire-control radars, security screening and remote sensing, personal 
communication, and imaging systems. Millimeter-wave systems have advantages of wide 
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169Lossless Matched Broadband Power Amplifiers

frequency bandwidth, compact size, and suitability for short-range multicell communi-
cations owing to high attenuation of radiated signals. In communication systems, it is 
desirable to design the broadband power amplifiers that cover several frequency ranges, 
for example, LMDS (local multipoint distribution system) across a 28-GHz band, wire-
less communication system at 38 GHz, and broadband cellular communication systems at 
60 GHz and beyond.

Significant progress in SiGe technology had contributed to the design and development of 
the fully integrated millimeter-wave broadband power amplifiers in Ka (26.5–40 GHz) and 
W (75–110 GHz) frequency bands with increased output power using a 0.13-µm SiGe pro-
cess with the transition frequency fT of 200 GHz and maximum frequency fmax of 300 GHz 
[51,52]. Figure 3.56a shows the simplified half-schematic of a balanced Ka-band power 
amplifier operating in a linear Class-A [51]. The input and output microstrip-line matching 
networks consisting of two low-pass L-sections with shunt short-circuited stubs and series 
MIM capacitors provide a positive gain slope with increasing frequency to compensate for 
the transistor gain roll-off, resulting in a wideband response of both power gain and output 
power. To stabilize the power amplifier operation at very low frequencies, where the tran-
sistor gain is extremely high, all the base and collector bias circuits and bypass capacitors 
present low RF impedances to all transistor terminals (<1 Ω to the collector and <50 Ω to 
the base). As a result, the saturated output power of greater than 17 dBm with a power gain 
of greater than 10 dB at a supply voltage of 1.4 V was achieved across the entire frequency 
range of 26–40 GHz. By using a similar circuit design approach and 0.13-µm SiGe tech-
nology, the three-stage broadband power amplifier, whose single-ended half-schematic is 
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170 Broadband RF and Microwave Amplifiers

shown in Figure 3.56b, provides a small-signal gain of greater than 12 dB and a saturated 
power of greater than 14 dBm in a frequency bandwidth of 79.3–96.8 GHz [52].

Historically, different FET technologies have been used for millimeter-wave MMIC 
applications. Figure 3.57a shows the circuit schematic of a two-stage broadband power 
amplifier using a 0.15-µm T-shaped gate AlGaAs/InGaAs heterojunction FET process with 
fT = 70 GHz and fmax = 240 GHz [53]. This MMIC power amplifier with equal first and sec-
ond stages was designed and fabricated based on a microstrip-line circuit configuration 
and achieved a high gain of 16.5 ± 1.5 dB across the frequency bandwidth of 50–68 GHz. By 
using a 0.15-µm GaAs HEMT technology, the broadband three-stage MMIC power ampli-
fier achieved a power gain greater than 20 dB from 41 to 63 GHz and a saturated output 
power of at least 16 dBm from 19 to 57 GHz, with the distributed input stage for broadband 
operation and the second and third single-ended stages for high gain and large output 
power [54]. In many high-performance low-noise applications covering the entire D (110–
170 GHz) frequency band, InP HEMTs and metamorphic HEMTs (mHEMTs) grown on a 
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GaAs substrate with high indium content in the transistor channel are much demanded. 
The 50-nm process provides a composite channel with an indium content of 80%, resulting 
in a low source resistance, and a 2 × 15-µm device typically reaches a transition frequency 
of fT = 400 GHz at a drain voltage of 1 V. Figure 3.57b shows the circuit schematic of a 
broadband four-stage lossy match MMIC mHEMT power amplifier with a small-signal 
gain exceeding 25 dB from 105 to 175 GHz, and an output power reaches 5 dBm at 140 GHz 
at a supply voltage of 1.25 V [55]. Here, the matching circuits are designed using coplanar 
transmission lines (CPW) and the resistors R1 through R4 fixed to 6.5 Ω each are used for 
gain equalization and stabilization.

Owing to an advanced metamorphic technology with fT = 500 GHz together with a 
grounded CPW topology, the solid-state integrated circuit amplifiers have reached operat-
ing frequencies of greater than 300 GHz [56]. In this case, a common topology for HEMT 
MMIC amplifiers is to use a grounded CPW medium with a 1- or 2-mil-thick InP sub-
strate for the circuit design. This allows for the elimination of source induction of a thru-
substrate via (or a pair of vias) on the source of the transistor, which would otherwise 
reduce the amplifier gain at the same frequency. By using a narrow ground-to-ground 
spacing for the CPW ground planes that is approximately equal to the physical height 
of the HEMT, the source inductance is virtually eliminated. Figure 3.58 shows the cir-
cuit schematic of a cascode amplifier using a 35-nm InAlAs/InGaAs mHEMT technology, 
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achieving a small-signal gain of more than 10.5 dB across the frequency bandwidth from 
220 to 320 GHz [57]. In this case, due to the very low source resistance of 0.03 Ω/mm, the 
transistor on-resistance at peak gm is only 0.25 Ω/mm.

Despite the fact that HEMT technologies have superior performance compared to CMOS 
due to their higher electron mobility, higher breakdown voltage, and the availability of 
high-quality factors for passive elements, a CMOS implementation provides a higher level 
of integration and reduced cost. In this case, based on a 130-nm digital CMOS technology 
and using CPW transmission lines, the three-stage cascode amplifiers achieved a power 
gain of more than 15 dB in a frequency bandwidth from 34 to 45 GHz and a power gain of 
more than 10 dB with a saturated power in a frequency bandwidth from 53 to 64 GHz at 
a supply voltage of 1.5 V [58]. However, by using a high-resistivity substrate and through-
silicon vias (TSVs), the performance of the integrated microwave and millimeter-wave 
CMOS power amplifiers can be significantly improved. Moreover, the stacking of multiple 
devices in a CMOS process allows increasing the supply voltage, which, in turn, allows 
higher output power and a broader bandwidth for the output-matching circuit. At the 
same time, the maximum operating frequency and quality factor of the passive elements 
can be improved by using a 45-nm CMOS silicon-on-insulator (SOI) process.

Figure 3.59 shows the circuit schematic of the two-, three-, and four-stack CMOS power 
amplifier with shunt CPW transmission lines and series inductances between the devices 
[59]. The circuit for a stacked power amplifier is based on a series interconnection of a 
common-source transistor cascaded with common-gate-like transistors. The stacked 
configuration differs from a cascode, in which the gate of the common-gate transistor is 
grounded at the frequency of operation. Here, the gate of the common-gate-like transistor 
is connected to a finite impedance and experiences a voltage swing. Ideally, the drain volt-
ages of the transistors add-in phase, whereas the drain current is constant through each 
transistor. The gate voltage swing is controlled by introducing appropriate capacitances 
Ck at the gates of stacked transistors, where k = 1, 2, …, K, and K is the number of stacked 
transistors. The series combination of Ck and the gate–source capacitance Cgs of the cor-
responding transistor form voltage dividers that determine the gate voltages. In contrast 
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with cascode amplifiers, this approach reduces the drain–gate and drain–source swings 
under large-signal conditions, allowing reliable transistor operation under large aggregate 
voltage swings. However, the gain of the stacked power amplifier is lower than that of the 
cascode power amplifier. Besides, a critical design consideration is the proper adjustment 
of the dc gate voltages for efficient and reliable operation. With a supply voltage much 
greater than the breakdown levels of the transistors, the gates of the stacked devices must 
be biased such that the dc and RF (Vgs, Vgd, and Vds) voltages of each transistor are less than 
their respective breakdown voltages. Note that the on-resistance of the K-stacked power 
amplifier is K times larger than the on-resistance of each transistor.

Without any reactive tuning, the efficiency and output power reduction are significant 
at millimeter-wave frequencies. To achieve the proper complex impedance between the 
transistors, additional tuning elements are necessary for optimal operation. Figure 3.59a 
shows the circuit schematic of a two-stacked CMOS power amplifier implemented in a 
45-nm CMOS SOI technology, where the shunt inductance, which is formed by two identi-
cal parallel CPW transmission lines to increase the output power, tunes out the parasitic 
capacitance at an intermediate node. The shunt-tuning inductance between the first two 
transistors is used in all amplifiers. However, due to layout constraints, a series-tuning 
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inductance was used between the second and third devices in a three-stack power ampli-
fier, as shown in Figure 3.59b, and in a four-stack power amplifier, as shown in Figure 3.59c. 
From Figure 3.60a, it follows that a higher output power of around 19 dBm and greater 
than 20 dBm over a wide frequency range of 40–48 GHz was obtained by stacking three 
and four transistors, respectively [59]. In both cases, a PAE of around 20% and greater was 
achieved, as shown in Figure 3.60b, with a supply voltage of 3.5 V for a three-stack power 
amplifier and of 5 V for a four-stack power amplifier.

Figure 3.61a shows the block diagram of a broadband W-band CMOS medium-power 
amplifier implemented in a 90-nm CMOS technology [60]. The power amplifier represents 
a three-stage design with the first single-ended stage driving a two-stage-balanced struc-
ture to achieve twice of the output power. The balanced structure cancels reflected pow-
ers and improves the overall amplifier input return loss. Each stage represents a cascode 
configuration with microstrip lines used for the matching circuits and all interconnections 
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to reduce chip size, as shown in Figure 3.61b. As a result, when each transistor is biased at 
Vds = 1.2 V with gate–source voltage set to Vgs = 0.8 V, a measured maximum small-signal 
of 15.1 dB is achieved at 100.5 GHz with a 3-dB bandwidth of 18 GHz from 90 to 108 GHz. 
The power amplifier demonstrates an output power of 10 dBm with about 7-dB saturated 
power gain in a frequency bandwidth from 90 to 100 GHz. A similar balanced power 
amplifier with two three-stage cascode power cells achieved an output power of more 
than 11.8 dBm with a power gain of greater than 18.1 dB from 68 to 83 GHz using a 90-nm 
CMOS technology [61]. By using multiway Wilkinson power combiners with low-imped-
ance transmission lines, the output power over a wide frequency range can be increased. 
As a result, with a 1.2-V supply voltage for a 32-way V-band power amplifier, for a 16-way 
W-band power amplifier, and for an eight-way D-band power amplifier, each of them based 
on a 65-nm CMOS technology, the saturation powers of 23.2, 18, and 13.2 dBm at 64, 90, and 
140 GHz can be achieved with a 25.1-, 26-, and 30-GHz 3-dB bandwidth, respectively [62].

Figure 3.62a shows the circuit schematic of a three-stage single-ended W-band power 
amplifier using a 65-nm CMOS technology to provide high gain and output power under 
low-voltage operation [63]. Here, three nMOS cells are combined for the first stage, four 
nMOS cells are combined for the second stage, and six nMOS cells are used in the final 
stage, with a 2-µm width and 16 fingers for each nMOS cell. The interstage-matching 
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networks represent high-pass-matching sections with series MIM capacitors and shunt 
short-length stubs. The dc supply is fed through the stubs to reduce losses and the chip 
size. The high-pass-matching circuits can compensate the device frequency response and 
flatten the overall gain in the desired frequency range. The output-matching design pro-
cedure at 90 GHz is demonstrated in Figure 3.62b. To increase the bandwidth, two sec-
tions of low-pass-matching networks, each composed of the series transmission line with 
a shunt open-circuit stub, are used to keep the circuit quality factor inside the Q = 1 circle 
on the Smith chart. The first section transforms the impedance from a 50-Ω load to about 
(25 + 5j) Ω and then goes to 5 Ω by the second section to optimize the output power. As a 
result, a small-signal gain of more than 10 dB and a saturated output power of more than 
13 dBm were obtained across the frequency range of 80–105 GHz. By using four cascode 
stages with a final single-ended common-source stage for a broadband power amplifier 
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based on a 65-nm CMOS process, a small-signal gain of more than 10 dB was obtained 
across the very wide frequency range from 110 to 180 GHz [64].
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4
Lossy Matched and Feedback 
Broadband Power Amplifiers

Dissipative or lossy gain-compensation-matching circuits can provide an important 
trade-off between power gain, reflection coefficient, and operating frequency bandwidth. 
Moreover, the resistive nature of such a simple matching circuit may also improve ampli-
fier stability and reduce its size and cost. For the first time, it was suggested to use attenu-
ation-equalizing circuits to maintain a high-quality transmission in long-telephone circuits 
by H. W. Bode in the mid-1930s [1]. For example, such an attenuation equalizer can repre-
sent a four-terminal frequency-selective network together with the connected source and 
load impedances having the constant-resistance image impedances at its input and output 
terminals.

Since it was impossible to provide broadband input matching of the bipolar power tran-
sistors with low-value frequency-varying input impedances, initially, a circuit arrange-
ment composed of a resistor in addition to pure reactances was implemented to keep the 
input reflection coefficient at low values across large frequency bandwidths [2]. Such an 
impedance network was designed in such a way as to compensate the amplification slope 
of approximately 6  dB as much as possible within the bandwidth of one octave. Figure 4.1 
shows the circuit schematic of an octave-band single-stage microstrip bipolar amplifier 
covering the frequency range from 500 to 1000  MHz with a maximum output power of 
about 3  W, a power gain of around 7  dB, and an input VSWR less than 2.5, where a lossy 
compensation circuit consists of a series resistor R shunted by the series-resonant circuit 
composed of a capacitor C and an inductor L, whose parameters were properly optimized.

4.1  Amplifiers with Lossy Compensation Networks

4.1.1  Equivalent Input Device Impedance

For a broadband lossy match silicon MOSFET high-power amplifier, it is sufficient to use 
a simple gain-compensation network with a resistor connected in series with a lumped 
inductor when operating frequencies are low enough compared to the device transition 
frequency fT [3]. In this case, it is very important to optimize the elements of a lossy com-
pensation circuit to achieve minimum gain flatness over maximum frequency bandwidth. 
Let us consider the small-signal silicon MOSFET-equivalent circuit shown in Figure 4.2. 
When the load resistor RL is connected between the drain and source terminals, an ana-
lytical expression for the input device impedance Zin can be obtained as

Z R
R j C

C C j j C R g
in g

gs gs

gd gs g ds L0 m

/
/ 1 1

= +
+

+ + + +
( ( ))

[ ( )(( )( )
1

1
ω

ωτ ω RR j R C CL0 L0 ds gd/
 

1 + +ω ( ))]  
(4.1)

where RL0 = (RL + Rd)/[1 + (RL + Rd)/Rds] and τg = RgsCgs.
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The modified equivalent circuit shown in Figure 4.3a adequately describes the frequency 
behavior of such an input impedance of Figure 4.2. In Equation 4.1, the series source resis-
tance Rs and device transit time τ are not taken into account because of their sufficiently 
small values for high-power MOSFETs in a frequency range of f ≤ 0.3fT, where fT = gm/2πCgs. 
When ωτg ≤ 0.3 and the device output capacitive reactance is inductively compensated, the 
input equivalent circuit simplifies significantly and can represent a capacitor and a resistor 
connected in series, as shown in Figure 4.3b, where

 R R Rin g gs≅ +  (4.2)

 
C C C g

R R
R R R

in gs gd m
L d

L ds d/
≅ + + +

+ +








1

1 ( )  
(4.3)

To provide a constant real part of the input impedance Zin in a frequency range up to 
0.1fT, it is enough to use a simple lossy compensation circuit consisting of an inductor Lcorr 
and a resistor Rcorr connected in series, as shown in Figure 4.3c.

The total input impedance of both lossy match gain-compensation circuit and device 
input circuit is written as

 
Z

R C R L j L C R R
L C

in
corr in in corr corr in in corr

corr in
= − + +

− +
ω ω

ω

2

21
( )

jj C R Rω in corr in( )+  
(4.4)

Rg
Cgd

Cgs

Rgs

Rds Cds

Rd d
g

Zin
RL

s

Rs

gm

FIGURE 4.2
Small-signal silicon MOSFET-equivalent circuit.
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FIGURE 4.1
Schematic of octave-band microstrip lossy match bipolar power amplifier.
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whose real and imaginary parts can be expressed through the circuit parameters by

Re
( )( ) ( )
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L C R C R L C R R

in
corr in corr in in corr in corr in= − − + +1 2 2 2ω ω ω (( )

( ) ( ) ( )
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Under the condition R = Rcorr = Rin, the equations for ReZin and ImZin can be reduced to
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From Equation 4.8, it follows that the reactive part of the input impedance Zin becomes 
zero, that is, ImZin = Xin = 0, when

 L C Rcorr in= 2
 (4.9)
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FIGURE 4.3
Equivalent circuits characterizing device input impedance.
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that leads to a pure resistive input impedance Zin obtained as

 Z R Rin in= =  (4.10)

At microwaves, the short-circuited transmission line can be included instead of an 
inductor Lcorr with the same input inductive reactance. In terms of amplifier circuit param-
eters, the low-frequency gain in decibels can be calculated as

 
Gain 20 log10

m corr L

L d ds
=

+ +










g R R
R R R1 ( ) /

 
(4.11)

However, when the frequency increases, the voltage amplitude applied to the input 
capacitance Cin decreases. This leads to the appropriate decrease of the operating power 
gain GP at higher-bandwidth frequencies. Because the values of Rin for high-power 
MOSFETs are sufficiently small, the value of GP may not be high enough. Therefore, it is 
necessary to provide an additional impedance matching with lossless-matching circuits to 
match with the source 50-Ω impedance or high output impedance of the active device of 
the previous power-amplifier stage.

4.1.2  Lossy Match Design Techniques

In many practical cases, to provide broadband matching with minimum gain flatness and 
input reflection coefficient, it is sufficient to use the single resistive shunt element at the 
transistor input. An additional matching improvement with reference to upper frequen-
cies can be achieved by employing inductive reactive elements in series to the resistor. The 
resistive nature of this type of network may also improve amplifier stability and distor-
tion. To provide a broadband performance for microwave GaAs MESFET power ampli-
fiers, a resistively loaded shunt network, where the resistor is connected in series with a 
short-circuited quarter-wave microstrip line to decrease the loaded quality factor without 
greatly reducing the maximum available gain, was used in the load network to provide 
a flat gain of more than 8–12  GHz, or in the input-matching circuit to cover a frequency 
bandwidth of 2–6.2  GHz [4,5]. For ultra-broadband high-gain multistage amplifiers, using 
a simple lossy compensation shunt circuit with a resistor in series with an inductor placed 
at the input and output of each transistor in parallel with the second-order LC circuits 
allows the gain of 12 ± 1.5  dB with a VSWR of less than 2.5 from 150  MHz to 16  GHz to be 
achieved for a three-stage GaAs MESFET amplifier [6]. A 14-dB gain was obtained over the 
3-dB bandwidth from 700  kHz to 6  GHz for a two-stage microstrip GaAs MESFET power 
amplifier, where a flat gain performance was achieved by using a shunt lossy gain-com-
pensation circuit having a resistor connected in series with a short-circuited microstrip 
line placed at the input and output of the first-stage transistor in parallel to the input and 
interstage LC-matching circuits [7].

A bandstop/bandpass diplexing RLC network is more useful than a simple lossy RL 
gain-compensation circuit because it provides an exact match at one frequency and an 
arbitrary amount of attenuation at any other frequency. Diplexing networks can be used 
in either input or output networks of the amplifier depending on noise figure, power out-
put, and other amplifier constraints. Figure 4.4a shows the resonant-diplexing LC network 
for lossy gain compensation, where the series LsCs and parallel LpCp resonant circuits are 
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tuned to high-bandwidth frequency and RL = R0 [8]. Here, the series capacitance Cs and 
shunt inductance Lp are defined as Cs = BW/ωhRL and Lp = BWRL/ωh, where BW is the nor-
malized frequency bandwidth and ωh = 2πfh is the high-bandwidth radian frequency. The 
distributed form of a lossy gain-compensation network with additional input low-pass 
matching section is shown in Figure 4.4b, where Zp = 4ωhLp/π, Zs = ωhLs/tan θs, and θs is the 
electrical length of the series transmission line at high-bandwidth frequency.

Figure 4.5a shows the basic block of a microwave lossy match GaAs MESFET amplifier, 
where an input-matching circuit and an open-circuit shunt stub cascaded with a series 
transmission line at the device drain terminal are included to provide the amplifier-desired 
frequency response [9]. For frequencies up to 1  GHz, the reactive elements of the transis-
tor- equivalent model have relatively little influence on the gain magnitude and reflection 
coefficients. As a result, the transistor described by S-parameters can be represented by 
its low-frequency model and the amplifier circuit can be significantly reduced to a simple 
network, where S12 = 0 and both S11 and S22 have negligible imaginary components. Then, 
the amplifier gain can be derived as

 
Gain 1 121

m 0
11 22= = + +





| | ( )( )S
g Z

S S2
2

2  
(4.12)
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FIGURE 4.4
Circuit schematics of lossy gain-compensation circuits.
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which clearly expresses the trade-offs between the gain and the reflection coefficients, 
where gm is the device transconductance and Z0 is the characteristic impedance [9,10]. The 
schematic of a multistage lossy match amplifier can be divided into three basic circuit 
functions: input matching, amplification, and interstage matching. Figure 4.5b shows the 
lossy match two-stage GaAs MESFET amplifier with optimum values of the gate and drain 
shunt resistances to achieve flat gain performance over the frequency bandwidth from 2 
to 8  GHz.

Figure 4.6a shows the circuit schematic of a broadband high-power LDMOSFET ampli-
fier with the device geometry of 1.25  µm × 40  mm. The optimized input three-element 
lossy-matching circuit allows a very broadband operation to be provided with minimum 
power gain flatness, and a 1:2 output transformer contributes to an increase in the output 
power level. The capacitor of 20 pF connected in parallel with the resistor of 27 Ω provides 
an additional increase of power gain at higher bandwidth frequencies. The simulation 
results are shown in Figure 4.6b, where an output power of 23.5 ± 1.5  W with a power gain 
of 13.7 ± 0.3  dB in a frequency range from 5 to 300  MHz can be achieved (curve 1). In this 
case, the input return loss is greater than 8  dB up to 225  MHz (curve 2). However, when a 
50-Ω load is directly connected to the device drain terminal through the blocking capaci-
tor, this results in output power levels in the range of 6.5 ± 0.5  W.
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FIGURE 4.5
Circuit topologies of microstrip lossy match MESFET amplifiers.
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Figure 4.7a shows an alternative RLC-matching network, which can be designed to pro-
vide an excellent VSWR performance along with the gain equalization of a microwave 
GaAs MESFET amplifier stage over a decade frequency bandwidth or more [11]. In this 
case, if Rgs = 0, the input circuit can be redrawn into the bridged-T form shown in Figure 
4.7b. This bridged-T circuit represents a second-order all-pass network if L L R C1 2 0

2 2= = gs/ , 
C1 = Cgs/4, and R1 = R0. For Rgs > 0, the network structure becomes different from the stan-
dard all-pass form but the values of L1, L2, C1, and R1 can still be chosen such that the 
source generator sees a pure resistive R0 at all frequencies. The design equations for this 
condition are

 
L p R C1 0

2
gs

1
2

1= −( )
 

(4.13)
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which can be derived from circuit analysis [11].
Such an all-pass gain-compensation-matching circuit can also provide a flat gain over as 

wide frequency bandwidth as possible. In terms of the simple FET model shown in Figure 
4.7a, the voltage Vc across the gate–source capacitance Cgs as a gain-controlled element 
should be constant. In this case, the voltage transfer function Vc/V0 can be written as
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where ωg = 1/R0Cgs. It should be noted that, for practical cases, Rgs of submicron-gate FETs 
is very small compared to 50 Ω which is a usual value of R0, and therefore p ≪ 1. As a result, 
from Equation 4.18, it follows that Vc is approximately constant from ω = 0 to
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189Lossy Matched and Feedback Broadband Power Amplifiers

at which the magnitude of the right-hand side of Equation 4.18 equals to unity, that is, the 
same as at ω = 0. As an example, for a two-stage GaAs MESFET MMIC power amplifier 
where the all-pass lossy match network was incorporated on the input of the first stage, a 
linear gain of 20 ± 0.5  dB, an input VSWR better than 1.7, a saturated power greater than 1  
W with a flatness of only ±0.5  dB, and a PAE of more than 30% were achieved across the 
frequency bandwidth from 2 to 6  GHz [12].

4.1.3  Practical Examples

For solid-state single-sideband (SSB) and amplitude modulation (AM) communication 
transmitters, it is required to provide a linear amplification across the entire frequency 
range from 2 to 30  MHz, which was first covered by using bipolar technology based on a 
push–pull amplifier implementation with broadband toroidal transmission-line imped-
ance transformers and combiners and interstage RLC gain-compensation networks. In this 
case, the driver stages are operated in a Class-A mode for increased power gain, whereas 
the final stages are biased in Class-AB with optimized quiescent currents for better lin-
earity. As a result, the overall four-stage bipolar power amplifier achieved a PAE of more 
than 31% for a two-tone 60-W peak-envelope-power (PEP) signal over the entire frequency 
range from 2 to 30  MHz, with the third-order intermodulation products (IM3) equal to 
−30 dBc or better at output powers from 5 to 60  W [13].

Figure 4.8 shows the circuit schematic of a bipolar broadband high-power amplifier 
designed for broadcasting VHF FM transmitters in a frequency range from 66 to 108  MHz 
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FIGURE 4.8
Bipolar broadband high-power amplifier for VHF FM transmitters.
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[14]. When using the 200-W balanced VHF–UHF bipolar transistors, such as NEC 2SC3812, 
biased in a Class-C mode, an output power of 350  W with a power gain of 11.0 ± 1.0  dB 
and a collector efficiency of about 60% can be provided across the entire frequency band-
width by combining two transistors. An appropriate negative biasing in a Class-C mode is 
achieved by using a series resistor of 5.1 Ω together with a series inductor of about 15 nH in 
each bias circuit, which also serves as a lossy match gain-compensation circuit to provide 
minimum gain and power variations. The asymmetric 1:2 input TL1 and output TL8 trans-
formers with the coaxial-cable characteristic impedances of 25 Ω are used to convert 12.5 Ω 
into the standard source and load 50-Ω impedances, respectively. The unbalanced-to-bal-
anced stripline transformers TL3 through TL6 with the stripline characteristic impedances 
of 6 Ω are necessary to provide the 3-Ω source and load impedances for each part of the 
balanced bipolar transistors. Because of the small value of the device single-ended input 
impedance of about 1 Ω with the inductive component, the additional input two-section 
L-type impedance-matching circuits are used. Here, the series microstrip lines l1 through 
l4 are the inductive elements for the first section and the device lead inductances are the 
inductive elements for the second section. Power dividing at the input as well as power 
combining at the output of the high-power amplifier is realized by hybrid power splitters/
combiners TL2 and TL7, each having 12-Ω ballast resistors and the stripline characteristic 
impedances of 12.5 Ω. Such a hybrid power splitter/combiner provides excellent device-to-
device and device-to-load isolations and contributes to amplifier operation stability.

The circuit schematic of the input, interstage, and output networks intended to be imple-
mented in microwave broadband power amplifiers are shown in Figure 4.9. A constant-
resistance input network shown in Figure 4.9a provides the input device impedance to be 
pure, resistive, and equal to Zin = Rin when L C R1

2= gs in, C1 = Lg /Rin
2 , and R1 = Rin, thus mak-

ing wideband transformation of the input resistance to the source resistance much easier. 
In the output network shown in Figure 4.9b, a value of the drain inductance Ld is properly 
chosen to compensate for the capacitive device output reactance at the center bandwidth 
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FIGURE 4.9
Schematics of input, output, and interstage broadband-matching circuits.
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frequency, and a resonant frequency of the parallel L2C2 circuit is set to be equal to the 
same center bandwidth frequency. In this case, for lower frequencies where the device 
output impedance Zd is capacitive, reactance of the parallel resonant circuit is inductive. 
On the other hand, for higher frequencies where the impedance Zd is inductive, reactance 
of the parallel resonant circuit is capacitive. As a result, the wideband reactance compensa-
tion is realized when the reactive part of the overall output impedance becomes very small 
over a wide frequency bandwidth. For microwave applications, such a parallel resonant 
circuit is fabricated by using a quarter-wave short-circuit stub. The interstage network, 
whose circuit schematic is shown in Figure 4.9c, comprises the input and output networks 
described above and a quarter-wave microstrip transformer with the characteristic imped-
ance of Z R L R C0 in d out out/= .

Figure 4.10 shows the circuit schematic diagram of a two-stage lossy match MESFET 
power amplifier [15]. By using a 1.05-mm device in the driver stage and two 1.35-mm 
devices in the final stage, a saturated output power of 27.7 ± 2.7  dBm, a linear power gain 
of 8.3 ± 2.8  dB, and a drain efficiency of 15.3% ± 8.3% were measured in a frequency range 
from 4 to 25  GHz. The input and interstage constant-resistance networks are represented 
by the series connection of a resistor and a high-impedance microstrip line. Two such 
networks connected in parallel provide pure resistive input impedance, where l4 and l5 are 
the series microstrip lines, R1 and R2 are the series resistors. The short-circuited microstrip 
lines (l7 and l8 in the interstage network, l19 and l21 in the output network) with quarter-
wave electrical lengths at the center bandwidth frequency serve as the parallel resonant 
circuits connected at the device output terminals. The microstrip lines l10 and l14 in the 
interstage network represent the quarter-wave impedance transformers, which provide 
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FIGURE 4.10
Microstrip two-stage lossy match MESFET power amplifier.
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matching between the output impedance of the driver-stage device and the input imped-
ance of the second-stage devices connected in parallel. The input- and output-matching 
circuits are realized in the form of T-transformers, where the series microstrip lines and 
parallel open-circuit microstrip stubs replace the series inductors and shunt capacitors, 
respectively. To further increase an output power, the number of amplifying stages with 
lossy input and interstage-matching circuits connected in parallel can be increased. As a 
result, by optimizing the output matching and combining circuits, for a three-stage MMIC 
0.25-µm pHEMT power amplifier with a distributed amplifier used as a driver stage and 
four 1200-µm transistors in the output stage, an output power of 2.4 ± 1.1  W with a small-
signal gain of 24 ± 3.5  dB over the frequency range from 6 to 18  GHz was measured [16].

Figure 4.11 shows the circuit schematic of a two-stage broadband microstrip lossy match 
0.1-µm InP-HEMT amplifier, where the source inductor is inserted between the source 
terminal of each transistor and the ground to increase the input device impedance and 
lower the Q-factor [17]. Here, the shunt lossy match networks are connected at the outputs 
of both devices and at the input of the first-stage transistor. The source inductor ls of 10-µm 
length increases the real part of the device input impedance from 2 to 9.5 Ω, thus reduc-
ing the Q-factor from 8.0 to 1.4 at the same time. To maximize frequency bandwidth and 
improve an input VSWR, the input, interstage, and output-matching circuits incorporating 
the CPW transmission lines and open-circuit stubs are used. In this case, the best gain flat-
ness in the gain–frequency characteristic is achieved with an optimum value R = 30 Ω. For 
the transistors with the transconductance gm = 1.4 S/mm and transition frequency fT = 240  
GHz, a 94-GHz bandwidth and a 10-dB gain with a power consumption of 79  mW at a sup-
ply voltage of 2  V were achieved. The amplifier operates as a CR-coupled amplifier in the 
low-to-medium frequencies and as an LC match amplifier at high frequencies.

The output-matching network can also represent the series connection of a π-type low-
pass-matching circuit and a lossy gain-compensation network, as shown in Figure 4.12 
[8]. For both bipolar and MESFET broadband amplifiers, the π-type network comprises 
a device output capacitance and an open-circuit microstrip stub, which are connected to 
each side of a series-lumped inductor, respectively. The output lossy gain-compensation 
network is connected between the π-type matching circuit and the load. This configuration 
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FIGURE 4.11
Circuit schematic of the two-stage microstrip lossy match InP-HEMT amplifier.
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is usually used for very broadband medium-power amplifiers. For example, the two-stage 
cascade of an L-band broadband bipolar amplifier shown in Figure 4.12a was designed for 
a minimum input reflection coefficient with a VSWR of 1.78, a maximum gain variation 
of ±1.2  dB, and around 16.5-dB power gain over the frequency range from 1 to 2  GHz. The 
two-stage cascade of a microwave MESFET amplifier shown in Figure 4.12b was designed 
for a maximum flat gain in a frequency range from 4 to 6  GHz when the power gain varies 
within 15.4 ± 0.5  dB. To provide minimum loss at high-bandwidth frequency, the short-
circuited microstrip line in the output lossy gain-compensation circuit was chosen to be 
of a quarter-wavelength long for each amplifier. For a two-stage 1-µm MESFET amplifier 
with the first stage designed for minimum noise figure and the second stage designed for 
maximum flat gain at higher bandwidth frequencies, a power gain of 9.5 ± 1  dB over the 
frequency range from 6.5 to 12  GHz was achieved [18].

Figure 4.13a shows the circuit schematic of a broadband GaN HEMT microwave power 
amplifier implemented in the form of a flip-chip-integrated circuit with the device geom-
etry of 0.7 µm × 1  mm, transition frequency fT = 18  GHz, and maximum frequency fmax = 35  
GHz [19]. The optimized input three-element lossy LCR-matching circuit provides a 
power gain up to 11.5  dB and a low-input reflection less than −10  dB over the frequency 
range from 3 to 9  GHz. As the impedance at the input of a lossy match gain-compensation 
circuit is only of about 10  Ω, this necessitates an additional 50-to-10-Ω broadband Tr1, 
which was realized using a few sections of quarter-wave coplanar transmission lines 
with decreasing characteristic impedances. The output network incorporates a low-pass 
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LC circuit to compensate for the output device capacitance such that the intrinsic device 
sees approximately a real load within the entire frequency bandwidth. Since the opti-
mum load for this 1-mm device with a supply voltage of 20  V is of about 50 Ω, no output 
Tr1 is needed. The output power was measured of about 1.6  W with a PAE from 14% to 
24% across the frequency bandwidth from 4 to 8  GHz. By combining of four such GaN 
HEMT power amplifiers connected in parallel, the highest output power of 8  W with a 
PAE of about 20% was obtained at 9.5  GHz and the lowest output power of 4.5  W was 
measured at 4.5  GHz, with a small-signal gain of 7  dB across the frequency bandwidth 
from 3 to 10  GHz [20].

To provide multidecade bandwidth with a very good input return loss, a compact 
bridged-T all-pass input RLC-matching network can be used, as shown in Figure 4.13b, 
where the resistor R1 was set to be of 50 Ω [21]. In this case, a GaN HEMT periphery of 2.2  
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mm was chosen to obtain an output power in the range of 10  W. A simple two-element-
matching circuit consisting of a series microstrip line and a shunt capacitor was used at the 
output to provide optimum load impedance at the upper band edge. The power amplifier 
was packaged in a ceramic package including GaN HEMT on an SiC device operating at 
28  V and GaAs integrated passive-matching circuitry. As a result, an output power of 8  W 
and a power gain of 12  dB were measured over the frequency bandwidth from 50  MHz to 
2  GHz with a drain efficiency from 36.7% to 65.4%.

4.2  Feedback Amplifiers

The principle of a feedback linearization and flat gain bandwidth expansion of the power 
amplifier was invented by H. S. Black in 1927. A year later, he filed the patent application 
on a vacuum-tube feedback amplifier [22]. Black recognized that using a large amount 
of feedback in an amplifier comprising several vacuum-tube stages in a cascade to yield 
a very high open-loop gain gives a glorious opportunity to make the resulting negative 
feedback amplifier increased in bandwidth and insensitive to nonlinearity and uncer-
tainty in the characteristics of the vacuum tube [23]. The gain of the negative feedback 
amplifier decreases by an amount of the feedback or loop gain; so do the nonlinear com-
ponents. In this case, the negative feedback amplifier becomes insensitive to the gain or 
phase variations as long as its stability conditions are satisfied. Unfortunately, the sig-
nificance of this invention was not fully understood at that time, as well as the opera-
tion principle of a negative feedback amplifier. For instance, Black’s director of research 
insisted that a negative feedback amplifier would never work; similarly, the Patent Office 
initially did not believe it would work and took more than 9 years to decide to issue the 
patent [24]. However, a three-stage vacuum-tube amplifier with a proper parallel feed-
back RLC network designed by H. W. Bode was able to demonstrate a 28-dB uniform 
feedback in a frequency range between 60  kHz and 2  MHz with a phase margin of stabil-
ity of approximately 45° [25,26].

The design of the transistor feedback amplifiers is in some respect more involved due to 
the physical nature of the transistor itself. Even at low frequencies, the bipolar transistor 
is represented by a more complicated equivalent circuit than a vacuum tube, and its input 
impedance is in general low with a considerable effect by conditions in its output circuit. 
However, simple and useful expressions can be derived if the applied negative feedback is 
large enough. To achieve reasonable gain-stability performance with a single-stage ampli-
fier, almost all available gain of the amplifier would need to be utilized for the application 
of negative feedback. For most practical purposes, therefore, feedback over more than one 
stage is necessary, and, as the common-emitter stage gives a phase reversal, the most suit-
able number of stages is three if a phase-inverting circuit is not used.

Figure 4.14 shows the simplified circuit schematic of a three-stage bipolar amplifier, 
where the resistor R1 is responsible for series negative feedback and the resistor R2 is 
responsible for parallel negative feedback. Assuming that all three transistors have the 
same parameter values and the source resistance R0 is much smaller than the load resis-
tance RL, the gain for an amplifier with a large negative feedback can be derived as
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which shows the relationship between the gain and the feedback parameters [27]. Note 
that the design of feedback amplifiers using both series and parallel feedback is basically 
the same as when both types of feedback are applied separately.

The type of feedback can be cascaded when, for example, the first and third stages uti-
lize the series resistive feedback type, whereas the second stage utilizes the parallel resis-
tive feedback type [28]. To increase gain of a three-stage bipolar amplifier, the negative 
feedback used in the third stage can be combined with lossy-matching circuits used in the 
first and second stages [29]. In one of the first monolithic implementations, a two-stage bal-
anced silicon bipolar amplifier with a series–parallel feedback in each stage achieved a flat 
gain of 12  dB within 0.5  dB over a frequency range from dc to 1  GHz with a noise figure of 
7.5  dB at 800  MHz [30]. High stability and direct cascading of four such two-stage ampli-
fiers resulted in a flat gain of nearly 50  dB varying within 1  dB across the same frequency 
range.

4.2.1  Negative Feedback Design Techniques

At microwave frequencies, the parasitic elements of a GaAs MESFET device restrict the 
amplifier bandwidth capability. Therefore, to extend the bandwidth of the negative feed-
back amplifier to higher frequencies, it is advisable to use a series inductor connected to 
the drain terminal and a series inductor inserted into the resistive feedback loop, as shown 
in Figure 4.15a [31]. In this case, the drain inductance is necessary to compensate for the 
device output capacitive reactance at the upper band edge, and the feedback inductance 
is required to improve the amplifier gain capability at higher frequencies by reducing 
negative feedback when frequency increases. However, it is very important to prevent any 
instability at higher frequencies when the feedback loop can potentially elevate the inser-
tion gain above that of the open-loop amplifier. The degree of feedback is mainly con-
trolled by the value of the feedback resistor RF. To derive a simple analytic expression for 
the feedback resistance, the equivalent circuit of a GaAs MESFET can be reduced to the 
low-frequency model when the reactive elements of the transistor and matching circuits 
are neglected. Besides, to demonstrate the trade-off between VSWR and gain, it can be 
assumed that GdsZ0 ≪ 1 and Gds ≪ gm, where Gds is the drain conductance, gm is the device 
transconductance, and Z0 is the characteristic impedance equal to the source and load 
resistances.

As a result, by taking into account that the device series gate resistance Rg, source resis-
tance Rs, and drain resistance Rd are very small compared to the feedback resistance RF and 
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FIGURE 4.14
Schematic of the three-stage bipolar amplifier with series–parallel resistive feedback.
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load resistance RL = Z0, the low-frequency S-parameters of the negative feedback amplifier 
stage can be written as
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which demonstrate that the gain, input and output VSWR, and reverse isolation are all 
fixed quantities for a particular transistor once the value of the feedback resistor RF is 
chosen [31].

The ideal matching condition when S11 = S22 = 0 can only be satisfied for

 R g ZF m= 0
2

 (4.25)
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Circuit topologies of the microstrip negative feedback MESFET amplifiers.
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In this case, the associated gain is

 G g Z= −20 log 110 m( )0  (4.26)

The circuit schematic of a matched feedback amplifier with simple input- and output-
matching circuits consisting of an open-circuit stub and short series transmission lines 
is shown in Figure 4.15a. By selecting a feedback inductor of 6 nH, a drain inductor of 
0.4 nH, and a feedback resistor of 160 Ω, the frequency range from 350  MHz to 14  GHz was 
covered with a minimum gain of 4  dB at an output power of 13  dBm using a 1-µm GaAs 
MESFET device with the gate width of 800  µm [31]. Since a parallel feedback resistor pro-
vides a strong negative feedback to match the transistor over a very wide frequency range, 
which makes the gain very low for the devices with low transconductance according to 
Equation 4.26, two or more transistors can be connected in a parallel configuration, which 
increases the overall transconductance [32].

Figure 4.15b shows the circuit schematic of a single-stage feedback GaAs FET amplifier 
intended for a hybrid implementation on an alumina substrate using lumped inductors, 
chip capacitors and resistors [33]. In this case, the transconductance of a structure with three 
parallel transistors (total gate width of 900  µm and gate length of 0.7  µm) was more than 
72 mS, which contributed to a power gain of around 8  dB over the frequency range from 
100  MHz to 6  GHz with a 1-dB gain-compressed output power of 15  dBm at 6  GHz and a 
worst-case 4.5-dB noise figure at 3  GHz. A monolithic negative feedback 0.7-µm GaAs FET 
amplifier covering the frequency range from 1 to 7  GHz was able to achieve a small-signal 
gain of 6.0 ± 0.2  dB with maximum input and output VSWR of 2.3 and 1.7, respectively [34].

The equivalent circuit of a negative feedback MOSFET power amplifier with a parallel feed-
back resistor RF and inductor LF is shown in Figure 4.16. For medium- and high-power devices, 
the series source resistance Rs and feedback gate–drain capacitance Cgd are sufficiently small 
to have a substantial influence on the device RF performance, and the series drain induc-
tor Ld is used to compensate for the device drain–source capacitance Cds at high-bandwidth 
frequency. In this case, the device admittance matrix can be obtained in a simplified form as
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FIGURE 4.16
Equivalent circuit of the negative feedback MOSFET power amplifier.
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The parallel negative feedback admittance matrix can be written as
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where YF = 1/ZF and ZF = RF + jωLF is the feedback impedance.
As a result, the total admittance Y-matrix can be derived as
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To evaluate the feedback inductance LF, it is advisable to further simplify the calcula-
tion procedure by taking into account that usually, Rd/Rds ≪ 1 and ωCgs(Rg + Rgs) ≪ 1 when 
f ≤ 0.1fT. Then, the input two-port network admittance Yin can be written as
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where RL is the load resistance.
Under the condition of ωLF/[RF + Rds/(1 + Rds/RL)] ≤ 0.3 when the phase shift due to the 

feedback circuit is sufficiently small to cause the circuit instability, the inductance LF 
obtained from the condition of ImYin = 0 can be calculated from
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In this case, an input impedance of the matched negative feedback amplifier circuit 
becomes real and equal to
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By applying a condition of Rin = Rds/(1 + Rds/RL) for the input impedance, the ratio of the 
feedback resistance RF and the basic parameters of the device-equivalent circuit can be 
written in a simple form as

 
R g

R
R R

F m
L

L ds/
=

+




1

2

 
(4.33)

The operating power gain GP can be expressed through the amplifier-equivalent circuit 
parameters as
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In this case, the maximum available gain MAG = GPmax with unilateral amplification for 
an ideally matched parallel feedback power amplifier can be written as
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C R R R R

Pmax
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L

gs gs g L ds/
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+ +( ) ( )( )ω 2 21  
(4.35)

Consequently, the ratio GPmax/GP can characterize the negative feedback depth provided 
that gmRL ≫ 1 by
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From Equation 4.36, it follows that, at operating frequencies where ωCgs(Rg + Rgs) ≤ 0.1 
and under the condition of (Rg + Rgs)(1 + RL/Rds)/RL ≥ 0.1, the strong negative feedback level 
of more than 10  dB is realized, which leads to the significant improvement of the ampli-
fier nonlinear characteristic with an appropriately reduced level of the intermodulation 
distortion.

Figure 4.17 shows the circuit schematic of a microstrip negative feedback power ampli-
fier using an SiC MESFET, where an unconditional stability is provided by adding a par-
allel combination of Rs and Cs in series at the input [35]. In this case, the frequency range 
from 10  MHz to 2.4  GHz was covered with a power gain of 8 ± 0.5  dB, an output power 
of 37  dBm at 1-dB gain compression point, and a PAE of almost 35% at a supply voltage 
of 30  V. In a two-stage configuration with a GaAs MESFET driver, a power gain of 22 ± 1  
dB with a noise figure of less than 4  dB was achieved across the same frequency range 
with a 37-dBm output power [36]. By using a GaN HEMT transistor in a single-stage nega-
tive feedback amplifier, an output power of 43 ± 1  dBm with a power gain of 12 ± 1  dB was 
achieved from 500  MHz to 2.5  GHz at a supply voltage of 28  V with a PAE from 40% at low 
frequencies below 750  MHz to 30% at higher frequencies [37]. At the same time, a linear 
power of more than 37.3  dBm and a power gain of more than 13.3  dB were achieved over 
the frequency range from 1.0 to 3.4  GHz, with an interception point IP3 of 48.5  dBm and a 
PAE of 23.5 at 3  GHz [38].

CRF24010

CS

Vg Vdd

CF RF

Pin
Pout

RS

FIGURE 4.17
Circuit schematic of the microstrip negative feedback SiC MESFET power amplifier.
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4.2.2  Noise Figure

The noise figure FT for the parallel negative feedback amplifier, in which both the ampli-
fier and feedback two-port networks have noise sources, as shown in Figure 4.18, can be 
written as
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is the noise figure for the circuit, in which only the feedback resistor block is noisy, gm is the 
device transconductance, RS is the input source resistance, RF is the feedback resistance, 
and F2 is the noise figure for the circuit, in which only the amplifying block has noise 
sources [39].

Generally, the Y-parameters for the parallel connection of two-port networks can be 
written as
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FIGURE 4.18
Noise-equivalent circuit for common-source FET with negative feedback.
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where n is the number of parallel two-port networks.
Defining the noise figure FN for the FET without the feedback resistor (Block 1), the 

equation expressed through the device noise currents and equivalent-circuit admittance 
parameters can be obtained as
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(4.40)

where the total admittance parameters Y11 and Y21 are defined from Equation 4.39, y11 and 
y21 are the transistor admittance parameters, YS is the source admittance, in12 and in22 are 
approximately treated as fully correlated noise currents, and in12u is the uncorrelated noise 
current component. For in12u = in12 = 0 when it is considered that in22 is more dominative 
than in12, Equation 4.40 can approximately be calculated for the FET with gm = 60 mS and 
RF = 250 Ω as
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Since for a 1.2-µm FET with a 400-µm gate width for a 50-Ω source impedance (without 
feedback), the calculated F1 value from Equation 4.38 is equal to 1.41 and the measured FN 
value was 2.8 (4.5  dB), resulting in F2 = 3.97. Consequently, the noise figure for Figure 4.18 is 
obtained from F1 and F2 using Equation 4.37 as
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(4.42)

where FT is about 2  dB higher than FN = 4.5  dB [39].
Exact formulas for the noise parameters and noise figure of the amplifiers with par-

allel feedback and lossy input- and output-matching circuits can be given through the 
equivalent noise resistance Rn, equivalent noise conductance Gn, and the corresponding 
correlation admittance Ycorr [40,41]. The value of the parallel feedback resistor represents 
a practical compromise between the VSWR, gain, and noise figure. For example, greater 
resistance values decrease the noise figure and increase the gain, but also increase the 
reflection coefficients at the input and output terminals that severely limit the capability 
of a broadband multistage amplification [40]. The measured noise figure for the low-noise 
two-stage amplifier using AlGaN/GaN HEMT on SiC technology with a source-inductive 
feedback in the first stage and a parallel RLC feedback in the second stage was less than 4  
dB in an operating frequency range from 4 to 18  GHz [42]. However, for an equal amount 
of negative feedback, the series feedback gives a much lower noise figure than the parallel 
feedback [43].

4.2.3  Practical Examples

Figure 4.19 shows the circuit schematic of a linear MOSFET power amplifier designed for 
multioctave frequency bandwidth from 1.5 to 60  MHz with a 50-W output power and a 
power gain of 23 ± 1  dB [44]. By using the negative feedback resistors of 36 Ω in the final 
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stage, the power-amplifier nonlinearity can be significantly improved by reducing the 
level of the IM3 down to −45 dBc. Here, the input Tr1 is provided by an asymmetrical 1:9 
impedance transformer using a 17-Ω stripline and a ferrite core with permeability µ = 400. 
An increased value of the ferrite core permeability is necessary to reduce the cable length 
to less than 15  cm, providing a significantly higher inductive impedance of the trans-
former primary winding in about 10 times than the standard 50-Ω source at low-band-
width frequencies. Owing to the 36-Ω parallel resistive feedback, the input impedance 
of each device should be of 6.25 Ω. In this case, it is sufficient to use an unbalanced-to-
balanced 1:1 transformer with a 12.5-Ω stripline characteristic impedance, which pro-
vides a 12.5-Ω load for the driver-stage MOSFET device. The use of the transformer TL3 
contributes to additional even-harmonic suppression in a push–pull operation mode. In 
terms of the circuit simplicity, it is convenient to use its common terminal for the drain 
voltage supply. The output transformation is achieved by using a 1:1 balun TL4 to convert 
an output impedance of each 50-W MOSFET device with fT = 1  GHz designed for a push–
pull operation into 12.5 Ω and an asymmetrical 1:2 transformer TL5 to transform 12.5 Ω 
to the standard 50-Ω load.

A linear output power of 150  W can be achieved by simultaneously using the nega-
tive feedback and lossy match techniques required for both stability and gain flatness 
performance in a two-stage MOSFET power amplifier based on a balanced 28-V 400-W 
VDMOSFET device in a final stage to cover the frequency range from 20 to 100  MHz with 
a PAE around 40%, a power gain of more than 30  dB, and a gain flatness within 1  dB [45]. 
The test results demonstrated a stable operation of the implemented broadband power 
amplifier under different VSWR values up to ∞ at all phases.

The circuit schematic of a bipolar push–pull power amplifier achieving an output power 
of 160  W (PEP) with the intermodulation distortion (IM3 and IM5) better than −30 dBc at 
a supply voltage of 28  V into a 50-Ω load is shown in Figure 4.20a [46]. For broadband 
linear operation, a quiescent collector current of 60–80  mA for each final-stage transistor 
2N5942 (150  W, 250  MHz) should be provided. Higher quiescent current levels will reduce 
the fifth-order intermodulation products (IM5), but will have a small effect on the IM3 
except at lower power levels. A biasing adjustment is provided in the amplifier circuit to 
compensate for variations in the transistor current gain, which allows control of the idling 
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FIGURE 4.19
Circuit schematic of the multioctave linear MOSFET HF-VHF power amplifier.
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current for both the output and driver devices. A driver stage should achieve about 4.5  
W (PEP) with the intermodulation products better than −40 dBc at a quiescent collector 
current of 10–15  mA, which is the maximum necessary to drive two devices in the final 
stage. Higher current levels will not improve linearity, but will degrade driver efficiency. 
To compensate for variations in output with changes in the operating frequency, the nega-
tive voltage feedback is employed on both the final and driver stages. At the low end of the 
desired frequency band, approximately 4.5  dB of feedback is inserted into the final stage 

C10 L8
L5

L9

C13
R6

C12

(a)

(b)

C11

T2

L1

J1

C3

C4

C2

R1

R2

C1

L2 R12

R3

R4

R11

C17

C21C20

C14

20 Vdc

Q4

R10

Pair

Pairs

B

T4

C

A

Twisted
pair

12.5 Ω
Balanced

50 Ω
Unbalanced

R9

C6
C8 C13

C7

C5

C23

C0

L3

L4
C22

D1

T1

L7

L6

R7

R8

Q3

Q2Q1

R5

Q2
T3

C18

T4

B

C19
C15

A

C J2

FIGURE 4.20
Circuit schematic of a broadband bipolar VHF power amplifier.
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and 15  dB of feedback is inserted into the driver stage, resulting in a maximum total gain 
variation of 0.5  dB over the frequency range from 3 to 30  MHz.

To achieve the desired broadband response, the transmission-line transformers based on 
twisted-pair windings and toroidal cores were used for input power dividing and output 
combining. The transformers T1, T2, and T3 have turn ratios of 4:1, 1:1, and 1:4, respectively. 
The transformer T1 consisting of six turns of two-twisted pairs wound on a toroidal core 
provides a Tr1 to match the 50-Ω source to the low-impedance at the base of the transistor 
Q1. In this case, the two pairs (four separate wires) are twisted together and the two wires 
from each original pair are soldered together at each end. The transformer T2 is a 1:1 balun 
consisting of six turns of two-twisted pairs of wire (four wires in total). The transformer 
T3 consists of four turns of two-twisted wires, where both wires of each pair are soldered 
together at each end. The transformer T4 is a 1:4 balun with three separate windings, as 
shown in Figure 4.20b, where the windings A and B consist of five turns of two-twisted 
pairs, whereas the winding C is formed from eight turns of a single-twisted pair. The ferrite 
core used for the transformer T4 has a specified maximum flux density of about 100 gauss.

Figure 4.21 shows the circuit schematic of a multioctave push–pull VHF power ampli-
fier based on a balanced MOSFET device, which achieved an output power of 300  W with 
a power gain of about 15  dB from 10 to 175  MHz at a supply voltage of 50  V [47]. In this 
circuit, the gate–bias voltage divider accommodates a thermistor–resistor combination for 
temperature stabilization of the MOSFET quiescent current. Without this stabilization, the 
drain idle current would have an approximate temperature coefficient of +15  mA/°C. The 
input and output impedance matching is realized with unique wideband coaxial-cable 
transformers, whose advantages are the dc isolation between the primary and secondary 
turns, automatic balanced-to-unbalanced functions, and compact size. The low-impedance 
side always has one turn and consists of parallel-connected segments of the coaxial outer 
conductor. The high-impedance side has inner-conductor segments that are connected in 
series. This arrangement permits only integer impedance ratios that are perfect squares, 
such as 1, 4, 9, and 16. The coupling coefficient between the primary and secondary turns 
can be controlled by varying the coaxial-cable characteristic impedance. In an optimum 
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FIGURE 4.21
Circuit schematic of the multioctave MOSFET VHF power amplifier.
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configuration, the low-impedance winding connection points should be brought together 
as close as possible, which minimizes the lengths of the uncovered inner-conductor seg-
ments. The transformer T1 provides a 16:1 impedance ratio resulting in a closer match at 
lower frequencies, whereas the high end can be corrected by using an input shunt variable 
capacitor and a balanced capacitor connected between the device gates. The output match-
ing is provided by a 4:1 transformer T2, with a shunt variable capacitor at the output opti-
mized at 175  MHz. The negative RLC feedback for each balanced transistor part improves 
the input return loss and flattens the power gain over the entire frequency range, where 
it is sufficient to use the lead lengths of the resistors as the feedback inductors L2 and L3.

Using LDMOSFET and GaN HEMT technologies allows the broadband high-power 
operation of the negative feedback amplifiers with high efficiency to be achieved across 
VHF and UHF frequency bands. For example, a two-stage broadband push–pull power 
amplifier based on two 4-W LDMOSFET devices MRF281Z in the driver stage and two 
10-W LDMOSFET devices MRF282Z in the final stage with a parallel RLC feedback for 
each transistor and 1:1 baluns at the amplifier input and output demonstrated an output 
power of more than 37  dBm and a PAE of more than 43% with a power gain of 22 ± 1.5  
dB over the entire frequency bandwidth of 2–500  MHz [48]. Figure 4.22 shows the circuit 
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FIGURE 4.22
Circuit schematic of a broadband push–pull GaN HEMT VHF–UHF power amplifier.
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schematic of a single-stage broadband push–pull power amplifier based on two 10-W GaN 
HEMT devices CGH40010P, which provides an operating frequency range from 8 to 800  
MHz with an output power of more than 40.5  dBm, a power gain of 17.2 ± 0.3  dB, and a PAE 
from 26.7% to 45% [49]. Here, the input and output 1:1 baluns are also used to match the 
required 25-Ω impedances at each device input and output, provided by optimized paral-
lel RLC feedback circuits, with the standard 50-Ω source and load impedances.

A similar negative feedback approach was applied to a two-stage broadband power 
amplifier using four 10-W LDMOSFET devices in the driver stage and four 45-W GaN 
HEMT devices in the final stage, as shown in Figure 4.23, resulting in an output power 
of more than 100  W, a power gain of 29.2 ± 1.8  dB, and a PAE of more than 43% from 10 to 
500  MHz with the second-harmonic suppression of more than 29  dB [50]. Here, the four-
way balun method is used for matching of the source and load 50-Ω impedances with the 
required input and output 12.5-Ω impedances at the input of each driver transistor and 
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FIGURE 4.23
Circuit schematic of a broadband high-power GaN HEMT VHF–UHF amplifier.
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at the output of each final-stage transistor. The permeability of the ferrite core and the 
number of winding turns need to be carefully chosen to ensure that the transformer can 
provide a low insertion loss and a wide operating frequency bandwidth. With four 60-W 
MRF9060 LDMOSFET devices in the final stage, an output power of more than 100  W, a 
power gain of 40 ± 1.5  dB, and a PAE of more than 35% were measured in a frequency range 
from 30 to 500  MHz [51].

Figure 4.24 shows the broadband two-stage cascode 0.13-µm RF CMOS power amplifier 
where the parallel feedback in both stages and lossy output matching are used to cover a 
very wide frequency range with a flat power gain [52]. The parallel RC feedback improves 
the input return loss across the entire frequency bandwidth, prevents the dc current from 
flowing directly through the resistive feedback path, and improves the power gain at the 
high-bandwidth frequencies. The shunt RL circuit in the output-matching circuit improves 
the output return loss at low-bandwidth frequencies. As a result, an output power P1  dB 
over 6  dBm with a power gain of more than 10  dB was simulated across the frequency 
bandwidth of 0.7–6  GHz at a supply voltage of 1.8  V.

4.3  Graphical Design of Gain-Compensating 
and Feedback Lossy Networks

The first step for designing feedback amplifier modules can be based on two graphical 
methods [32]. The first method is based on the use of a set of curves of a constant maxi-
mum available gain Gmax (or MAG) and a stability factor K, plotted in polar diagrams that 
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FIGURE 4.24
Circuit schematic of a broadband microwave CMOS power amplifier.
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lead to the configuration and values of the feedback circuit in a simple way to obtain gain 
equalization and unconventional stability in a broad range of frequencies. The second 
graphical method pays more attention to obtain a flat magnitude of S21 over a wide band, 
controlling the S-parameters and making the input and output amplifier design easier. 
These two methods lead to design values close to the final ones, so that very little com-
puter optimization is needed.

The transistor two-port network together with the parallel feedback circuit is shown 
in Figure 4.25a. Assuming, in the first approximation, that the feedback network admit-
tances ′Yij  are negligible compared to the corresponding transistor admittances Yij, except 

′Y12, then, the stability factor K and the maximum available gain Gmax for the feedback 
amplifier are respectively given by
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where Y Y Y12 12
T

12= + ′  is the feedback admittance.
From Equations 4.43 and 4.44, it follows that, for a given device, K and Gmax are functions 

of the feedback admittance Y12
T. By taking this admittance as a complex variable, a set of 

constant-K curves and a family of constant-Gmax curves for each frequency can be plot-
ted. In this case, the constant-K curves are ellipses and constant Gmax curves are circles. 
To obtain a gain G0 with unconditional stability when the transistor feedback admittance 
Y12 is located at the point which is conditionally stable, this point can be translated to 
any other point on the G0 circle, and the resulting network represents a simple RC series 
circuit. This procedure can be repeated for several frequencies in the required frequency 
band by plotting the constant-K and constant-Gmax curves and Y12 point at each bandwidth 
frequency and then synthesizing the entire broadband network.

A different approach can be followed if the feedback circuit to obtain an amplifier mod-
ule with a constant S21

T  instead of an amplifier with a constant Gmax can be used, uncondi-
tionally stable and matched in a very broad frequency range. In this case, it may be easily 
shown that the network S-parameters are approximately obtained by
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when the magnitude of S21 of the transistor is reasonably high, Y0 = 1/Z0, and Z0 is the 
source and load characteristic impedance.

In a complex plane, constant S21
T  curves are a family of circles centered at the origin, 

whose radii are 2 21/| |ST , as shown in Figure 4.25b, where typical values 2/S21 are plotted 
for different bandwidth frequencies and ′Y12 represents vector translation. Therefore, the 
problem is to define the type of feedback circuit that translates the curve 2/S21 into a con-
stant 2 21/| |ST  circle. This graphical method can give the topology and initial values for the 
feedback circuit. In this case, the feedback circuit includes an inductor whose effect is to 
decrease the value of ′Y12 for high frequencies which produces gain equalization.

Figure 4.26 shows the basic structures for interstage networks design where the two-port 
networks represent the active devices and the interstage networks equalize the gain roll-
off with frequency [53]. If the two-port networks are characterized by their Z-parameters, 
as shown in Figure 4.26a, or their Y-parameters, as shown in Figure 4.26b, the correspond-
ing S-parameters of the overall circuits are written as
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(4.50)

where A, B, C, and D depend only on Z- and Z′-parameters and on Y- and Y′-parameters, 
respectively.

Equation 4.49 represents a bilinear transformation between the complex planes Sij
T and 

ZE. The constant | |ij
TS  circles are transformed into other circles on the ZE plane. Moreover, 

for a new bilinear transformation written as

 
α = −

−
Z Z
Z Z

E 0

E 0  
(4.51)

where Z0 is the characteristic impedance, and the constant | |Sij
T  circles are transformed 

into other new circles on the Smith chart. For the circuit shown in Figure 4.25b, the con-
stant | |ij

TS  geometrical loci on the admittance Smith chart will also be circles.
As a result, the constant | |21

TS  circles on the Smith chart are a family of circles, whose 
centers and radii are
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FIGURE 4.26
Basic structures for the interstage network design.
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wij are the normalized immittance Z- or Y-parameters, depending on the configuration 
used, and these circles are located on the impedance or admittance Smith chart.

Figure 4.27 shows the constant S21
T  circles for a particular case. If both transistors are con-

nected directly when ZE = 0, the circuit gain is 15.6  dB. However, for nonzero impedance 
ZE, the gain is determined by the circle that passes through that impedance. For a passive 
impedance ZE, the graph indicates that the maximum gain is obtained with an inductor 
L = 7.96 nH when ZE = + j1. In a broadband design, the circles of the desired value | |S21

T  for 
several frequencies in the band are plotted, and then, the interstage networks are synthe-
sized, whose impedance ZE or admittance YE falls on the respective circle at each frequency.

The graphic design technique was applied to the design of an amplifier module operat-
ing with a 20-dB gain from 100  MHz to 1.1  GHz [53]. The amplifier module based on two 
bipolar transistors with fT = 4.5  GHz consists of two stages coupled by a lossy interstage 
network to equalize the gain of the devices. In this case, the first stage is biased for low 
noise and the second stage is biased for high gain. From Figure 4.27, it follows that it is 
impossible to obtain a 20-dB gain using series impedances with positive real parts. A pos-
sible matching network at 1  GHz may consist of a section of a microstrip line in series with 
a capacitor and include a parallel equalization network connected at an inner point of the 
matching network, whose parameters are optimized by trial and error on the Smith chart. 
The lossless input- and output-matching circuit can also be designed by graphic work on 
the Smith chart and computer optimization. As a result, the amplifier gain of 20 ± 0.6  dB 
was achieved in a frequency band from 100  MHz to 1.1  GHz, as shown in Figure 4.28. The 
input VSWR is high because it was not taken into account in the optimization procedure, 
and this power reflection can be compensated by using balanced configuration, isolators, 
etc., or by designing more sophisticated matching networks.

4.4  Decomposition Synthesis Method

The decomposition synthesis method is based on the synthesis of the active circuits and 
passive impedance-correction networks from the circuit performance specifications and 

17 dB

16 dB
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ZE

15 dB

12 dB
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(1) BFR-91 (1c = 3 mA)
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f = 1 GHz

(17,5 dB)
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T

FIGURE 4.27
Constant S21

T  circles on impedance Smith chart (Z0 = 50 Ω).
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offers a general approach to the design of linear and nonlinear active circuits, which can 
be represented in the form of the corresponding connection of the active devices and pas-
sive networks [54]. For example, for a single-stage transistor amplifier, the input imped-
ances of the optimum matching networks (optimum source or load impedances for active 
two-port networks) are determined that correspond to the extremum (maximum or mini-
mum) value of one of the amplifier characteristics at the selected frequency. As a result, the 
optimum impedance points corresponding to each frequency will result in the optimum 
impedance locus over the selected frequency range, and this optimum impedance points 
should be set within the acceptable region where the impedance-correction circuit can 
be physically realized. The decomposition synthesis method assumes a certain sequence 
of steps: (1) selection of a block diagram (structural scheme) of an active circuit; (2) con-
structing a mathematical model of a circuit of the chosen block diagram; (3) determin-
ing the limit (extremely achievable) circuit characteristics within the frame of the chosen 
block diagram; (4) determining acceptable regions of the correction network parameters 
(in a common case, immittance or scattering parameters) at selected frequencies over a 
frequency band of interest; and (5) finding the correction network structures and elements 
from the acceptable parameter region. It should be noted that this method does not pro-
vide a full structural synthesis of active high-frequency circuits. It only allows the synthe-
sis of the passive correction networks according to the active device requirements, with a 
given circuit block diagram.

To determine acceptable regions of the matching and correction network immittances 
incorporated into the linear active circuit, several different approaches can be used: 

3
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FIGURE 4.28
Broadband lossy match power amplifier: schematic and performance.
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mapping of functions; describing circuit characteristics in the complex immittance or 
S-parameter plane; analytic solution of systems of inequalities; and finding a projection of 
a multidimensional acceptable region on the plane or three-dimensional subspace using 
a numerical algorithm [54]. For some nonlinear active circuits with lossless-matching 
networks, acceptable regions of the network input immittances can be obtained using 
contours on the source/load plane that can be produced from the device load-pull mea-
surements or computer modeling. The interactive “visual” procedure for the network 
design involves two stages: (1) selection of the correction network structure in a set of 
standard structures, according to the location of acceptable regions in the network immit-
tance or S-parameter plane; and (2) computation of the network elements by solving a 
corresponding system of equations or inequalities [55]. The “visual” design technique 
can be applied to designing networks of moderate complexity. However, it allows the 
user to select appropriate network configurations and to directly control all the network 
elements.

Figure 4.29a shows the circuit schematic of a lossy- matched multioctave bipolar ampli-
fier operated in a frequency range from 10  MHz to 4  GHz [56]. In this case, the design 
requirements are a good flatness of the amplifier gain response and low input/output 
VSWR, which should be achieved in a single-stage bipolar amplifier over a wide frequency 
range using a low-power bipolar transistor with fT = 7  GHz. An amplifier block diagram 
with input and output lossy two-port equalizers was used in a “visual” design proce-
dure. On the basis of the decomposition synthesis method, configurations and elements of 
equalizers have been sequentially determined. As a result, an amplifier gain of 7.0 ± 0.8  dB 
and an input/output VSWR of 1.7/1.8 were measured in a frequency range from 10  MHz to 
3.6  GHz. Similarly, the decomposition synthesis method was applied to the design of a lin-
ear power amplifier based on a 3-W 28-V bipolar transistor with fT = 1  GHz, whose circuit 
schematic is shown in Figure 4.29b. As a result, a power gain of 6.0 ± 1.0  dB and an input/
output VSWR of 2.0/3.0 were measured in a frequency range from 10 to 750  MHz with a 
linear output power P1  dB of about 1  W.
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FIGURE 4.29
Schematics of broadband lossy match power amplifiers.
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5
Design of Wideband RF and Microwave Amplifiers 
Employing Real Frequency Techniques

In Chapter 3, some practical matching networks were introduced to design narrow band-
width amplifiers. There, the major idea was to match the input and the output of the 
amplifier to a given standard resistive source and load over a narrow frequency band. In 
this regard, first, the proper circuit topologies with two or three elements are selected for 
the input and the output matching networks. Then, the element values are determined 
by means of nonlinear optimization methods. However, when we deal with wideband 
matching problems, life becomes more difficult. First, we have no idea about the opti-
mum choice for the circuit topology. Furthermore, even we choose a practical circuit topol-
ogy for the matching networks, this topology would require more than two elements to 
achieve wideband designs. Moreover, the objective function to be optimized is highly 
 nonlinear in terms of the component values and requires good initials. Eventually, we 
start the  nonlinear optimization with ad-hoc component values. At the end of the optimi-
zation, most probably, we will either hit a bad-local extremum or end up with nondiver-
gent endless iterations.

Therefore, in this chapter, we introduce novel techniques, which are called “Real 
Frequency Techniques (RFTs),” to design wideband amplifiers [1–4]. In essence, RFTs are 
wideband semi-analytic design methods to realize lossless matching networks with opti-
mum circuit topologies.

Referring to Figure 5.1, a typical RF or single-stage microwave amplifier consists of input 
and output matching networks [F] and [B], respectively.* The amplifier could be driven 
either with small or large signals (i.e., high-power input drives).

In RFTs, instead of choosing the circuit topologies for [F] and [B], they are fully described 
by means of their Darlington driving point network functions, such as reflectance {SF and 
SB} or impedance {ZF and ZB} or, equivalently, admittance {YF = 1/ZF, YB = 1/ZB}, or in short 
immittance functions,† respectively.‡ In the impedance-based RFT, positive real functions 
ZF(p) and ZB(p) are determined to optimize the performance parameters of the amplifier, 
such as transducer power gain (TPG), noise figures (NF), voltage standing wave ratios 
(VSWR), etc. In this representation, “p” designates the complex Laplace domain variable 
such that p = σ + jω and the impedance functions ZF(p) and ZB(p) are specified as rational 
functions of complex variable p as follows.§

* The letter [F] designates the “Front-End Equalizer” or equivalently “Input Matching Network.” Similarly, 
the letter [B] stands for the “Back-End Equalizer” or equivalently “Output Matching Network,” as shown in 
Figure 5.1.

† In circuit theory, the expression “immittance” refers to either impedance or admittance.
‡ At this point, we should emphasize that, according to Darlington’s theorem, a lossless two-port such as [F] or 

[B] can completely be described by means of its driving point reflectance or immittance.
§ In classical circuit theory, complex Laplace variable is designated by the letter “s = σ + jω.” This letter may be 

confused with those of scattering parameters of two ports S = {sij; i,j = 1,2} or reflectance parameters SF and SB. 
Therefore, we use the notation p or the Laplace domain variable.
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Similarly, in the reflectance-based RFT, which is called “Simplified Real Frequency 
Technique (or in short SRFT),” bounded real reflectance functions are specified as*
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In the course of matching network design, RFTs determine the coefficients of Equations 5.1 
and 5.2 or Equations 5.3 and 5.4 to optimize the performance parameters of the amplifier 
such as TPG over the prescribed frequency band of operation. Then, network functions 
(either immittance or reflectance) are synthesized in Darlington sense [5] as lossless two-
ports in resistive terminations yielding the optimum circuit topologies for [F] and [B] with 
element values.

Generation of realizable network functions on the computer is an art. It is fortu-
nate that RFTs provide robust and efficient algorithms to complete these tasks [1–4]. 
Furthermore, our recently developed high-precision Darlington synthesis algorithms 
yield optimum circuit topologies for the matching networks to construct RF and micro-
wave amplifiers [6–8].

There are many variants of RFTs as referenced at the end of this chapter [9–59]. In the 
following sections, we present the selected algorithms to design wideband practical power 
amplifiers employing real frequency techniques.

* In this context, reflectance functions are assumed to be real-normalized (unit-normalized).

RG

EG

Input
matching
network

(F)

Output
matching
network

(B)

Active
device (N)

SF , ZF SB, ZB

RL

FIGURE 5.1
Schematic description of a single-stage amplifier.
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5.1 Real Frequency Line Segment Technique

The real frequency line segment technique (RF-LST) was first introduced by H. J. Carlin; it 
generates excellent initial guess for nonlinear optimization to construct wideband match-
ing networks by means of realizable network functions [1].

Let us consider the design of a power amplifier. Assume that we have completed 
the load-pull measurements for the active device under consideration.* Let the opti-
mum source and load impedance for the active device be ZS(jω) = RS(ω) + jXS(ω) and 
ZL(jω) = RL(ω) + jXL(ω), respectively, which are specified over the band of operation. Under 
the load pull measurements, ZS must be equal to the complex conjugate of the input imped-
ance Zin(jω) = Rin(jω) + jXin(ω) of the active device [N], while the output port is terminated 
in the optimum load impedance ZL, as shown in Figure 5.2. In other words, load pull 
measurement determines Zin(jω) = Rin(jω) + jXin(ω) under the large signal drives. Literally, 
Figure 5.2 describes a single matching problem: The measured complex impedance Zin(jω) 
is matched to a resistive generator RG, which may be specified as standard 50 Ω. In this 
case, the real frequency matching problem is defined as the determination of the driving 
point impedance ZF, which in turn yields the lossless two-port [F] in resistive termination 
RG as the result of Darlington synthesis.

As mentioned above, ideally, ZF must be equal to complex conjugate of Zin in angular 
frequency variable ω = 2πf where the letter “f” designates the frequency of the operation. 
That is to say,

 R RF in( ) ( )ω = ω  (5.5)

 ( )( )X XF inω ω= −  (5.6)

Unfortunately, this is not possible. We can test it as follows. Let the positive real function 
Zin be modeled as a rational function in complex variable p as

 
Z

a p
b p
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(5.7)

* The active device may be a bipolar transistor, field effect junction transistor or LDMOS, etc.

RG

EG
Lossless
two-port

(F)
Zin(ω) = Rin(ω) + jXin(ω)

ZF (ω) = RF(ω) + jXF(ω)

FIGURE 5.2
Description of a single matching problem.
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where the numerator polynomial ain(p) and the denominator polynomial bin(p) must be 
Hurwitz.* The frequency domain form of Zin(jω) is obtained by replacing complex  variable 
p with jω. On the other hand, for the perfect match situation ZF(jω) must be equal to 
Zin(−jω) = ain(−jω)/bin(−jω) or in complex variable p the rational form of ZF(p) is obtained 
from Zin(p) by replacing p with −p. Thus, we have,

 a a ppF in( ) ( )= −  (5.8)

 b bpF in( ) ( )= −p  (5.9)

In Equations 5.8 and 5.9, neither aF(p) nor bF(p) is Hurwitz since ain(p) and bin(p) are 
Hurwitz polynomials. Therefore, ideal ZF(p) is not a realizable impedance. Therefore, we 
face the theoretical gain-bandwidth limitations of Bode, Fano, and Youla as introduced in 
References 13–15. However, the RF-LST is a straightforward practical method to construct 
lossless matching networks by means of its driving point impedance ZF(jω) = RF(ω) + jXF(ω).

In RF-LST, ZF is assumed to be a minimum reactance impedance.† It can be proven that 
a realizable ZF(jω) can be uniquely determined from its nonnegative real part RF(ω) over 
the entire angular frequency axis ω. In this case, the imaginary part XF(ω) is determined 
employing the Hilbert transformation relation such that
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For a realizable ZF, its real part RF(ω) must be an even function in ω. Therefore, Equation 
5.10 takes the following form:
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The above integral can be expressed in logarithmic form using “integration by parts” 
rule such that
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In the above equations, constant term RF∞ is the value of RF(ω) at infinity. For many prac-
tical matching networks it is forced to be zero.

Referring to Figure 5.3, in RF-LST the real part RF(ω) is piecewise linearized by means 
of line segments.

* A Hurwitz polynomial must have all its zeros in the open left half plane (LHP).
† A minimum reactance impedance is the one that is free of jω poles.
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In this case, RF(ω) is expressed as
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 ∆R R Rj j j= −+1  (5.16)

Using Equation 5.13 in Equation 5.12, XF(ω) is derived as
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and

 Fj j j j j( ) ( )ln(| |) ( )ln(| |)ω ω ω ω ω ω ω ω= + + + − −ω  (5.19)
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RF(ω)
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ωωNωN–1ωN–2ω2ω1

FIGURE 5.3
Piecewise linearization of the part RF(ω).
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In Equations 5.13 through 5.16, the points {Rj ≥ 0; j = 1, 2, …, N} are called the break points 
of the real part RF(ω) and they are all nonnegative. Sampling frequencies {ωj; j = 1, 2, …, N} 
are called the break frequencies and ΔRj = Rj+1 − Rj is called the excursions in the real part.

In RF-LST, once the break frequencies {ωj; j = 1, 2, …, N} are fixed by the designer, the 
break points {Rj ≥ 0; j = 1, 2, …, N} are selected as the unknowns of the matching problems. 
Obviously, the pairs (ωj,Rj) fully describe the unknown even part RF(ω), as specified by 
Equations 5.13 through 5.16. Then, the imaginary part XF(ω) is determined by means of the 
unknown Rjs in a linear manner using Equations 5.17 through 5.19.

For the single matching problem of Figure 5.2, impedance-based TPG TIF(ω) of the front-
end equalizer is given by
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In Equation 5.20, Zin(jω) = Rin(ω) + jXin(ω) is the measured large signal input impedance 
of the active device. RF(ω) is the unknown real part of ZF(jω) and is described by means 
of the break points Ri. XF(ω) is the imaginary part of ZF(jω) and is uniquely determined 
as the linear combination of the unknown break points Ri, as specified by Equations 5.17 
through 5.19.

In RF-LST, once the break frequencies are selected and the unknown break points are 
initialized, T(ω) is maximized as flat as possible over the frequency band of operations B 
such that ωL ≤ B ≤ ωH; where ωL is the lower-end and ωH is the upper-end of the passband.

In the course of optimization of the TPG of Equation 5.20, the designer should try to hit 
maximum allowable flat gain level T0, which may be determined by accessing the gain-
bandwidth equations of Youla. At this point, we should note that, for specified complex 
termination Zin(jω), determination of T0 is not an easy task. Depending on the complexity 
of the termination, it may even be impossible to determine T0. Therefore, permissible flat 
gain level T0 may be reached by “trial and error.” In this regard, the optimization pro-
cess may start by selecting a reasonably high-flat gain level T0, then the objective function 
ε(ω) = T(ω) − T0 is minimized over the frequency band of operation. We know that the ideal 
value of T0 is unity. So, we can start sweeping T0 from 1 and come down to a level where 
we can end up with a reasonable design. The sweeping step size for T0 could be ΔT = 0.05.

Employing Equation 5.20, the error function ε(ω) = T(ω) − T0 may be evaluated as
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(5.21)

During the optimization, one should try to end with zero error level. In this case, ε(ω) 
can be approximated as

 ε ω ω ω ω ω ω ω( ) ( ) [ ( )]( ) ( ) {[ ( ) ] ( ) }= − + + +4 0
2 2R R T R R X XF in F in F in  (5.22)

In view of Equations 5.17 through 5.19, the objective function ε(ω) is quadratic in terms 
of the unknown break points Rjs. Therefore, Equation 5.22 defines a convex objective func-
tion to be minimized. Therefore, optimization process of ε(ω) must converge to global 
minimum if one starts with a reasonable initial guess for Rjs. A practical choice for Rjs may 
start as follows.
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To maximize TPG, one must try to design the lossless matching network to end up with 
reactance cancellation. In other words, the term in Equation 5.20 must be minimized or it 
should be small enough to be ignored (i.e., XF(ω) + Xin(ω) ≅ 0). In this case, selected flat gain 
level will be approximated at selected break frequency ωj as
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Equation 5.23 results in high- and low-initial values for Rj. High value of Rj is given by
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Similarly, low value of Rj is given by
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Remarks: There are several numerical issues that need to be clarified in the process of 
implementing the RF-LST on the computer.

 a. The RF-LST requires the evaluation of Hilbert transform integral. In this regard, 
equation set (5.13) through (5.16) is programmed carefully in the MATLAB® envi-
ronment. From the numerical point of view, in Equations 5.13 through 5.16, R(ω) 
must be bounded to accurately evaluate imaginary part X(ω). In practice, this issue 
can be secured as follows:
• For low-pass matching network design problems, the last break point RN is 

fixed at zero, which makes TPG = 0 at ωN = 0 up to infinity. In other words, 
RN = 0 is selected. In this regard, passband must be chosen over the break fre-
quencies ω1 and ωN−1. In this case, for ωN ≥ ω TPG vanishes.

• In bandpass design problems, the objective is to make TPG zero from DC (i.e., 
ω = 0) up to first break frequency ω1 where R1 is fixed at zero level (i.e., R1 = 0). 
Similarly, at ωN, the final break point is selected as RN = 0. In this case, the 
passband is chosen between ω2 and ωN−1. Here, TPG will be zero for 0 ≤ ω ≤ ω1 
and ωN ≤ ω ≤ ∞.

 b. In the course of implementation of the real frequency techniques, frequency 
and impedance normalizations are essential to avoid numerical errors as well as 
round-off and truncation errors.
• We usually select the upper edge of the frequency band as the normaliza-

tion frequency f0, which makes ωN−1 = 1; or it may be a practical frequency 
unit extracted from the data sampling frequencies. In any case, it must be 
equal to or higher than that of the upper edge of the band (i.e., f0 ≥ fH) where 
fH designates the high-end or equivalently upper edge of the frequency band 
of operation.
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• For impedance normalization, we may select a meaningful normalization 
resistance R0 such as standard termination, which is 50 Ω for many communi-
cation systems. It may as well be selected as the highest level of the real parts 
of the terminating generator/load impedances of the matching problem under 
consideration.

 c. The designer can select the break frequencies over the normalized angular fre-
quency axis ω based on the nature of the matching problem. For example, break 
frequencies may overlap with those of sampling frequencies selected to character-
ize the active devices or they may be uniformly or nonuniformly distributed over 
the frequency band of interest.

 d. If the measured immittance or reflectance data to be matched are provided over a 
finite frequency band of operation excluding DC (i.e., ω = 0-lower edge of the stop 
band) and higher edge of the stop band, then we may artificially extrapolate or 
augment the given data without disturbing the nature of the matching problem. 
On the other hand, the driving point immittance or reflectance of the equalizer 
must be generated over the entire frequency axis to cover the stop-bands and must 
also be able to complete the synthesis of the matching network as desired. Details 
of these issues will be elaborated on within the examples.

 e. In evaluating the numerical Hilbert transform of Equations 5.17 through 5.19, one 
must be careful to generate the imaginary part at the break frequencies ωj since the 
term ln(|ω − ωj|) in Equation 5.19 becomes minus infinity when ω = ωj. However, 
at ω = ωj, the term (ω − ωj)ln(|ω − ωj|) approaches zero. Therefore, singularity of 
the logarithmic function at zero must be removed by setting the term (ω − ωj)
ln(|ω − ωj|) to zero when ω = ωj.

 f. Real frequency techniques can be programmed either for given impedances or 
admittances. Equation 5.20 expresses the impedance-based TPG. The generic 
form of Equation 5.20 is also valid for admittance-based TPG. In other words, 
let Yin(jω) = 1/Zin = Gin(ω) + jXin(ω) and YF(jω) = 1/ZF = GF(ω) + jBF(ω) be the input 
admittance of the active device and the driving point input admittance of the 
front-end equalizer [F], respectively. Then, admittance-based TPG for the front-
end equalizer is given by
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Similarly, admittance-based TPG for the back-end equalizer is given by
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(5.27)

where Yout(jω) = 1/Zout = Gout(ω) + jXout(ω) is the driving point output admittance of the 
active device and YB(jω) = 1/ZB = GB(ω) + jBB(ω) output admittance of the back-end equal-
izer [B], respectively.

In general, for single matching problems, let us designate the complex immittance ter-
mination of the lossless matching network by C(jω) = A(ω) + jB(ω). Let the driving point 
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immittance of the matching network be represented by K(jω) = P(ω) + jQ(ω). Then, in terms 
of the immittances, generic form of the TPG is expressed as
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Now, let us run an example to exhibit the implementation of the RF-LST on MATLAB.

EXAMPLE 5.1

The large signal-load pull input and output impedances for an LDMOSFET device 
(RD07 MUS2B by Mitsubishi) is given over the actual frequency band of 330–530 MHz, 
as shown in Table 5.1.

 a. Choosing flat gain level T0 = 0.95, compute the impedance-based low- and 
high-level initial break points for the front-end matching network [F]

 b. Choosing flat gain level T0 = 0.925, compute the impedance-based low- and 
high-level initial break points for the back-end matching network [B]

 c. Compute the imaginary parts of the above generated real parts using numeri-
cal Hilbert transform of Equations 5.17 through 5.19

 d. Compute the initial TPG for the front-end of the amplifier
 e. Compute the initial TPG for the back-end of the amplifier

Solution

Considering remark (a) given above, for part (a) and (b), break points must cover the 
entire frequency axis. On the other hand, measured load-pull data are only specified 
over 330–530 MHz, which is assumed to be the passband of the operation. In this case, 
we extrapolate the given data to cover DC and stop band up to infinity. For example, the 
high end of the stop band frequency fs can be selected twice as much on the upper edge 
of the measured frequencies. In other words, we may select fs = 2 × 530 = 1060 MHz. At 
DC, Rin(0) may be selected as 20 Ω. At 1060 MHz, Rin(1060) may be set as 9 Ω. Similarly, 
we have the freedom to choose Xin(1060) = −16 Ω, Rout(0) = 25 Ω, Rout(1060) = 18 Ω, 
Xout(0) = 0 Ω, and Xout(1060) = −15 Ω. It should be noted that the above mentioned slack 
values do not affect the TPG of the input matching network [F].

TABLE 5.1

Large Signal Input and Output Impedance of the LDMOSFET Device (RD07 MUS2B by Mitsubishi)

Actual 
Frequency 
(MHz)

Zin(jω) = Rin(ω) + jXin(ω) Zout(jω) = Rout(ω) + jXout(ω)

Rin(ω) Xin(ω) Rout(ω) Xout(ω)

330 17.61 −04.63 22.47 −07.84
350 14.50 −03.67 16.06 −12.69
370 18.70 −11.30 21.23 −12.32
390 22.00 −10.11 24.40 −13.45
410 09.16 −13.96 22.03 −12.14
430 10.23 −17.94 23.50 −14.01
450 10.40 −15.89 17.82 −09.52
470 17.18 −04.85 18.53 −01.53
490 14.33 −05.11 21.06 −04.54
510 13.36 −12.11 26.80 −11.06
530 11.04 −14.03 21.50 −13.54
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For the problem under consideration, break frequencies are chosen as the sampling fre-
quencies provided by Table 5.1 including DC and fs. These frequencies are normalized 
with respect to the high end of the passband, which is f0 = 530 MHz. In this case, normal-
ized angular break frequencies are given as
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where WB(1) = 0 and WB(13) = 1060/530 = 2 are the added slack break frequencies to be 
able to define passband over 330 MHz ≤ f ≤ 530 MHz.

For impedance normalization, we use the standard termination R0 = 50 Ω. Thus, 
normalized break frequencies and normalized load-pull input impedance data 
Zin(jω) = Rin−N(ω) + jXin−N(ω) are given in Table 5.2.

With the above selections, we developed a MATLAB function called “initials” such that

 function RB initials T WB Ar Br sign( , , , , )= 0  (5.29)

where T0 is the flat gain level, WB is the normalized angular break frequencies, Ar is the 
real part of the terminating immittance Cr(ω) = Ar(ω) + jBr(ω), Br(ω) is the imaginary part 
of the terminating immittance, and sign is the control flag to set low or high values of the 
initial break points RB.

In essence, function initials programs the generic form of Equations 5.24, 5.25, and 5.28. 
MATLAB list of function “initials” is given by Program List 5.1.

TABLE 5.2

Normalized Input Impedance Data for LD MOS RD07

Normalized Break Fr Normalized Real Part Normalized Imaginary Part

WB Rin_N Xin_N

0 0.4000 0
0.6226 0.3522 −0.0926
0.6604 0.2900 −0.0734
0.6981 0.3740 −0.2260
0.7358 0.4400 −0.2022
0.7736 0.1832 −0.2792
0.8113 0.2046 −0.3588
0.8491 0.2080 −0.3178
0.8868 0.3436 −0.0970
0.9245 0.2866 −0.1022
0.9623 0.2672 −0.2422
1.0000 0.2208 −0.2806
2.0000 0.1800 −0.3200
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Thus, let us run function initials to complete parts (a) and (b).
Part (a): Execution of MATLAB function initials results in the following low- and high-

initial break points for the front-end matching network [F], as shown in Table 5.3.
It should be noted that the first and last break points are fixed at zero, as shown in 

Figure 5.4.
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FIGURE 5.4
Low- and high-level initial break points to design front-end matching network [F] for Example 5.1.

TABLE 5.3

Computed Initial Break Points for the Front-End Matching Network [F]

Normalized Break 
Frequencies

Normalized Low-Level 
Initial Break Points for [F]

Normalized High-Level 
Initial Break Points for [F]

0 0.2538 0.6304
0.6226 0.2235 0.5551
0.6604 0.1840 0.4570
0.6981 0.2373 0.5894
0.7358 0.2792 0.6934
0.7736 0.1162 0.2887
0.8113 0.1298 0.3225
0.8491 0.1320 0.3278
0.8868 0.2180 0.5415
0.9245 0.1819 0.4517
0.9623 0.1695 0.4211
1.000 0.1401 0.3480
2.0000 0 0
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Part (b): Execution of MATLAB function initials results in low- and high-initial break 
point values for the back-end matching network [B], as shown in Table 5.4. As in Part (a), 
the last break points are fixed at zero, as depicted in Figure 5.5.

Part (c): In this part of the example, we developed a MATLAB function called “num-
hilbert” such that

 function Q num hil ert w WB RB_ ( , , )= b  (5.30)
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FIGURE 5.5
Low- and high-level initial break points to design back-end matching network [B] for Example 5.1.

TABLE 5.4

Computed Initial Break Points for the Back-End Matching Network [B]

Normalized Break 
Frequencies

Normalized Low-Level 
Initial Break Points for [B]

Normalized High-Level 
Initial Break Points for [B]

0 0.2850 0.8771
0.6226 0.2562 0.7884
0.6604 0.1831 0.5635
0.6981 0.2420 0.7449
0.7358 0.2782 0.8561
0.7736 0.2512 0.7729
0.8113 0.2679 0.8245
0.8491 0.2032 0.6252
0.8868 0.2113 0.6501
0.9245 0.2401 0.7389
0.9623 0.3055 0.9403
1.000 0.2451 0.7543
2.0000 0 0
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where w is the normalized angular frequency at which imaginary part Q(ω) of the driv-
ing point immittance is evaluated. WB and RB are the break frequencies and break points, 
respectively. This function takes the numerical Hilbert transform of the {break frequencies 
and break points} pair, as detailed by Equations 5.17 through 5.19. Results of the execution 
of function num_hilbert are listed in Tables 5.5 and 5.6, and depicted in Figures 5.6 and 5.7, 
for low and high values of the break points, respectively.

MATLAB list for function “num-hilbert” is given in Program List 5.2.
Part (d): Initial break points-based TPG for [F] is computed employing the impedance pairs

 

{[ , ( )]; [ _ ( ), _ ( )]}
{[ , ( )];

( )
( )

R X RBF Low XF Low

R X
in in

in in

ω ω ω ω
ω ω [RRBF High XF High_ ( ), _ ( ) }ω ω ]

For this purpose, we developed a MATLAB function called “gain_singleMatching.”

TABLE 5.5

Hilbert Transform of the Low-Level Break Points for [F] and [B]

WB RBF_Low XF_Low RBB_Low XB_Low

0 0.2538 0.0000 0.8771 0.0000
0.6226 0.2235 −0.1243 0.7884 −0.1255
0.6604 0.1840 −0.1106 0.5635 −0.1005
0.6981 0.2373 −0.1012 0.7449 −0.0623
0.7358 0.2792 −0.1882 0.8561 −0.0942
0.7736 0.1162 −0.2041 0.7729 −0.1168
0.8113 0.1298 −0.1372 0.8245 −0.1403
0.8491 0.1320 −0.0981 0.6252 −0.1430
0.8868 0.2180 −0.1143 0.6501 −0.1073
0.9245 0.1819 −0.1600 0.7389 −0.0913
0.9623 0.1695 −0.1712 0.9403 −0.1361
1.000 0.1401 −0.1722 0.7543 −0.1800
2.0000 0 −0.1265 0 −0.1805

TABLE 5.6

Hilbert Transform of the High-Level Break Points for [F] and [B]

WB RBF_High XF_High RBB_High XB_High

0 0.6304 −0.0000 0.8771 −0.0000
0.6226 0.5551 −0.3087 0.7884 −0.3862
0.6604 0.4570 −0.2747 0.5635 −0.3093
0.6981 0.5894 −0.2513 0.7449 −0.1918
0.7358 0.6934 −0.4675 0.8561 −0.2900
0.7736 0.2887 −0.5069 0.7729 −0.3595
0.8113 0.3225 −0.3407 0.8245 −0.4317
0.8491 0.3278 −0.2437 0.6252 −0.4401
0.8868 0.5415 −0.2838 0.6501 −0.3303
0.9245 0.4517 −0.3973 0.7389 −0.2809
0.9623 0.4211 −0.4252 0.9403 −0.4189
1.000 0.3480 −0.4277 0.7543 −0.5541
2.0000 0 −0.3143 0 −0.5554
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This function programs the generic form of the single matching TPG for a given complex 
load immittance C(ω) = A(ω) + jB(ω) and for a given complex matching network driving 
point-immittance K(ω) = P(ω) + jQ(ω) such that

 
TPG

A P
A P B Q

( )
( ) ( )

[ ( ) ( )] [ ( ) ( )]
ω ω ω

ω ω ω ω
=

+ + +
4

2 2
 

(5.31)

Numerical Hilbert transform for (F): XF (w) = HRBin(ω)
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FIGURE 5.6
Hilbert transform of low- and high-level initial break points to design front-end matching network [F] for 
Example 5.1.

Numerical Hilbert transform for (B): XB(ω) = HRBout(ω)
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FIGURE 5.7
Hilbert transform of low- and high-level initial break points to design back-end matching network [B] for 
Example 5.1.
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Execution of function “gain_singleMatching” results in low- and high-break points based 
on initial TPG for the front-end matching network, as depicted in Figure 5.8 and listed in 
Table 5.7.

Part (e): Similarly, we can compute the TPG for the back-end matching network using the 
impedance data pairs

 

{[ , ( )]; [ _ ( ), _ ( )]}
{[ , (

( )
( )

R X RBB Low XB Low

R X
out out

out out

ω ω ω ω
ω ω))]; _ ( ), _ ( ) }[ ]RBB High XB Highω ω
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FIGURE 5.8
Initial transducer power gain plot for the front-end [F] of Example 5.1.

TABLE 5.7

TPG for the Front-End [F]

WB TPGF_Low TPGF_High

0 0.9500 0.9500
0.6226 0.8319 0.7946
0.6604 0.8255 0.7804
0.6981 0.7385 0.7628
0.7358 0.7339 0.7044
0.7736 0.2634 0.2515
0.8113 0.2969 0.3440
0.8491 0.3804 0.4526
0.8868 0.8323 0.8018
0.9245 0.7234 0.6517
0.9623 0.5011 0.4896
1.0000 0.3690 0.3724
2.0000 0 0
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Execution of function “gain_singleMatching” with the output matching network imped-
ance data results in TPG for the back-end matching network, as listed in Table 5.8 and 
depicted in Figure 5.9.

It should be noted that imaginary parts given by Figure 5.6 are both negative (capaci-
tive). In other words, we see that by setting KFlag = 1, minimum reactance impedance 
ZF = RF + jXF is capacitive.

We can see the same capacitive behavior in the back-end driving point input impedance, 
as in Figure 5.7.

TABLE 5.8

TPG for the Back-End [B]

WB TPGB_Low TPGB_High

0 0.9718 0.9250
0.6226 0.8641 0.7758
0.6604 0.8359 0.6581
0.6981 0.7827 0.8111
0.7358 0.8111 0.7887
0.7736 0.5327 0.7422
0.8113 0.4643 0.7103
0.8491 0.4431 0.6547
0.8868 0.8305 0.8222
0.9245 0.8742 0.8388
0.9623 0.6932 0.7787
1.0000 0.5043 0.6228
2.0000 0 0
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FIGURE 5.9
Initial transducer power gain plot for the back-end [B] of Example 5.1.
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Close examination of Table 5.7 reveals that initial TPG of the front-end matching net-
work drops drastically after normalized angular frequency ω = 0.7358.

The plot of Table 5.7 is depicted in Figure 5.8.
Similarly, in Table 5.8, initial TPG of the back-end matching network reduces instantly 

after the same normalized angular frequency ω = 0.7358 and increases after ω = 0.849, and 
drops again after ω = 0.9245.

The plot of Table 5.8 is shown in Figure 5.9.
All of the above computations are programed under the MATLAB main program called 

“Example5_1.” A list of the main program is given in Program List 5.4.
It may be worth trying to generate “admittance-based initial gain.” In Example 5.2, we 

will make an attempt to generate admittance-based break points and TPG for the front- 
and back-end matching networks.

Remarks: To improve computational resolution in generating numerical Hilbert trans-
form of the break points, we can increase the total number of break points in the real part 
R(ω). Similarly, in computing TPG, measured load-pull data may be linearly interpolated 
to generate more data in between the given break frequencies. In this regard, we devel-
oped a MATLAB function called “line” such that

 function ya line seg x y xa= _ ( , , )  (5.32)

where x and y are the MATLAB vectors that describe the measured data on the two-dimen-
sional x−y plane. xa is an arbitrary point on x-axis at which the value of the measured data 
y = f(x) is interpolated connecting two adjacent points by means of a line.

In the main program Example5_1.m, TPGs for front- and back-ends are computed over 
100 sampling points, as shown in Figures 5.8 and 5.9, respectively. MATLAB functionline is 
given in Program List 5.5.

5.1.1 Computation of Optimum Break Points for RF-LST

For a selected flat gain level T0, optimum value of the unknown break points can be found 
employing a nonlinear optimization on the error function expressed by Equations 5.21 
and 5.22. In this regard, we have experienced that MATLAB build-in function “lsqnonlin” 
successfully minimizes the error function

 ε( ) ( )ω ω= −T T0  (5.33)

over the frequency band of operation.
lsqnonlin utilizes Levenberg–Marquard method, which minimizes the objective function 

expressed as the sum of squares of the error over the finite frequencies [60–65]

 
δ ω= −

=
∑
i

M

iT X T
1

0
2[ ( , ) ]

 
(5.34)

where vector X includes all the unknown break points Rk, ωi is the sampling frequency to 
generate TPG, M is the total sampling points selected by the user. We have found that M 
must be much greater than that of total number of unknowns N. A rule of thumb may be 
given as M ≥ 2N.
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There are several ways to call lsqnonlin in MATLAB. We have experienced that the fol-
lowing is simple.

 X lsqnonlin error RFLST X lb lu options= (@ _ , , , , )0  (5.35)

In Equation 5.35, input argument “error_RFLST” is the user-supplied objective function 
to be minimized.

Vector X0 is the initial start for the unknown vector X. For the RF-LST, X0 includes either 
low- or high-initial break points generated by our MATLAB function

 RBA initials T WB RLA XLA sign= ( , , , , )0  (5.36)

“lb” and “lu” stand for lower and upper bound for the unknown vector “X.” For our case, 
we do not wish to impose any bounds on the initials except that they must all be positive. 
Therefore, we simply skip the positions of “lb” and “lu” by using empty brackets [ ], [ ].

“options” is an optimization set that includes maximum number of error function evalu-
ations and also maximum number of iterations to reach the minimum of the error func-
tion. The options for optimization can be supplied to “lsqnonlin” as follows:

 options optimset MaxFunEvals MaxIter= ( , , , )‘ ’ ‘ ’20000 50000  (5.37)

The way Equation 5.37 is written, maximum number of error function evaluation is 
bounded by 20,000. Similarly, maximum number of iteration is limited by 50,000. We 
have found that these numbers are sufficient to successfully run the optimizations for 
RF-LST.

The error function in Equation 5.35 is employed as MATLAB anonymous functions, 
which pass the common input parameters to “lsqnonlin.” For example, in order to generate 
the error function, we have to use several input parameters such as T0, all the real and the 
imaginary parts of the terminating impedances, etc. By combining error_RFLST function 
using the symbol “@” we automatically pass the input arguments of function “error” to the 
nonlinear least-square optimization algorithm. In other words, let the error function have 
the following form to be called by the optimization package.

 functioneps error RFLST w T WB RB RLA XLA KFlag_ ( , , , , , , )= 0  (5.38)

which generates variable eps (or ε(ω) of Equations 5.21 and 5.22) at given normalized angu-
lar frequency ω. Then, by defining function error_RFLST as an anonymous function with 
unknown input vector (X) by

 f X error RFLST T WB RB RLA XLA KFlag= @( ) _ ( , , , , , )0 0  (5.39)

We can simply call the optimization package as

 X lsqnonlin f X options= [ ] [ ]( , , , , )0  (5.40)

where options is specified by Equation 5.37.
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In Equations 5.36 and 5.39, inputs are flat gain level T0, user selected break frequencies 
WB, and complex impedance termination ZLA = RLA + jXLA of the lossless matching net-
work. In function initials, termination impedance ZLA is defined as an array generated at 
the normalized angular break frequencies, WB. “sign” is used as a control flag to determine 
whether we wish to work with low- or high-level initial break points RB. In the above 
representation, the letter “A” refers to MATLAB arrays. In other words, RBA is a MATLAB 
array or vector that includes the break points. RLA and XLA are MATLAB vectors, which 
include real and imaginary parts of the complex impedance vectors evaluated at the break 
frequencies. For example, for the design of a single-stage power amplifier, ZLA will be 
the terminating impedance of the front-end matching network, which is the measured 
load-pull input impedance Zin of the active device. Similarly, for the back-end matching 
network, ZLA is the measured load-pull output impedance Zout of the active device.

Let us now run an example to exhibit the computation of the optimized break points.

EXAMPLE 5.2

 a. Choosing T0 = 0.975, generate the admittance-based high-initial break points 
RB for the front-end matching network with 19 break points in the passband.

 b. Compute the imaginary part of the driving point admittance YF = GF + jBF 
using Hilbert transform of RB.

 c. Optimize TPG over the passband of 330–530 MHz using MATLAB nonlinear 
least-square optimization function “lsqnonlin,” and plot the initial and opti-
mized gain for the front-end matching network.

Solution

Part (a): In this part, 19 distinct admittance-based break points shall be generated over 
the passband. On the other hand, termination impedance Zin of the front-end equalizer 
is given over 11 points. In Example 5.1, given data were extrapolated to DC and stop 
band frequency 1060 MHz. Thus, we have 13 sampling points. Therefore, for this part 
of the example, we developed a MATLAB function called “Impedance termination” to 
generate the desired number of break points in the passband. This function is accessed 
as follows:

 function FC A B Impedance Termination KFlag N FA RA XA FL[ , , ] _ ( , , , , ,= ,, )FH  (5.41)

“Impedance_Termination” converts the given impedance data ZA = RA + jXA to an 
admittance Y = A + jB if KFlag is set to zero (i.e., KFlag = 0) with desired number of break 
points employing linear interpolation. If KFlag = 1, then termination is preserved as an 
impedance Z = A + jB at the output with desired number of break points “N” in the 
passband. In this regard, FL is the low-end, FH is the high-end of the passband and 
output argument FC contains “N + 2” sample frequencies such that “N” samples are 
placed within the passband. The other two break points are located at DC and the stop 
band frequency fs. The execution result of function Impedance_Termination is depicted in 
Figure 5.10.

Function “Impedance_Termination” is given by Program List 5.7.
Eventually, using Equation 5.24, the high values of the initial break points are deter-

mined, as shown in Figure 5.11.
Part (b): Hilbert transform of Figure 5.11 is generated by running the MATLAB func-

tion “num_hilbert” over the break frequencies. The result is depicted in Figure 5.12.
Part (c): As detailed in Section 5.2, the RFLST-based gain is optimized using MATLAB 

optimization package “lsqnonlin.” This function utilizes the Levenberg–Marquard tech-
nique to minimize the sum of squares of the errors generated at each sampling point 
in the passband. In order to access the optimization package, first the unknown break 
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points must be selected. In this regard, we have two options: We can either have the first 
break point RB(1) as part of the unknowns or fix its value at DC. For example, for the 
low-pass matching problems, typical LC-ladder type of matching network topologies 
may be sufficient. In this case, if we do not wish to use a transformer at the far end, then 
the terminating resistor of the equalizer can be set to a desired level. For the problem 
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under consideration, we selected flat gain level T0 as T0 = 0.975, which in turn yields 
the normalized admittance-based RB(1) = 3.4390. Thus, RB(1) is fixed. RB(N) is also 
fixed at zero. Hence, we have a total NC = 21 − 2 = 19 unknowns within the passband. 
Furthermore, total sampling points for the optimization is chosen as M = 2 × NC = 38. 
Under these circumstances, we call the optimization within our main program as 
follows:

M NC

options optimset MaxFunEvals MaxIter

=
=

2
20000 5000

* ;
( , , ,‘ ’ ‘ ’ 00

0 0 0 1
);

@( ) _ ( , , , , , , , _ ,eps X error RFLST X ktr T KFlag WB R WA Rin N Xi= nn N wL wH M

X lsqnonlin eps X options

_ , , , );
( , ,[],[], );= 0

 

(5.42)

In Equation 5.42, the objective function is accessed by the following statement:

“ _ ( , , , , , , , _ , _ , ,eps error RFLST X ktr T KFlag WB R WA Rin N Xin N wL w= 0 0 1 HH M, )”

and it is minimized over the passband wL ≤ w ≤ wH with M sampling points. Common 
input arguments of “error_RFLST” is passed to “lsqnolin” by the MATLAB statement

eps X error RFLST X ktr T KFlag WB R WA Rin N Xin N= @( ) _ ( , , , , , , , _ , _ ,0 0 0 1 wwL wH M, , );

In Equation 5.42,

• X0 is the initial guess and includes initial value of the unknown break points RB.
• ktr is a control flag and determines whether RB(1) is part of the unknowns or not. 

If ktr = 0, RB(1) is not an unknown. This choice may be preferred for low-pass designs, 

YF = PF + jQF: Driving point admittance of the
front-end matching network
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Numerical Hilbert transform of Figure 5.11.
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which in turn result in a transformerless equalizer. If ktr = 1, then RB(1) is included 
among the unknown list. Then, at the far end of the matching network, we may utilize 
a transformer to adjust the terminating resistance value to a desired level.

• T0 is the flat gain level selected by the user.
• WB is the term for the normalized break frequencies given as a vector.
• R1 is the first break point RB(1).
• WA is the normalized-angular sampling frequency array for which the complex imped-

ance termination is specified.
• Rin_N and Xin_N are the real and imaginary parts of the complex termination speci-

fied over the frequencies given by WA, respectively.
• wL and wH are the lower and the upper edges of the optimization frequencies.
• M is the total number of sampling points over which the optimization of the gain is 

completed by minimizing the objective function of Equation 5.33.

MATLAB codes for the objective function are given by Program List 5.7.
Execution of MATLAB function “lsqnonlin” results in the optimized TPG, as depicted 

in Figure 5.13, which in turn determines the new break points RBF and its corresponding 
imaginary part XF, as shown in Figure 5.14.

Figure 5.13 reveals that, in the passband, the minimum of the TPG is Tmin = 0.954.

Remarks: It should be noted that in Example 5.2, the initial value of the TPG is much bet-
ter than that of Example 5.1. Therefore, the choice for the value of KFlag is essential. We 
can start the design with impedances or admittances. This choice depends on the behavior 
of the complex termination of the equalizer. Literally speaking, complex termination is 
called the load of the single matching problem. If the load is capacitive, then the equalizer 
driving point impedance (DPI) must start with an inductor to be able to provide reactance 
cancellation. Inductive DPI can be obtained by means of minimum susceptance admit-
tance. In this case, we must set KFlag = 0. If the complex termination is inductive, then 

Admittance-based TPG for the front-end matching network
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equalizer DPI must be capacitive. This can be achieved by a minimum reactance driving 
point impedance. In this case, we set KFlag = 1. Close examination of Table 5.1 reveals that 
load-pull measured input and output impedance of Mitsubishi LD–MOS RD007 is capaci-
tive (imaginary parts of the impedances are negative) over the passband. In this case, for 
better optimization we must start with an inductive-minimum susceptance DPI for both 
front- and back-end equalizers. In this case, it might be proper to start with KFlag = 0. 
In fact, this is how we started Example 5.2. For the sake of the experiment, let us solve 
Example 5.2 with minimum reactance driving point impedance. In this case, we should 
start with KFlag = 1.

EXAMPLE 5.3

Repeat Example 5.2 using impedance-based break points and TPG by setting KFlag = 1.

Solution

Execution of MATLAB program Example5_3.m with KFlag = 1 results in break points, 
as depicted in Figure 5.15.

The corresponding Hilbert transform of the break points is depicted in Figure 5.16.
Notice that, initially, the KFlag = 1 choice results in capacitive imaginary part for the 

DPI of the front-end equalizer. However, the optimization process tries to convert it 
into a reactive part while creating wiggles in the break points, as shown in Figure 5.15.

Impedance-based TPG is shown in Figure 5.17.
An examination of Figure 5.17 reveals that, at the low and the high end of the pass-

band, TPG drastically drops. Hence, selection of KFlag = 0 is a much better choice for the 
problem under consideration.

In summary, RF-LST generates an almost ideal solution for single matching problems. 
In this regard, for the given complex load or equivalently complex termination such as 
load pull input or output impedance of an active device, we can generate the driving 

Kflag = 0, sign = 1, DPI of (F): Initial and opt values YF = PF + jQF
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Impedance-based initial and optimized break points (KFlag =1)
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point input immittance (DPI) for the lossless equalizer [N] as a set of data points. In 
order to realize [N], we must first model the computed DPI as positive real function, 
then synthesize it as a lossless two-port [N] in resistive termination.

Therefore, in the following subsection, we will introduce a practical approach to 
model the break points as an even nonnegative function R(ω) in terms of the normal-
ized angular frequency ω. Then, using an algebraic method, we will construct complete 
DPI Z(p) from R(ω).

5.1.2  Practical Approach to Model Break Points by 
Nonnegative Even Rational Function

In practice, we wish to construct matching networks as simply as possible. For example, 
using lumped circuit elements such as capacitors, inductors, and transformers, a simple 
equalizer topology can be a ladder network, as shown in Figure 5.18.
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FIGURE 5.18
A typical lossless ladder described by its DPI Z(jω).
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The generic form of the real part of the DPI of a lossless ladder terminated in a resistor 
R0 is given by

 
P

a
B B B

Andc
i
nz

i
n n

n
( )

( ) (
( )ω ω ω ω

ω ω ω
ω2 0

2 2
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2 2 2

1
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2
2 1 2

2

1
= −

+ + + +
==
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Π

�
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( )
;

B ω2 0≥ ∀ω
 

(5.43)

Obviously, P(ω2) is a nonnegative, rational even function in ω.
Loosely speaking, zeros of P(ω2) are called the transmission zeros of the immittance 

K(jω).
In detail, Equation 5.43 has zeros at ω = 0 of multiplicity 2 × ndc. These are called 

the transmission zeros at DC. Similarly, finite real frequency transmission zeros are 
located at ω = ∓ωi of multiplicity 4. Furthermore, the degree of the denominator poly-
nomial 2n must be less than or equal to 2(2nz + ndc) to make P(ω) finite. In other words 
n ≤ 2nz + ndc. If n∞ = n − ndc − 2nz > 0, then we say that immittance K(p) has transmis-
sion zeros at infinity of multiplicity 2n∞. Some authors count the transmission zeros by 
dropping the multiplier 2. In Figure 5.18, the total number of reactive elements is given 
by the integer “n.”

As far as construction of the matching network via RF-LST is concerned, the first step is 
to fit the optimized break points to the simple form of Equation 5.43 to end up with a lad-
der network. In the second step, using Hilbert transform, we should generate the analytic 
form of the immittance. The last step is the synthesis of the immittance K(p) as a ladder 
network in resistive termination R0. For single matching problems, R0 may be considered 
as the internal resistance of the source network.

In the real frequency direct computational technique (RF-DCT), nonnegativity of 
Equation 5.43 is assured by introducing an auxiliary polynomial c(ω) to produce strictly 
positive denominator polynomial B(ω) such that

 
B c c( ) [ ( )]( )ω ω ω ω2 2 21

2
0= + − > for all

 
(5.44)

and

 c c c cn n
n( ) ( )ω ω ω ω= + + + +−

1 2
1 1�  (5.45)

In this case, by selecting
A a0 0

2 0= >  as a strictly positive real quantity, one can run a curve-fitting algorithm to 
determine a0 and the real arbitrary coefficients ci of the auxiliary polynomial c(ω).

The curve-fitting problem can be defined as follows:
Let ε(ω) be an error function defined as

 ε ω ω( , , , , , ) ( )j n n j jc c c c P R1 2 1
2… = −+  (5.46)

where ωj are the break frequencies and Rj = RB(ωj) are the optimized break points via 
RFLST.

Thus, the curve-fitting problem is structured to minimize all ε(ωj) to determine the 
unknown coefficients of c(ω). It can be shown that ε(ωj,c1,c2,…,cn,cn+1) is quadratic or convex 
in terms of ci. Therefore, the minimization algorithm is always convergent. In this case, we 
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may as well utilize the same nonlinear least-square minimization algorithm of MATLAB, 
namely “lsqnonlin,” as in the previous subsection.

Now, let us run an example to model the break points of the front-end equalizer [F] 
obtained in Example 5.2.

EXAMPLE 5.4

Model the break points provided by Figure 5.14 of Example 5.2 employing Equation 5.43 
with ndc = 0, n = 5 and with no finite transmission zeros.

Solution

For this example, we develop a main MATLAB program called “Example5_4.m.” This 
program first initiates the unknown coefficients ci in an ad-hoc manner by setting ini-
tials as x0i = ci = ∓1, as in function

 function x Initiate CurveFitting ktr n a[ ] _ ( , , )0 0=

where ktr is selected as ktr = 0 which fixes a0 in advance at a RB0 1 1 8545= =( ) . , n = 5 as 
requested. In the second step, nonlinear minimization package “lsqnonlin” of MATLAB 
is called as follows:

 

% :
%
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; ; ; ;
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NB length WB
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options optimset MaxFunEvals

=
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200000 MMaxIter

eps x error RFDCT x ktr WB RB n ndc

’, );
@( ) _ ( , , , , ,

500000
0 0= ,, , , , , );

( , ,[],[], );
[ , ,

WZ a wL wH M

x lsqnonlin eps x options

c a

0
0

0
=

aa b AA BB Evaluate CurveFitting x ktr n ndc WZ R, , , ] _ ( , , , , , );= 1  (5.47)

In the above MATLAB codes, curve fitting is completed in “lsqnonlin” by minimizing the 
error function called

 function eps error RFDCT x ktr WB RB n ndc WZ a wL wH M[ ] _ ( , , , , , , , , , ,= 0 0 ))

In the above function, the abbreviation RFDCT stands for real frequency-direct compu-
tational technique. In essence, RFDCT generates the rational function form for the break 
points RB, as in Equation 5.43. Function “error_RFDCT” simply programs the error expres-
sion given by Equation 5.46.

Input arguments to “error_RFDCT” are described as follows:

• x0: This vector contains the initial values for the unknown coefficients ci.
• ktr: A control flag. ktr = 0 fixes the value of a0. ktr = 1 puts a0 among the unknowns.
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• WB: A vector that includes the break frequencies.
• RB: A vector that includes the break points to be modeled as in Equation 5.43.
• n: Degree of denominator of Equation 5.43.
• ndc: Number of transmission zeros at DC.
• WZ: A vector that includes finite frequency transmission zeros beyond DC.

• If there is no finite transmission zeros we set WZ = 0.
• a0: Numerator coefficient of Equation 5.43.
• wL: Low end of optimization.
• wH: High end of optimization.
• M: Total number of frequency sampling points at which the error Equation 5.46 is evaluated.

“lsqnonlin” returns with the optimized values of the unknown coefficients ci in vector x as 
in function “Evaluate_Curvefitteng” such that

 function c a a b AA BB Evaluate CurveFitting x ktr n[ , , , , , ] _ ( , , ,0 = nndc WZ R, , )1

where R1 is the value of the first break point RB(1). The output arguments are described 
as below.

• c: A vector that includes optimized coefficients extracted from x.
• a0: Numerator coefficient of Equation 5.43.

• “a” and “b”: “Polynomial vectors” that “describe the positive real immittance function 
K(p) = a(p)/b(p) generated from Equation 5.43 using an algebraic Hilbert transform tech-
nique called “Parametric Approach.” Thus, K(p) = a(p)/b(p) is the DPI of the matching 
network [N] to be designed. The matching network is obtained as a result of Darlington 
synthesis of K(p) = a(p)/b(p). Details will be presented in the following subsections.

• AA: Polynomial vector that includes the coefficients of the numerator of Equation 5.43.

• BB: Polynomial vector that includes the coefficients of the denominator of Equation 5.43.

The results of modeling are outlined as follows:
Computed unknown coefficient vector c is given by

 c [ . . . . . ]= − −0 8487 1 2975 1 5108 1 6772 1 9793

Nonnegative real part P(ω2) is found as

 
P( )

.
. . . . .

ω
ω ω ω ω ω

2
10 8 6 4 2

3 4390
0 7203 0 8810 1 2901 0 5729 0 5635

=
− + − + + 11

The fit between break points and analytic form of the real part of Equation 5.43 is 
depicted in Figure 5.19.

As we see from Figure 5.19, the fit between break points and analytic form of Equation 
5.43 may be acceptable. We have missed the fluctuations in the passband. Therefore, we 
expect the disturbance in the gain function at those points where the original break points 
deviate from the rational form of the real part.
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The next stage is the construction of the positive real driving point immittance function 
from Equation 5.43. This can easily be achieved using the parametric approach presented 
in the next section.

5.2 Generation of Minimum Immittance Function from Its Real Part

A minimum positive real function K(p) = a(p)/b(p) can be generated uniquely from its even 
part using parametric approach [38].*

On the real frequency axis, the even part is given by

 
P j

a W j
b j b j

z
ndc

( )
( )

( ) ( )
( )ω ω ω

ω ω
= 0

2 2

 
(5.48)

where Wz(p) includes all the finite transmission zeros of K(p) beyond p = 0.
As explained in the previous section, the denominator polynomial C(ω2) = b(jω)b(jω) 

must be a strictly positive, even polynomial. It is generated by means of an auxiliary poly-
nomial c(ω) = c1ωn + c2ωn−1 + ⋯ + cnω + 1 such that

 b j b j C( ) ( ) ( )ω ω ω= >2 0  (5.49)

* It should be noted that the expression “minimum positive real function” refers to either a minimum reactance 
impedance function or a minimum susceptance admittance function.
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Replacing ω2 by −p2, a realizable ladder form of the even part is given by
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(5.50)

where
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with

 A andc
0 0

21= −( )  (5.52)

and
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(5.53)

where

 B C i ni
n i

i= − = …− +( ) ; , , ,( )1 1 21

 (5.54)

It should be emphasized that once ndc and finite transmission zeros ωi are selected and 
the coefficients {a0,c1,c2,…,cn} are initialized, coefficients of B(p2) can easily be generated on 
MATLAB, which, in turn yields a realizable ladder form for P(p2).

In the parametric approach, a positive real minimum immittance function is represented 
in terms of its poles pi and its corresponding residues ki as

 
K p K

k
p p
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(5.55)

Using Equation 5.55, P(p2) is expressed in terms of the same residues and poles such that
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(5.56)

where the residues ki are computed from the realizable form of P(p2) as specified by 
Equation 5.48 as follows:
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(5.57)
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for the section under consideration. If ndc < n, then K0 = A1/(−1)nC1 = 0 and for n = ndc 
K0 = 1/C1 (notice that C c1 1

2 0= > ).
Hence, positive real minimum immittance function production starts by selecting ndc 

and initializing the coefficients {a0,c1,c2,…,cn}. Then, the even polynomial

 
C c c C C C pn n

n( ) [ ]( ) ( ) ( )ω ω ω ω ω2 2 2
1

2
2

2 1 21
2

1= + − = + + + +− �

is computed. Replacing ω2 by −p2, B(p2) is obtained. Thereafter, poles pi are computed and ki 
are determined by means of Equation 5.57. Finally, K(p) is generated as a minimum rational 
function as
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(5.58)

The above formulation is programmed as a MATLAB function

 function a b Minimum Function ndc WZ a c[ , ] _ ( , , , )= 0  (5.59)

Now, let us run an example to generate minimum susceptance admittance function 
Y(p) = a(p)/b(p) for Example 5.4.

EXAMPLE 5.5

 a. Generate the minimum susceptance admittance function YF(p) from its real 
part P(ω2) as determined in Example 5.4.

 b. Compute the admittance-based TPG TYF for the front-end matching network of 
Figure 5.2 using its normalized load-pull measured input impedance as listed 
in Table 5.2.

 c. Compare your results with those obtained in Example 5.4.

Solution

For the example under consideration, we developed a MATLAB main program called 
Example5_5.m. This program completes the MATLAB program Example5_4.m by execut-
ing [a,b] = Minimum_Function to generate the minimum susceptance admittance func-
tion K(p) = a(p)/b(p). Thus, we have the following results.

Part (a): Execution of [a,b] = Minimum_Function(ndc,WZ,a0,c) with

 ndc WZ a= = =0 0 0 1 8545, , .

and

 c [ . . . . . ]= − −0 8487 1 2975 1 5108 1 6772 1 9793

yields

 

a

b

[ . . . . . ]
[ . . .

=
=

0 2 0658 6 5134 10 7052 9 5211 4 0520
1 0000 3 1529 5 58119 5 8696 3 8228 1 1782. . . ]
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or

 
Y

p p p p
p p
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4 3 2

4 ++ + + +5 5819 5 8696 3 8228 1 17823 2. . . .p p p

Part (b): Using the termination admittance values generated as in Example 5.4, we 
computed the TPG by executing the following loop in MATLAB:

ws1=0;ws2=2;Ns=100;delw=(ws2-ws1)/(Ns-1);w=ws1;j=sqrt(-1);
for i=1:Ns
    WA(i)=w;
    p=j*w;
% -- Generation Positive Real RFDCT Min. Susc.Admt. YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);        PAf0_RFDCT(i)=Pf0_RFDCT;
    Qf0_RFDCT=imag(YFval);        QAf0_RFDCT(i)=Qf0_RFDCT;
% ------ Generation of termination admittance Yin=A+jB ------ (5.60)
    A=line_seg(WB,Ain_N,w);     AA(i)=A;
    B=line_seg(WB,Bin_N,w);     BA(i)=B;
% Generation of single matching gain --------------------------------
% Part (b)
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            TfA(i)=TPG;
% ------ Generation of Optimized Break Points for RFLST -------------
            Pf_RFLST=line_seg(WB,RB,w);     PAf_RFLST(i)=Pf_RFLST;
            Qf_RFLST=num_hilbert(w,WB,RB);  QAf_RFLST(i)=Qf_RFLST;
 w=w+delw;     
end

Resulting TPG is depicted in Figure 5.20. In this figure, gain obtained using the 
RF-LST is also shown. It is observed that gain obtained as a result of modeling is penal-
ized due to misfit or fitting error occurring between the optimized break points and 
the rational form of the even part of the driving point admittance. Of course, this is 
expected.

Part (c): For this part of the example, we compare the driving point input admittances 
that are generated based on the optimized break points and the amplifier model. Hence, 
the results are depicted in Figure 5.21.

Clearly, discrepancies between real and imaginary parts of the RFDCT- and RFLST-
based driving point input admittances affect the TPG as explained in Part (b). However, 
the loss in TPG may be recovered by reoptimization of the gain function generated by 
the parametric approach.

5.3 Optimization of TPG Using a Parametric Approach

The aim of the immittance-based real frequency techniques is to determine the DPI of the 
lossless matching network to optimize the TPG as flat and as high as possible within the 
frequency band of operation. Dealing with lumped elements, in classical complex Laplace 
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variable “p = σ + jω,” DPI is designated by a positive real function K(p). Synthesis of K(p) 
results in the desired matching network with optimum circuit topology.

In the real frequency techniques, DPI, which is described on the real frequency axis as 
K(jω) = P(ω) + jQ(ω), is assumed to be a minimum function. In this case, imaginary part 
Q(ω) is uniquely generated from the real part P(ω) using Hilbert transform relation, which 
may be designated by an operator H{.}. In other words, Q(ω) = H{P(ω)}. In a similar manner, 
realizable analytic form of a minimum function K(p) can be determined from its even part 
P(p2) using an algebraic Hilbert operator HP{.} such that K(p) = HP{P(p2)}. In this representa-
tion, HP{.} stands for “Hilbert transform via Parametric Method.”

So far, we have been trying to generate intelligent initial guesses to start the nonlinear 
optimization of TPG for single matching problems. These processes are completed in the 
following major steps.

Step 1: In this step, the real part P(ω) is piecewise linearized and expressed in terms of 
the unknown break points of line segments. At this point, the objective is “to generate 
initial guess for gain optimization.” At this step, initial break points are computed by 
reactance cancellation. At the beginning of this step, the user decides to work with either 
impedance- or admittance-based gain function for the broadband matching problem 
under consideration. Furthermore, the designer selects the sampling frequencies, called 
break frequencies, and picks a flat gain level T0 over the passband. The outcome of this step 
is a convergent initial guess for the break points.

Step 2: In the second step, TPG of the matching network is optimized to reach the ide-
alized flat gain level T0. As desired, in the course of gain optimization, one may wish to 
jack-up the flat gain level T0 to high values by trial and error. The outcome of this step is 
the optimized break points.

All the above numerical processes are called the “real frequency line segment tech-
nique” or, in short, RFSLT. The outcome of the RFSLT is the optimum break points, which 
approximate the ideal flat gain level T0.

Step 3: In this step, computed break points are modeled by means of a curve-fitting algo-
rithm to generate the actual equalizer. The outcome of this step is the nonnegative rational 
form P(ω2) for the break points. This rational form is described by means of an auxiliary 
polynomial

 c c c cn n
n( ) ( )ω ω ω ω= + + + +−

1 2
1 1�

as described by Equations 5.43 through 5.45. Coefficients ci provide an excellent initial 
guess for the actual optimization of the TPG of the matching network to be designed.

At this step, the analytic computation process of the even part P(ω2) is called the “real 
frequency direct computational technique” or, in short, RFDCT.

Quality of the initial guess generated by Step 3 is checked by computing the analytic 
form

 
K p

a p
b p

HL P p( )
( )
( )

( )|= = { }=−ω ω
2

2 2

and generating TPG as a function of termination as well as K(p).
Construction of K(p) is accomplished by employing the parametric approach.
Eventually, the best form of the matching network can be obtained by running TPG 

optimization on the coefficients of the auxiliary polynomial
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 c c c cn n
n( ) ( )ω ω ω ω= + + + +−

1 2
1 1�

To accomplish this task, we developed an objective function in MATLAB called

function eps Error Parametric x ktr T n ndc WZ a WB Ai[ ] _ ( , , , , , , , ,= 0 0 0 nn N Bin N wL wH M_ , _ , , , )

 (5.61)

This function generates an error function when the DPI is evaluated employing the para-
metric approach such that

 Error Paramateric TPF c c c a W Tj n z_ ( , , , , , , )= −ω 1 2 0 0…  (5.62)

List of function Error_parametric is given by Program List 5.19.
The optimization task can be completed by executing the following MATLAB codes:

 

[ ] _ ( , , , );
(

x Initiate Parametric ktr n c a

options optimset Max

0 0=
= ‘ FFunEvals MaxIter

T wL WB wH WB

’ ‘ ’, , , );
. ; ( );

200000 500000
0 0 97 2= = = (( );

@( ) _ ( , , , , , , , ,
N

eps x Error Parametric x ktr T n ndc WZ a WB

−
=

1
0 0 0 0 AAin N Bin N wL wH M

x lsqnonlin eps x options

a

_ , _ , , , );
( , ,[],[], );

[
= 0

,, ] _ ( , , , , , );b Evaluate Parametric x ktr n ndc WZ a= 0

The execution of Equation 5.62 results in an optimal solution for the matching network 
to be the design. In Equation 5.62, statement [x0] = Initiate_Parametric(ktr,n,c,a0) generates 
the initials for the final optimization based on the rational approximation of Equation 5.43, 
which results in the coefficients of the auxiliary polynomials. The following MATLAB 
codes are run to complete Step 3:

 

T wL WB wH WB N

eps x Error Parametric x k

0 0 97 2 1
0 0

= = = −
=

. ; ( ); ( );
@( ) _ ( , ttr T n ndc WZ a WB Ain N Bin N wL wH M

x lsqnonlin eps

, , , , , , , _ , _ , , , );
(

0 0
= ,, ,[],[], );x options0

The above statements optimize TPG in the mean least-square sense. Optimized values 
of the coefficients ci are stored in vector x.

The statement [a,b] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0) generates a realizable ratio-
nal form of DPI. In this regard, if ktr = 0, K(p) = a(p)/b(p) returns as a minimum susceptance 
admittance. If ktr = 1, then K(p) = a(p)/b(p) is minimum reactance impedance.

Let us now run an example to generate the best solution for Example 5.5.

EXAMPLE 5.6

Optimize TPG obtained in Example 5.5 on the initial coefficients ci specified by

 c0 0 8487 1 2975 1 5108 1 6772 1 9793= − −[ . . . . . ]
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Solution

For this example, we develop a MATLAB main program called “Example5_6.m.” This 
program is based on “Example5_5.m” with the inclusion of optimization codes of 
Equation 5.62. The result of optimization is given by

 c [ . . . . . ]= − −11 1588 5 2383 15 4989 7 0961 5 3529

and

 

a

b

[ . . . . . ]
[ . . .

=
=

0 1 5791 1 2501 1 9742 0 8301 0 3082
1 0 7916 1 5921 0 7964 00 5088 0 0896. . ]

or driving point admittance K(p) is expressed as

 
K p

a p
b p

p p p p
p

( )
( )
( )

. . . . .= = + + + +
+
1 5791 1 2501 1 9742 0 8301 0 30824 3 2

5 00 7916 1 5921 0 7964 0 5088 0 08964 3 2. . . . .p p p p+ + + +

Corresponding TPG is depicted in Figure 5.22.
Comparison of Figures 5.21 and 5.22 reveals that final optimization on the coefficients 

of c(ω) significantly improves TPG (TPGmin = 0.875 of Figure 5.21 is compared with that of 
TPGmin = 0.93 of Figure 5.22).

MATLAB codes of the main program “Example5_6.m” are listed in Program List 5.20.
Section 5.5 may be regarded as the third step of the “real frequency-immittance-based 

matching network design” process.
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Reoptimized TPG on the coefficients of ci via parametric approach.
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At the final step, DPI K(p) = a(p)/b(p) of the matching network must be synthesized as 
a lossless two port in resistive termination. Therefore, in the following section, a high-
precision synthesis method of positive real functions is presented [5,6].

5.4 High-Precision Ladder Synthesis of Positive Real Functions

The last step of the real frequency technique is the synthesis of the DPI of the equal-
izer. Usually, we deal with immittance functions that have transmission zeros at infinity 
yielding low-pass LC-ladder networks. Sometimes, we may need to employ transmission 
zeros at DC and infinity, which results in a bandpass LC ladder. Rarely, one may wish to 
employ transmission zeros at finite frequencies as well as at DC and infinity. Therefore, 
this  subsection is devoted to the synthesis of a DPI with transmission zeros at finite fre-
quencies, at DC and at infinity.

On the computer, Darlington synthesis of positive real functions is an art. It requires 
special care due to the accumulation of numerical errors at the extraction of transmis-
sion zeros. Until 2013, synthesis was one of the bottlenecks limiting the real frequency 
techniques. We are pleased to announce that the problem affecting reliable-robust and 
automated synthesis has been solved, as reported in References 5–7.

First, in the new synthesis algorithms, transmission zeros at finite frequencies are 
extracted as Brune sections. A Brune section contains three inductors, namely, La, Lb, and 
Lc, in a T-like configuration, as shown in Figure 5.23a. One of the series inductors of the 
T-structure can have a negative value. However, the negative inductor can be removed 
employing a coupled coil, as shown in Figure 5.23b.

In the second step, we remove DC transmission zeros in a sequential manner either 
using a series capacitor or a shunt inductor, as shown in Figure 5.24.

In the third step, transmission zeros at infinity are removed one by one either using a 
shunt capacitor or a series inductor, as shown in Figure 5.25.

At the end of the synthesis, typically, one would end up with a lossless LC ladder, as 
depicted in Figure 5.26.

Referring to Equation 5.63, the driving point impedance of Figure 5.26 has nz = 3 finite 
transmission zeros; which are realized by means of 3-cascade connections of Brune sec-
tions, ndc = 3 transmission zeros at DC; realized using two-shunt inductors and one series 
capacitor, and n∞ = 5 transmission zeros at infinity; realized by 3-shunt capacitors and 

La Lc

Lb

L1

M = Lb

L2

Cb

Z(p) = a(p)/b(p)

Z(p) = a(p)/b(p)

Z3(p) = a3(p)/b3(p)Z3(p) = a3(p)/b3(p)

(a) (b)

Cb

FIGURE 5.23
(a) Extraction of a finite transmission zero from a driving point impedance Z(p) as a Brune section. (b) Removal 
of negative inductance with coupled coils.
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3-series inductors. Hence, half-degree n of the denominator of Equation 5.63 is n = 2 × nz + 
ndc + n∞ = 6 + 3 + 6 = 15.

In the following, we will briefly cover the basic principles of practical ladder synthesis 
with MATLAB.

5.4.1 Extraction of Transmission Zero via Zero Shifting Method

In this section, we deal with the extraction of a finite frequency transmission zero from the 
given impedance. In this regard, let the driving point input impedance of the matching 
network be

 
Z p

a p
b p

a p a p a p a
b p b p b p b

n n
n n

n n
n n

( )
( )
( )

= = + + + +
+ + + +

−
+

−
+

1 2
1

1

1 2
1

1

�
�  

(5.63)

L1

L2 L6 L10

L4 L5 L8 L9 L12 C14 L17 L19 L21

R22C20C18C16L15L13C11C7C3

FIGURE 5.26
Typical synthesis of an immittance function K(p) = a(p)/b(p) with n = 15, nz = 3, ndc = 3, n∞ = 6, and KFlag = 1 
(minumum reactance).

F(p)

Fr

FIGURE 5.24
Extraction of DC transmission zeros as a high-pass ladder.

XnX3
X2X1

F(p)

Xn+1

Low-pass LC ladder in
resistive termination

FIGURE 5.25
Extraction transmission zeros at infinity as a low-pass ladder.
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Further, let Z(p) be a minimum reactance impedance with a single real frequency finite 
transmission zero at ωa, DC transmission zeros of order ndc and transmission zeros at 
infinity of order n∞ to be synthesized in the Darlington sense. In this case, even part of Z(p) 
is given by

 R p A p b p b p( ) ( ) [ ( ) ( )]= −/  (5.64)

Finite zeros of the even polynomial A(p) are called the transmission zeros of Z(p), includ-
ing those at DC. For the case under consideration, A(p) is given by

 F p a p p fa
ndc ndc( ) ( ) ( ) ( )= + − =0

2 2 2 2 2 21ω ∓ p  (5.65)

where

 f p a p pa
ndc( ) ( )= +0

2 2ω  (5.66)

At the finite frequency transmission zeros p = ∓jωa

 Z j R j jX ja a a a( ) ( ) ( )ω ω ω= +  (5.67)

where

 R j a( )ω = 0  (5.68)

Referring to Equations 5.68 and 5.69, we may extract an inductor La from Z(p) such that

 X La a a= ω  (5.69)

In Equation 5.69, the inductor La could be either positive or negative without disturbing 
the positive real feature of Z(p). Based on Equation 5.69, we can express Z(p) as follows and 
partially synthesize it, as shown in Figure 5.27.

 Z p pL Z pa( ) ( )= + 1  (5.70)

where

 
Z p

a p
b p

1
1

1
( )

( )
( )

=
 

(5.71)

La

Z( p) = a( p)/b(p)

Y1( p) = b1( p)/a1(p)

Z1( p) = a1( p)/b1(p)
or

FIGURE 5.27
Extraction of an inductor La from Z(p).
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and

 

b p b p

a p a p pL b pa

1

1

( ) ( )
( ) ( ) ( ) ( )

≡
≡ −  

(5.72)

As above, degree of a1(p) is degree of (n + 1).
Obviously, as it is introduced above, Z1(p) = Z(p) − Lap is zero when = ∓jωa. In other words,

 Z j Z j j La a a a1 0( ) ( )ω ω ω= − =  (5.73)

Therefore, the numerator polynomial a1(p) must include the term ( )p a
2 2+ ω  such that

 a p p a pa1
2 2

2( ) ( ) ( )= + ω  (5.74)

or the admittance function Y1(p) has poles at p = ∓jωa. That is,

 
Y p

b p
a p

b p
p a pa

1
1

1

1
2 2

2
( )

( )
( )

( )
( ) ( )

= =
+ ω  

(5.75)

By extracting the poles at = ∓jωa, Y1(p) can be written as

 
Y p

k p
p

Y pb

a
1 2 2 2( ) ( )=

+
+

ω  
(5.76)

where

 
Y p

b p
a p

2
2

2
( )

( )
( )

=
 

(5.77)

In the above formulation a2(p) and b2(p) are found as

 

a p
a p

p

b p
p

b p k a p

a

a
b

2
1

2 2

2 2 2 2
1

( )
( )

( ) [ ( ) ( ) ( )]

=
+

=
+









 −

ω

ω
p

 

(5.78)

Partial synthesis of Y2(p) is depicted in Figure 5.28.

La

Lb

Cb

Z( p) = a( p)/b(p)

Z2( p) = a2( p)/b2(p)

FIGURE 5.28
Extraction of the poles at p = ±jωa from the admittance function Y2(p).
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Finally, we set

 
Z p

a p
b p

L p Z pc2
2

2
3( )

( )
( )

( )= = +
 

(5.79)

where

 

Z p
a p
b p

L
a
b

c

3
3

3

2

2

1
1

( )
( )
( )
( )
( )

=

=
 

(5.80)

and

 

a p a p L p b p

b p b p
c3 2 3

3 2

( ) ( ) ( ) ( )
( ) ( )

= −
=  

(5.81)

It should be noted that, in the MATLAB environment, a polynomial P(x) = p1xn + p2xn−
1 + … + pnx + pn+1 of degree n is described by means of a vector P that includes all the coef-
ficients {p1, p2, …, pn, pn+1} such that

 P p p p n p n= +[ ( ) ( ) ( ) ( )]1 2 1…  (5.82)

Furthermore, the norm of a vector P is defined as

 norm P p p p p nn( ) ( )( ) ( ) ( )= + + + + +2 2 2 21 2 1�  
(5.83)

Based on the above MATLAB notation, a2(1) and b2(1) are the leading coefficients of poly-
nomials a2(p) and b2(p), respectively. Thus, partial synthesis of Equation 5.63 is completed, 
as shown by Figure 5.23a.

The above realization process of the finite transmission zero ωa is called the “Brune 
section extraction.” In this form, one of the inductors La or Lc may have a negative value. 
However, it may be eliminated by introducing a coupled coil with mutual inductance 
M > 0, as depicted in Figure 5.29.

At first glance, it is clear that the way the inductors La, Lb, and Lc are derived must satisfy 
the following equation [66,67]:

 L L L L L La b a c b c. . .+ + = 0  (5.84)

In this regard, the negative inductor is removed employing (5.85).

 L L L1 0= + >a b  (5.85)

 L L L2 0= + >b c  (5.86)

 M L= >b 0  (5.87)

Its realization is depicted in Figure 5.29.
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In the following subsections, we summarize the upgraded version of our high-precision 
synthesis algorithms introduced in References 5, 6, and 67 to include the extraction of finite 
transmission zeros.

5.4.2 MATLAB® Implementation of Zero Shifting Algorithm

In cascade synthesis, transmission zeros are realized as the poles of the immittance func-
tion at each step. In this regard, DC transmission zeros are realized either as series capaci-
tors, which are the poles of an impedance functions at p = 0, or as shunt inductors, which 
are the poles of admittance functions at p = 0. In a similar manner, in Brune synthesis, a 
finite frequency transmission zero at ωa is realized by introducing a pole at that frequency 
into the admittance function in the second step of the synthesis. In this regard, synthesis 
algorithm can be implemented within three steps. In step 1, at a given finite frequency 
transmission zero ωa, an inductance La is extracted from the given impedance function 
Z(p) = a(p)/b(p), to introduce a zero into the remaining impedance function Z1(p) = a1(p)/
b1(p), which is the pole of the admittance function Y1(p) = b1(p)/a1(p). This fact is described 
by Equations 5.67 through 5.76. Thus, in MATLAB, first we generate

 Z j R jXa a a( )ω = +  (5.88)

In this step, Ra must be zero since the even part of the given impedance is zero at p = ∓jωa, 
as specified by Equations 5.67 and 5.68. However, due to numerical computational errors, 
Ra will not be exactly zero, rather, it will be a small number. In this regard, we define an 
algorithmic zero such that εzero = 10−m; m > 0. If Ra ≤ εzero then we can go ahead with the 
synthesis. Otherwise, the synthesis algorithm must be stopped; meaning that the given 
impedance does not include a finite transmission zero at ωa. In this case, if Ra ≤ εzero, then 
by Equation 5.69 we set

 
L

X
a

a

a
=

ω  
(5.89)

In Equation 5.89, the value of La may be positive or negative.
In the second step, we generate the numerator and denominator polynomials of Z1(p), as 

in Equation 5.72, as follows:

 

a p a p pL b p

b p b p
a1

1

( ) ( ) ( )
( ) ( )

= −
=  

(5.90)

Cb

L2L1

M = Lb

Z( p) = a( p)/b(p)

Z3( p) = a3( p)/b3(p)

FIGURE 5.29
Realization of negative inductor.
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At this point, we should mention that degree of a1(p) is increased by 1. Then, the numera-
tor polynomial of Z2(p) = a2(p)/b2(p) is determined, as in Equation 5.78

 
a p

a p
p a

2
1

2 2( )
( )=
+ ω  

(5.91)

Employing Equation 5.76 residue kb is found.

 
k

b j
j a j

b
a

a a
= ( )

( ) ( )
ω

ω ω2  
(5.92)

kb must be a real positive number. At this point, we completed the extraction of the finite 
transmission zero ωa as a series resonance circuit in shunt configuration, as shown in 
Figure 5.28, with element values

 

L
k

C
L

b
b

b
a b

= >

= >

1
0

1
02ω  

(5.93)

The last computation line of this step is to determine the denominator polynomial b2(p) 
of Z2 = a2(p)/b2(p) such that

 
b p

p
b p k p a p

a
b2 2 2 2

1
( ) [ ( ) ( ) ( )]=

+








 −

ω
 

(5.94)

In the MATLAB environment, division by ( )p a
2 2+ ω  is performed using the function

 [ , ] ( , )q r deconv u v=

deconv performs the polynomial division operation u(p)/v(p), resulting in the quotient 
polynomial q(p) and the remainder r(p). Obviously, in computing a2(p) and b2(p) using 
Equations 5.92 through 5.94, remainders must be zero. However, due to accumulated 
numerical errors for both operations, remainders may be small numbers but not exactly 
zeros. In this case, we can compare the norm of remainders with the algorithmic zero if 
they are less than εzero. If so, then we can go ahead with step 3, otherwise the algorithm is 
stopped indicating that extraction of the given finite transmission zero is not possible. At 
this step, the degree of polynomial a2(p) is n − 1 and that of b2(p) is n − 2. In this case, the 
impedance function Z2(p) = a2(p)/b2(p) must include a pole at infinity.

In step 3, the remaining pole at infinity of Z2(p) = a2(p)/b2(p) is removed as an inductor

 ( ) ( )L a bc = 2 21 1/  (5.95)

If La is negative, then Lc must be positive. Otherwise, Lc may take a negative value. 
Upon completion of this process, we end up with the remaining positive real impedance 
Z3(p) = a3(p)/b3(p). In this case,
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a p a p L p b p

b p b p
c3 2 3

3 2

( ) ( ) [ ][ ( )]
( ) ( )

= −
=  

(5.96)

In the above equation set, degree of a3(p) must be na3 = n − 3 or na3 = n − 2 and degree of 
b3(p) must be nb3 = n − 2.

It should be mentioned that the above Brune or equivalently Type-C section extraction 
process is also known as zero shifting and it is programmed in MATLAB under the func-
tions called

 [ _ , ] _ ( , , , _ )Even Part La Zero shifting Step a b wa eps zero=  1

 [ , , , , , _ ] _ ( , , , , _Lb Cb kb a b r norm Zero shifting Step wa La a b eps2 2 2=  zzero)

and

 [ , , , , , ] _ ( , , , )Lc a b L L M Zero shifting Step La Lb a b3 3 1 2 3 2 2=   

In Step 4, we plot the result of zero shifting synthesis using our general purpose 
MATLAB plot function

 Plot Circuit CT CV_ ( , )4

where CT designates the type of component to be drawn and CV is the value of that 
component.

On the basis of our nomenclature, CT(i) = 1 describes a series inductor Li. Components 
of a series resonance circuit (pL + 1/pC) in shunt configuration are described by CT(i) = 10 
and CT(i + 1) = 11 referring to inductor L and capacitor C, respectively. Terminating resistor 
RT is designated by CT(i) = 9 with the component value CV(i) = R. For the Brune section, we 
use the following MATLAB codes:

 

CT CV L CT CV L

CT CV C CT
a b

b

( ) , ( ) ( ) , ( )
( ) , ( ) ( )

;
;

1 1 1 2 10 2
3 11 3 4

= = = =
= = = 11 4, ( )CV Lc=  

(5.97)

For n = 2, terminating resistor RT is given by

 CT CV RT( ) , ( )5 9 5= =  (5.98)

If n > 2, then in Step 5, the remaining impedance Z3(p) = a3(p)/b3(p) is synthesized using 
our high-precision LC ladder synthesis algorithm and the final circuit schematic is plot-
ted. It is noted that if the driving point immittance function K(p) = a(p)/b(p) is specified as 
admittance, then we should flip it over to make it impedance Z(p) = b(p)/a(p) to be able to 
apply the zero shifting synthesis algorithm. In this case, Z(p) may have a pole at infinity 
and a pole at DC. If it is so, then poles of Z(p) are extracted as a Foster function as follows:

 
Z p

b p
a p

L p
C p

Z px
x

( )
( )
( )

( )= = + +1
1

 
(5.99)
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All the above steps are gathered under the major MATLAB function called

 [ , , , , ] ( , , , , ,CT CV L L M Synthesis by Transzeros KFlag WZ ndc a b1 2 =    eeps zero_ )

This function synthesizes the immittance function F(p) = a(p)/b(p) as described above. 
If the input variable KFlag = 1 is selected, F(p) is an impedance; if KFlag = 0 is selected, then 
K(p) is an admittance. K(p) may include poles at p = 0 and/or at p = ∞. At the beginning of the 
synthesis, these poles are extracted, as in Equation 5.99, leaving a minimum reactance func-
tion. Then, the total number of nz finite transmission zeros are extracted in a sequential man-
ner, as they are provided by the input vector WZ of size nz. Thereafter, total number of ndc 
transmission zeros at DC are removed and, finally, the remaining transmission zeros at infin-
ity are extracted using our high-precision synthesis algorithms introduced in References 5–7.

Remark: It should be emphasized that, in the above synthesis process, after each pole 
extraction, the remaining impedance is corrected using the parametric approach. In this 
regard, we reconstruct the remaining minimum reactance impedance from its real part. 
This process is called “impedance correction.” The impedance correction process assures 
the LC ladder topology for the remaining impedance. Therefore, the algorithm introduced 
above may be called “Zero Shifting with Impedance Correction,” or, in short, “ZS-with ImC.” 
“ZS-with ImC” is able to extract more than 10 Type-C sections with accumulated numerical 
error less than 10−3. However, straightforward zero shifting synthesis without impedance 
correction fails due to over/under flows after 3 or 4 Brune section extractions.

5.4.3 Synthesis with Transmission Zeros at DC and Infinity

A minimum immittance function K(p) is specified as a positive real function in rational 
form as

 
K p
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++ + +2

1�  
(5.100)

where the denominator polynomial b(p) is the degree of n and is free of jω poles. For many 
engineering applications, the aim is to set a1 = 0, which makes K(p) zero as frequency 
approaches infinity (a transmission zero at infinity).

Transmission zeros of a minimum immittance function are specified by its zeros and 
poles as well as the zeros of its even part, which is defined as
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(5.101)

If Reven(p) includes transmission zeros only at DC (meaning at p = 0) and infinity (mean-
ing p = ∞), then A(p) is simplified as

 A p A p n ndc Andc ndc( ) ; ; ( )( )= − ≥ − >0
2

00 1 0  (5.102)

or

 
P p

A p
B p B p B p B

ndc

n
n n

n n
( )

( )

( )
2 0

2

2
2

2 1 2
1

0=
+ + + +

≥−
+�  

(5.103)

where A0 = An−ndc+1 and all the other terms Aks of Equation 5.103 are zero.
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In the above formulation, integer “n” designates the total number of reactive elements 
when K(p) is synthesized as a lossless two-port [N] in resistive termination. Integer “ndc” is 
the count of DC transmission zeros that are realized as series capacitors and shunt induc-
tors in two-port [N]. On the other hand, integer n∞ = n − ndc > 0 is the count of transmis-
sion zeros at infinity that are realized as series inductors and shunt capacitors, as shown 
in Figure 5.30.

It should be mentioned that the ndc = 0 case results in a low-pass LC ladder with all series 
inductors and shunt capacitors. Similarly, the ndc = n case yields a high-pass ladder with 
all series capacitors and shunt inductors. Therefore, we refer to the series inductors and 
shunt capacitors as low-pass reactive elements or, in short, low-pass elements. Similarly, 
series capacitors and shunt inductors are referred to as high-pass reactive elements or, in 
short, high-pass elements.

If ndc > 0 then the last term an+1 of a(p) must be zero (i.e., an+1 = 0), introducing zeros of 
transmission at zero.

Synthesis of K(p) can be carried out in a sequential manner by extracting transmission 
zeros step by step.

In cascade synthesis, at a given pole location p = pi, a transmission zero is realized by 
removing that pole from the given immittance function. Obviously, in this section, we are 
only concerned with transmission zeros at p = 0 and p = ∞. For example, assuming ndc > 0, 
first, transmission zeros at DC can be removed one by one. In this case, an+1 must be zero. 
Therefore, at step 1, first K(p) is flipped over as H(p) = 1/K(p) = b(p)/a(p) to introduce a pole 
in H(p). Then, a transmission zero at DC is extracted by removing the pole of H(p) at p = 0. 
At this step,

 
H p

b p
a p

k
p

F pr( )
( )
( )

( )= = +1

 
(5.104)

where

 
F p

R p
a p

r
r

( )
( )
( )

=
 

(5.105)

The remainder R(p) and the denominator polynomial ar(p) are obtained after proper 
degree cancellations. At the end of this process, Fr(p) may not be a minimum function. 
Continuing the pole extraction process with care, after ndc steps, the remaining immittance 
function Fr(p) must include transmission zeros only at infinity. In this case, H(p) = 1/K(p) 
is expressed as

K(p)

RT

FIGURE 5.30
Synthesis of K(p) as a lossless two-port in resistive termination.
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(5.106)

From the programming point of view, after each step, remaining positive real function 
Fr(p) can be renamed or initialized as Fr = a(p)/b(p) by setting a(p) = R(p) and b(p) = ar(p), so 
that the same algorithm is employed to remove the poles at p = 0 from the inverse function 
Hr(p) = b(p)/a(p).

As far as actual realization of H(p) is concerned, if the synthesis begins with a minimum 
reactance impedance K(p), then H(p) = 1/K(p) is an admittance function. Therefore, the first 
element of the ladder must be a shunt inductor and it is specified by L1 = 1/k1. In this case, 
the second element will be a series capacitor with C2 = 1/k2, and so on. As a rule of thumb, 
we can say that if the initial minimum function K(p) is an impedance function, then the 
odd index terms of H(p) of Equation 5.106 will be shunt inductors and even index terms 
will be series capacitors. Obviously, if ndc is an even integer, the front high-pass section 
will end with a series capacitor; or if it is an odd integer, then the high-pass section will 
end in a shunt inductor, as shown in Figures 5.31a and 5.31b, respectively.

However, if K(p) is a minimum susceptance function (or equivalently minimum admit-
tance), its inverse H(p) = 1/F(p) will be an impedance function.

Therefore, in this case, actual synthesis starts with a series capacitor C1 = 1/k1, and con-
tinues with a shunt inductor L2 = 1/k2, as shown in Figures 5.32a and 5.32b.

(a)

(b) C2 = 1/k2 Cndc = 1/kndc

L1 = 1/k1 ndc = even
Remainder

K(p) = a(p)/b(p)

Minimum impedance

Fr( p) = R( p)/ar(p)

C2 = 1/k2 Lndc = 1/kndc
L1 = 1/k1

ndc = odd

K(p) = a(p)/b(p)
Minimum impedance

Remainder
Fr( p) = R( p)/ar(p)

FIGURE 5.31
(a) Synthesis of a minimum impedance K(p) for ndc = odd case. (b) Synthesis of a minimum impedance K(p) for 
ndc = even case.
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The remaining low-pass section can be synthesized by extracting transmission zeros at 
infinity from the immittance function Fr(p) = a(p)/b(p). As mentioned before, Fr(p) = a(p)/
b(p) may be a minimum function with a1 = 0 and b1 ≠ 0, or it may not be minimum. In this 
case, a1 ≠ 0 and b1 = 0. If Fr(p) is a nonminimum function, then low-pass synthesis directly 
starts by expressing Fr(p) as

 

k
p

F pndc
r+ ( )

 
(5.107)

(last step of poles extractions at p = 0)
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(5.108)

or the last step is expressed as
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p

q p
R p
b p
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(5.109)

In this case, at the very beginning of the synthesis process, if the starting function 
F(p) = a(p)/b(p) is a nonminimum reactance function, and if ndc = even, then the low-pass 
section starts with a series inductor L(ndc+1) = q1; and it ends with a shunt capacitor Cn = qn∞ 
in parallel with a terminating conductance G if n∞ = n − ndc is an even integer, as shown 
in Figure 5.33a.

Contrarily, if Fr(p) is a minimum function, then it must be flipped over to be able to 
extract a pole at infinity from the inverse function Hr(p) = b(p)/a(p) such that

 

k
p

F pndc
r+ ( )

 
(5.110)

(a)

(b) C1 = 1/k1 Lndc = 1/kndc

L2 = 1/k2

ndc = even

Remainder

K(p) = a(p)/b(p)
Minimum admittance

Minimum admittance

Fr( p) = R( p)/ar(p)

L2 = 1/k2 Cndc = 1/kndcC1 = 1/k1

ndc = odd
K(p) = a(p)/b(p)

Remainder
Fr( p) = R( p)/ar(p)

FIGURE 5.32
(a) Synthesis of a minimum admittance K(p) for ndc = odd case. (b) Synthesis of a minimum admittance function 
K(p) for ndc = even case.
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(last step of pole extractions at p = 0)
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(5.111)

In this case, series capacitor Cndc is followed by a shunt capacitor C(ndc+1), as shown in 
Figure 5.33b, and so on.

Just for the sake of completion, let us mention that a sequential cascaded connection of 
series capacitors and shunt inductors constitute a high-pass ladder network. Therefore, 
these elements are called “High-pass Elements—HE” (i.e., shunt inductors and series 
capacitors). Similarly, a connection of series inductors and shunt capacitors form a low-
pass ladder. Therefore, these elements are called “Low-pass Elements—LE.”

Even though the extraction process looks straightforward throughout the numerical 
computations, one may end up with severe accumulation errors that destroy the ladder 
form of [N] by introducing nonzero terms in A(p) beyond A0p2(ndc). Unfortunately, this is a 
classical problem of network synthesis.

In our previous work [5], for the ndc = 0 case, we introduced a “parametric method” to 
overcome severe accumulation errors by enforcing the analytic ladder form of Equation 
5.103 and regenerating Fr(p) from its even part at each step. In this approach, we start with 
a minimum function F(p) = a(p)/b(p) with a1 = 0. In this case, even part of K(p) is given by
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(5.112)

The first transmission zero at infinity is completely removed from the inverse function 
H(p) = 1/F(p) = b(p)/a(p) such that
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(5.113)

(a)

(b) C2 = 1/k2 L(ndc+2) = q2

C(ndc+1) = q1ndc = even

ndc =even

K(p) = a(p)/b(p)
Minimum impedance Minimum impedance

Nonminimum impedance Nonminimum
impedance

 n∞ = n − ndc = even

 n∞ = n − ndc = old

Cn = qn

Cn = qn∞

Cndc = 1/kndc

Lndc = 1/kndc  L(ndc+1) = q1C1 = 1/k1

L1 = 1/k1

K(p) = a(p)/b(p)

G

G

Fr( p) = a( p)/b(p)

Fr( p) = a( p)/b(p)

FIGURE 5.33
(a) Synthesis of a nonminimum impedance K(p) for n∞ = n − ndc = even case. (b) Synthesis of a minimum imped-
ance K(p) for ndc = even case and minimum impedance remainder Fr(p) = R(p)/ar(p) as n − ndc = odd case.
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The remaining function Fr(p) must be minimal and possess an even part, as in Equation 
5.112 of degree (n − 1). However, due to accumulation errors, numerator polynomial A(p) of 
the even part Reven(p) = [1/2][Fr(p) + Fr(−p)] may have very small coefficients but not exactly 
zero beyond An+1 = A0. In this case, by defining an algorithmic zero such as εzero = 10−m; 
m > 1, we can set all nonzero terms to zero if they are smaller than εzero. In this way, we 
force the even part Reven(p) = [1/2][Fr(p) + Fr(−p)] to be the low-pass ladder form, then regen-
erate Fr(p) by means of parametric approach from the corrected even part, as specified by 
Equation 5.112. This process continues until all the transmission zeros are extracted.

In Reference 5, it was shown that one can synthesize a low-pass ladder up to 40 elements 
from a given driving point function K(p) with a computational resolution better than 10−1, 
which may be acceptable for many practical problems.

5.4.4 MATLAB Implementation: Extraction of Transmission Zero at DC

In the previous sections, we generated a minimum function that has built in DC transmis-
sion zeros. These zeros can be extracted by removing the poles at p = 0 from the inverse 
function as follows.

Initially, the full form of a minimum immittance function K(p) is specified as
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with a1 = 0, which indicates that there is a transmission zero at infinity; and an+1 = 0 indicat-
ing that there is at least one transmission zero at infinity.

The inverse of this function is given by
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(5.115)

Thus, a DC transmission zeros is extracted by removing the pole p = 0 as follows:

 

H p
b p
a p

k
p

F p

F p
R

a p

r
r

r
r

( )
( )
( )

( )

( )

( )

= = +

=
 

(5.116)

where
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(5.117)
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Here, it is important to note the following points:

 a. If ndc > 1, after we remove the first transmission zero at DC, the last term Rn of R(p) 
must be zero to introduce the leftover transmission zeros at DC.

 b. Due to cancellation of the common term “p,” which appears in R(p) and is already 
built in a(p), degree of ar(p) is (n − 2).

 c. Degree of R(p) is (n − 1), since the leading term of R(p) is (1/p)b1pn = b1pn−1.
 d. Fr(p) = R(p)/ar(p) is not a minimum function since lim ( ) ( )

p
rF p R a p

→∞
→ → ∞1 2/  indi-

cating that Fr(p) has a pole at ∞.
 e. The even part of Fr(p) must yield a ladder form, as in Equation 5.112, with the total 

of (ndc − 1) transmission zeros at DC. However, due to error accumulations this 
may not be the case.

The above introduced essential points are programmed under the following MATLAB 
functions:

• Function [A,B] = even_part(a,b) generates the even part of a positive real function 
K(p) = a(p)/b(p).

• Function [kr, R, ar] = Highpass_Remainder(a, b) extracts a pole at DC (p = 0) with 
residue kr, as detailed by Equation 5.117. Once extraction is completed, for the next 
step, the remainder R(p) is set to a(p) and ar(p) is set to b(p) to continue for the 
follow-up steps of the synthesis.

In the following section, we present a fine process to remove a pole at infinity from a 
given proper function F(p).

5.4.5 MATLAB Implementation: Extraction of a Pole at Infinity

A nonminimum function F(p) with a pole at infinity is described as F(p) = a(p)/b(p), such 
that

 a p a p a p a p an n
n n( ) = + + + +−

+1 2
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 b p p b p b p bn n
n n( ) = + + + +−

+0 2
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It should be noted that a pole at infinity is introduced when the coefficient b1 is zero (i.e., 
b1 = 0). In this case, F(p) is expressed as

 F p k p F pmin( ) ( )= +∞

where the minimum function is described as
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The residue k∞ is given by

 

k
p

a p
b p

a p a p a p a
b p

p

p

n n
n n

n

∞
→∞

→∞

−
+

−

=

= + + + +
+ +

lim
( )
( )

1

1 3
2

1

2
1lim

�
� bb p b

a
bn n+

=
+1

1

2  

(5.118)

Once a pole at infinity is extracted, the remaining function is expressed as
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where the remainder R(p) is specified as

 R p a p k p b p( ) ( ) [ ][ ( )]= − ∞  (5.119)

The degree of br(p) is (n − 1). In order to end up with degree reduction, first two terms of 
R(p) must be zero introducing left over transmission zeros at infinity. To execute the above 
computations, we developed the following MATLAB functions:

• Function [kinf, R, br] = removepole_atinfinity(anew, bnew) removes a pole at infinity 
as described by Equation 5.113. Then, Fr(p) = R(p)/br(p) becomes a minimum posi-
tive real function.

• Function [a1, b1, ndc] = check_immitance(a_min, b_min).
• Checks the immittance function Fmin(p) = amin(p)/bmin(p) if it satisfies an LC band-

pass ladder form. This function first generates the even part R(p) = A(p)/B(p), then 
compares all the coefficients of A(p) with a selected small number εzero = 10−m. It 
then decides whether it is a ladder or not. If it is a ladder within a precision of 10−m, 
then from the corrected real part, Fmin(p) is regenerated as an exact ladder using 
the parametric approach.

• Function [a_G,b_G,ndc] = kinfFmin_ToF(kinf,a_min,b_min) generates the corrected 
nonminimum function from the given pole at infinity described by the residue k∞ 
and corrected minimum function Fmin(p) = amin(p)/bmin(p) = R(p)/br(p).

5.4.6 Algorithm: General Rules of LC Ladder Synthesis

For the sake of easy explanation, we assume here that DPI F(p) = a(p)/b(p) is a minimum 
reactance (impedance) function without loss of generality.

 1. If the synthesis process starts with the extractions of high-pass elements, the first 
element must be a shunt inductor, since F(p) is a minimum reactance function 
expressed by means of its inverse with a pole at p = 0 as
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 2. Obviously, the second high-pass element is a series capacitor if ndc > 1.
 3. In general, we can state that, if the synthesis of a minimum reactance function 

starts with the extraction of high-pass elements, the odd indexed terms are shunt 
inductors and the even indexed terms are series capacitors.

 4. During the extraction process of odd indexed elements, the remaining function 
Fr(p) = R(p)/ar(p) is a nonminimum admittance function. This is useful informa-
tion, helping to refine the coefficients of the numerator and denominator polyno-
mial Fr(p) to yield a high-precision LC ladder, employing the MATLAB function 
Ladder_Correction.

 5. During the extraction process of even indexed elements, the remaining func-
tion Fr(p) = R(p)/ar(p) is a minimum reactance function. This is also useful 
information, helping to refine coefficients of the numerator and denominator 
polynomial Fr(p) to yield a high-precision LC ladder, using the MATLAB func-
tion check_immitance.

 6. After extracting all transmission zeros at p = 0 as shunt inductors and series capac-
itor within the “ndc” steps, we can start extraction of low-pass elements from the 
remaining function Fr(p) as series inductors and shunt capacitors in n∞ = n − ndc 
steps.

 7. If ndc = even, synthesis of the low-pass section starts with an impedance function.
 8. If ndc = odd, synthesis of the low-pass section starts with an admittance function.
 9. No matter what the ndc is, for both odd and even indexed components, high-

pass circuit elements of the LC ladder network can be extracted employing our 
MATLAB function

 [ , , ] _ ( , )kr R ar Highpass Remainder a b=

  where the immittance function to be synthesized is described as
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  such that

 ( ) ( ).( )F p R p a pr r= /

 10. Whether it is minimum or not, the remaining function Fr(p) = R(p)/ar(p) is rede-
fined as K(p) = a(p)/b(p) by setting a(p) = R(p), and b(p) = ar(p). Then, all the high-
pass elements of the LC ladder network can be extracted one by one within a loop 
that runs on index “i” up to “ndc.”

 11. Once the high-pass section is constructed, the resulting residual function 
Fr(p) = R(p)/ar(p) includes only transmission zeros at infinity.

 12. If Fr(p) = R(p)/ar(p) = K(p) = a(p)/b(p) is a minimum function, then our MATLAB 
function q = LowpassLadder_Yarman(a,b) completely removes the transmission 
zeros at infinity as series inductors and shunt capacitors. On the other hand, if 
K(p) = a(p)/b(p) is not a minimum function, then its inverse H(p) = b(p)/a(p) must be 
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minimum. In this case, q = LowpassLadder_Yarman(b, a) completely removes trans-
mission zeros at infinity.

 13. All the above steps are combined under a MATLAB function

 [ , , _ , _ ] _k q Highpass Elements Lowpass Elements GeneralSynthesis= YYarman a b( , )

  which completely removes all the transmission zeros at DC and infinity with high 
precision.

If the starting function is a minimum susceptance (minimum admittance) function, then 
all the above statements are true with the following provisions: In the high-pass section of 
the LC ladder, shunt inductors and series capacitors are replaced by their counterparts of 
series capacitors and shunt inductors, respectively. Similarly, in the low-pass section, shunt 
capacitors and series inductors are replaced by their counterparts of series inductors and 
shunt capacitors, respectively.

In immittance synthesis, resulting lossless two port is not unique. Essentially, during 
the synthesis process, the zeros of the even-part function Reven(p) appear as the transmis-
sion zeros of the lossless two-port. These zeros are realized as the poles of the immittance 
function Fr(p) = a(p)/b(p) or Hr(p) = 1/Fr(p) at each step. In the course of synthesis, we are 
free to extract transmission zeros in any order that we wish. In other words, for the case 
under consideration, synthesis can start by extracting either a pole at DC (k1/p) or a pole at 
infinity (q1p). This statement is true at each step of the synthesis. For the sake of simplicity, 
we have taken the liberty of starting with the extraction of the DC transmission zeros first; 
then continued with the extraction of transmission zeros at infinity. However, we could 
have done it the other way around or we could have extracted the transmission zeros at 
infinity and DC in an ad-hoc manner. Hence, we end up with different combinations of 
circuit topologies yielding a variety of element values. This may be desired from a practi-
cal implementation point of view. However, in this book, we first extract finite transmis-
sion zeros, then we extract transmission zeros at DC. Finally, synthesis is automatically 
completed by extracting the transmission zeros at infinity.

All the above synthesis procedures are combined under a MATLAB function called

 [ , , , , ] ( ,CTFinal CVFinal LL LL MM SynthesisbyTranszeros KFlag W1 2 = ,, , , , _ )ndc a b eps zero

This function completely extracts the transmission zeros of a given immittance function 
as a ladder and plots the result of synthesis.

5.5  Automated Real Frequency Design of Lossless Two-Ports 
for Single Matching Problems

In this section, we develop a MATLAB code that automatically constructs a lossless 2-port 
in resistive termination for single matching problems. The user provides the following 
inputs to the program.

The measured complex impedance termination of the equalizer is described by means 
of its real part RA and imaginary part XA over the given actual frequencies FA. 
The measured data may be provided as a MATLAB text file or as a matrix such that 
Ter_ Impedance = [FA RA XA] typed into the program. Throughout computations, we work 
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with normalized frequencies and normalized impedances. Therefore, the user must 
specify frequency normalization number f0 and impedance normalization number R0. At 
this point, it is assumed that the single matching problem is defined between resistive 
generator R0 and a complex impedance ZA = RA + jXA for the specified frequency band 
FL ≤ f ≤ FH, where FL is the lower edge and FH is the upper edge of the band.

 1. The first step of the design is to generate an idealized real frequency line seg-
ment solution, which is referred to as the real frequency line segment technique 
(RF-LST). In this regard, the user selects the following input arguments:
• A target flat gain level T0.
• Number of unknown break points NC in the passband.
• In the MATLAB codes, the last break point is fixed as zero (i.e., RB(N) = 0).
• The user should decide to work with either high values of break points or low 

values of break points by setting control flag sign = 1 or −1, respectively.
• The first break point RB(1) could be either included among the unknowns or it 

is fixed by setting the control flag ktr = 1 or 0, respectively.
• The user decides whether to work with impedance or admittance-based 

TPG in the course of optimizations by setting the control flag KFlag = 1 or 0, 
respectively.

• Eventually, initial break points are computed and optimized to reach the tar-
get flat gain level T0.

• The outcome of the first step is the optimized break points RB(ω) over the 
break frequencies WB.

• We must note that the total number of break points are chosen as N = NC + 2.
• Break frequencies are uniformly distributed within the passband.
• All the above computations are gathered under a MATLAB function called

 

[ , , ] _ ( , , , , , ,WB RB TB RFLST SingleMatching NC ktr KFlag sign T FL FH= 0 ,,
, , , , )FA RA XA f R0 0

 2. In the second step of design, line segments are modeled with a nonnegative ratio-
nal function, as in Equation 5.43. In this regard, the user must specify the follow-
ing input arguments:
• n: Degree of the denominator polynomial.
• ndc: Transmission zeros at DC.
• WZ: Finite transmission zeros on the real frequency axis.
• WB and RB: Break frequencies and break points.
• The outcome of this step is the coefficients of the auxiliary polynomial c(ω), 

constant real coefficient of the numerator a0, and open form of the ratio-
nal function P(ω2) = AA(ω2)/BB(ω2) and the minimum immittance function 
K(p) = a(p)/b(p) generated from P(ω2) using the parametric approach.

• All the above computations are gathered under the MATLAB function 
“CurveFitting_BreakPoints” such that

 [ , , , , , , ] _ ( , ,c a AA BB P a b CurveFitting BreakPoints ktr n nd0 = cc WZ WB RB, , , )
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 3. The third step of the design process is the final optimization of the TPG using 
the analytic form of the real part P(ω2) obtained in the second step of the design. 
In this step, DPI is generated using the parametric approach under a MATLAB 
function

 , , _ , , , , , _a b c final a WA PA QA TA FinalOptimization0  =

 Parametric KFlag ktr T n ndc WZ c a NC FA RA XA FL FH f ( , , , , , , , , , , , , , ,0 0 00 0, )R

  Input arguments of the above function were already introduced in Steps 1 and 2.
  The outcome of this step is given as follows:

• a and b describe the driving point impedance K(p) = a(p)/b(p) to be synthesized; 
c_final is a vector that includes the coefficients of the auxiliary polynomial c(ω) 
and it is the final and best solution to single matching problems.

• a0 is the constant real coefficient of the numerator of the rational form of the 
real part P(ω).

• K(jω) = PA(ω) + jQA(ω) is specified over the sampling frequencies WA by PA 
and QA and they are plotted for comparison purposes.

• TA is a vector that includes the final and best form of the TPG of the matched 
system. Eventually, it is plotted.

 4. The final step of the design is the synthesis of K(p) = a(p)/b(p) as a lossless two-port 
in resistive termination Rn+1. This step is programmed under the MATLAB func-
tion given below.

 [ , , , , ] ( ,CTFinal CVFinal LL LL MM SynthesisbyTranszeros KFlag W1 2 = ZZ ndc a b eps zero, , , , _ )

• In the above function, inputs are specified by the DPI K(p) = a(p)/b(p) with 
finite transmission zeros given by WZ, with DC transmission zeros specified 
by ndc. The degree of the polynomials a(p) and b(p) is n.

• eps_zero is the user-specified real number that determines the precision of the 
component values. We usually set eps_zero = 10−8.

• The outcome of SynthesisbyTranszeros is the component types (CT) and the val-
ues (CV) of lossless two port. Component types (CT) are listed as follows:

  CT = 1 > Series Inductor

  CT = 7 > Shunt Inductor

  CT = 8 > Shunt Capacitor

  CT = 2 > Series Capacitor

  CT = 9 > Terminating Resistor

  Series R//L//C: CT = 4 > Inductor, CT = 5 > Capacitor, CT = 6 > Resistor,

  Shunt R + L + C: CT = 10 > Inductor, CT = 11 > Capacitor, CT = 12 > Resistor,

If we have finite transmission zeros in the real part P(ω), during the synthesis, these 
transmission zeros are removed as Brune T-sections, which consist of La − Lb − Lc. One of 
the series inductors of the T is negative. As explained in Sections 5.4.1 and 5.4.2, a negative 
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inductor is removed by a coupled coil L1–M–L2. In the output arguments, LL1, LL2, and 
MM include the element values of the coupled coils of each Brune section.

5.6 Computation of Actual Elements

So far, all the algebraic manipulations were completed in the normalized frequency and 
immittance domain. Therefore, outcome of synthesis results are in the normalized element 
values. At the end of the design process, we must convert normalized elements to actual 
elements by denormalization. Hence, the actual elements are given as follows:

An actual capacitor Ci−actual is given by

 
C

C
R

C
f R

i actual
i i

− = =
ω π0 0 0 02  

(5.120)

An actual inductor Li−actual is given by

 
L

L R L R
f

i actual
i i

− = =0

0

0

02ω π  
(5.121)

An actual resistor is given by

 R R Ri n= +1 0  (5.122)

where Ci, Li, and Ri designate the normalized values of a capacitor, an inductor, and a resis-
tor, respectively.

Employing the outputs of our synthesis package, we develop a MATLAB function called

 [ ] _ ( , , , )CVA Actual Elements CT CV R F= 0 0

Inputs of the above function are given as follows:

• CT: Component typevector

• CV: Normalized element values

• R0: Impedance normalization number

• F0: Normalization frequency

Output CA is the actual value of the components.
Let us run a simple example to complete this section.

EXAMPLE 5.7

Develop a MATLAB program that automatically constructs the front-end matching net-
work [F] of a single-stage power amplifier of Figure 5.1 with the load-pull impedance 
measurement data specified by Table 5.1 of Example 5.1.
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Solution

For the problem under consideration, we develop a main program called “Example5_7.m.” 
This program executes the four major steps of immittance-based real frequency tech-
nique, namely

• Step 1: Execution of function RFLST_SingleMatching
• Step 2: Execution of function CurveFitting_BreakPoints (Rational curve fitting via 

RFDCT)
• Step 3: Execution of function FinalOptimization_Parametric Final optimization via 

Parametric Approach
• Step 4: Execution of function SynthesisbyTranszeros

The results are depicted in Figures 5.34 and 5.35.
In Figure 5.34, we compare the following quantities:

 a. The optimized TPGs.
 b. Optimized break points and rational form of the real part obtained via RFLST and 

parametric approach.

Hence, the minimum susceptance driving point input admittance K(p) = a(b)/b(p) is 
found as

 a = [ . . . . . ]0 1 5585 1 1704 1 9210 0 7726 0 2954

 b = [ . . . . . . ]1 0000 0 7510 1 5803 0 7568 0 5030 0 0859

0
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FIGURE 5.34
Optimized transducer power gains and real parts obtained via RFLTS and parametric approach for 
Example 5.7.
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Synthesis of K(p) results in the following normalized element values:

In Figure 5.35, we see the end result of the synthesis of the front-end matching network 
[F] with normalized element values.

The actual element values are found by denormalizing the capacitor as

 
C

C
R

C
f R

i actual
i i

− = =
ω π0 0 0 02

Similarly, actual values of the inductors are determined as

 
L

L R L R
f

i actual
i i

− = =0

0

0

02ω π

Termination resistance is determined as

 RT R Rn= +1 0

Thus, we have actual element values as listed below.

 

L C

L C

L

RT

1 9 63 2 26 92
3 10 11 4 27 09

5 5 8137
14

= =
= =

=
=

. , .
. , .

.
.

nH pF
nH pF

nH
553Ω

The above value of terminating resistor complies with the value of RB(1).
The termination can be a level up to 50 Ω by using a transformer, if desired. Finally, 

we should mention that the front-end matching network goes to the input of the power 
transistor of Figure 5.1. Therefore, it must be flipped when it is physically connected to the 
active device, as shown in Figure 5.36.

Normalized Component Values
L1 C2 L3 C4 L5 R6

0.641 4.48 0.673 4.51 0.387 0.290

Minimum susceptance DPI K(p)

Co
m
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 te
rm
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Z A 
= 

Z in
C2 C4 R6

L5L3L1

FIGURE 5.35
Synthesis of the minimum susceptance driving point admittance K(p) = a(p)/b(p) for Example 5.7.
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In Figure 5.36 if the source resistor is 50 Ω, then the transformer ratio ntr must be

 
n

R
R

tr
G

n
= = =

+1

50
14 53

3 813
.

.

In many practical circumstances, we avoid the use of a transformer in the designs. In 
this case, we can rerun Example 5.7 by fixing a0 = 1. Let us perform Example 5.8 to design 
the front-end matching network without a transformer.

EXAMPLE 5.8

Repeat Example 5.7 with a0 = 1.

Solution

For low-pass designs, we select ndc = 0. Then, we can control the far-end termination by 
fixing the numerator coefficient of Equation 5.43. In detail, at ω = 0, the far-end termina-
tion becomes a0

2. In this case, Equation 5.43 becomes

 P a( )|ω ω
2

0 0
2

= =

Hence, by setting a0 = 1, we can fix the far-end termination at the normalized value 1. 
Therefore, for the actual values, the termination becomes R0 = 50 Ω.

Execution of our MATLAB program Example5_8.m with fixed a0 = 1, reveals the fol-
lowing optimization results.

Coefficients of the auxiliary polynomial are given by

 c [ . . . . . ]= − −5 8883 3 7782 7 9649 5 1597 2 7451

The minimum susceptance driving point admittance K(p) = a(p)/b(p) of the equalizer is 
given as

 a [ . . . . . ]= 0 1 3320 1 2853 1 6022 0 8589 0 1698

 b [ . . . . . . ]= 1 0000 0 9650 1 6124 1 0400 0 5224 0 1698

or

 
K p

p p p p
p p

( )
. . . . .

.
= + + + +

+ +
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FIGURE 5.36
Filliped matching network to be placed to its physical location.
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The synthesis of K(p) is depicted in Figure 5.37 for Example 5.8.
Normalized and actual component values of Figure 5.37 are given by

The resulting gain function is depicted in Figure 5.38.
As we see from Figure 5.38, minimum TPG is about Tmin = 0.94, which corresponds to 

−0.25 dB in the passband (330–530 MHz), which more or less agrees with the gain level 
obtained in Example 5.7.

Now we are ready to fully automate the design of matching networks with lumped 
elements.

L1 C2 L3 C4 L5 R6

Normalized 0.7508 3.2526 1.2893 1.8048 1.0363 1.0000
Actual 11.27 nH 19.53 pF 19.36 nH 10.84 pF 15.56 nH 50 Ω

R6

L5L3L1

C4C2

FIGURE 5.37
Synthesis of K(p) for Example 5.8.
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FIGURE 5.38
TPG of the front-end matching network design without transformer.
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5.7 Automated Design of Matching Networks with Lumped Elements

As described in the previous sections, all the above computational processes can be com-
bined under a MATLAB function to construct the matching networks with lumped ele-
ments for single matching problems. The design engineer only needs to input certain 
design preferences, such as complexity of the lossless two port (i.e., n: total number of 
elements, ndc: total number of DC transmission zeros, WZ = [ωz1ωz2…ωznz]: Fixed number 
of finite transmission zeros outside of passband, etc.). For this purpose, we developed a 
MATLAB function called

 function[CT,CV,CVA, FA,TA,c,a,b,a0] Compact Single Matching=     (data)

The inputs of this function are listed below.
data are an array that include the following design preferences (i.e., user selected inputs).

• T0 = data(1);
• NC = data(2); ktr = data(3); KFlag = data(4); sign = data(5);
• FL = data(6); FH = data(7); f0 = data(8); R0 = data(9); F_unit = data(10);
• n = data(11); ndc = data(12); WZ = data(13); a0 = data(14).

The above 14 entries are collected under a MATLAB vector designated by

 User Selected Inputs = [.].

After the 14th entry, measured complex termination impedance is placed as a vector 
designated by

 Imp_input FA RA XA= [ ].

In other words, array data are formed as

 data UserSelectedInputs Imp_input= [ ]

where vector FA includes the sampling frequencies at which the real part RA and the 
imaginary part XA of the complex termination impedance ZA = RA + jXA is measured. 
In this representation, vectors FA, RA, and XA must have the same sizes. In order to sim-
plify data management at the input, FA only contains actual frequencies without units. 
The measured frequency unit is stored in F_unit, which is stored in data(10). For example, if 
the frequencies are measured in a Mega Hertz range such as 330, 340, 350 MHz, etc., then 
vector FA contains only plain numbers such as FA = [330 340 350…].

The detailed explanations are as follows:

• R0,f0: Impedance and frequency normalization numbers, respectively. It is noted 
that f0 is a plain number and does not have a unit as in FA.

• FL, FH: Lower and upper edges of the passband without units as in FA.
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• Funit: Frequency measurement unit. For example, if the frequencies are measured 
in MHz range, then F_unit = 106 is selected. If we make the measurements in GHz 
range, then F_unit = 109, etc.

• T0: Target flat gain level for the single matching problems.
• KFlag: Describes the type of immittance that we carry out computation for. 

KFlag = 1 is selected for impedance-based computations. KFlag = 0 is selected for 
admittance-based computation. This selection is guided by success of the opti-
mization. For example, for capacitive load terminations, KFlag = 0 may result in 
successful optimization. Similarly, for inductive load terminations, KFlag = 1 may 
yield good results in gain optimization.

• ktr: This control flag may be used to control the far-end resistive termination for 
low-pass designs. When we select ndc = 0 for low-pass designs, far-end termina-
tion is either fixed to be R0, or it is left free to make the optimization more flexible. 
In this case, for low-pass designs we use a transformer to level up the termination 
resistor at the far end to R0. For bandpass design (ndc > 0) we should set ktr = 1.

• sign: This control flag determines the initial guess for RFLST if we start with low 
initials or high initials. Sign = 1 corresponds to high initials. Sign = 0 is for low 
initials. Choice of signs is dictated by success of gain optimization.

• NC: This integer is the total number of unknown break points in the passband.
• N, ndc, WZ: These integers determine the complexity of the matching network as 

described before.

ac: This slack variable is equal to the desired values of a0. If a0 is fixed in advance, then 
ac must be selected as R0 . If a0 is part of the unknowns, then it is initialized as desired.

The outputs of function “ImmittanceBased_RealFrSingMatch” are given as the following 
arrays:

• CT: contains the component type of the resulting matching network.
• CV: contains the normalized element values of the circuit topology obtained as a 

result of synthesis.
• CVA: contains the actual element values of the resulting matching network.
• FA: contains the sampling frequencies to plot the optimized gain TA.
• TA: optimized values of the TPG of the matched system in absolute values rather 

than in decibels.
• c: contains the coefficients of the auxiliary polynomial c(ω).
• a: contains the optimized coefficients of the numerator polynomial of immittance 

K(p) = a(p)/b(p).
• b: contains the optimized coefficients of the denominator polynomial of immit-

tance K(p) = a(p)/b(p).
• a0: is the leading coefficient of the numerator of the real part of K(jω), as in 

Equation 5.43.
• This function calls the four major steps of the real frequency technique such that-

Step 1: Idealized solution by RF-LST employing

 

[ , , ] _ ( , , , , , ,WB RB TB RFLST SingleMatching NC ktr KFlag sign T FL FH= 0 ,, , ,
, , )

FA RA

XA f R0 0
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Step 2: Curve fitting of the break points by means of a rational function via real fre-
quency direct computational technique by calling

 [ , , , , , , ] _ ( , , ,c a AA BB P a b CurveFitting BreakPoints ktr n ndc W0 0 1 1 = ZZ WB RB, , );

Step 3: Final optimization of TPG on c(i) via parametric approach employing

 

[ , , , , , , , ] _ ( ,a b c a WA PA QA TA FinalOptimization Parametric KFlag0 = kktr T n

ndc WZ c a NC FA RA XA FL FH f R

, , ,
, , , , , , , , , , , );

0
0 0 0 0

Step 4a: In this step, we complete the Darlington synthesis of the DPI K(p) = a(p)/b(p) 
with eps_zero = 10−8 precision. In this regard, we call the synthesis function

 [ , , , , ] ( , , , , ,CT CV LL LL MM SynthesisbyTranszeros KFlag WZ ndc a b1 2 = eeps zero_ ).

The above function completes the synthesis and automatically plots the network topol-
ogy with element values.

Step 4b: In this step, actual element values are computed.
Hence, we complete the design in one shot.
Let us run an example to exhibit the utilization of the function “Immittance 

Based_RealFrSingMatch.”

EXAMPLE 5.9

Develop a MATLAB program to complete the design of a power amplifier using the 
load-pull measurement data given in Table 5.1.

Solution

For this purpose we developed a MATLAB program called “GKYExample5_9b.m,” as 
detailed in the Program Listing 5.42.

In program “Example5_9b.m,” lines 8–10 read the termination data Zin = Rin + jXin 
of the front-end equalizer [F]. Measurement frequencies are given in a Mega Hertz 
range within vector FAin. Target flat gain level is selected as T0 = 0.975 (line 25). RFLST 
employs NC = 19 unknowns break points in the passband (line 26); RFLST fixes the 
first break point RB(1) and RF-DCT of curve-fitting fixes a0 (ktr = 0 case in line 26); 
we work with admittance-based gain formulas (KFlag = 0) and start optimization for 
RFLST with high value of initials (sign = +1). Passband starts at FL = 330 MHz and ends 
at FH = 530 MHz (line 27). Lines 27–30 provide the user-selected input arguments to 
construct [F]. Frequency unit F_unit is set as 1 MHz (i.e., F_unit = 1e6).

Front-end matching network [F] is constructed in line 35 as a low-pass ladder with 
n = 5 elements. In the design, a0 is fixed as a0 = 1 by choosing ktr = 0. This choice must 
result in the unity equalizer termination RF6 (i.e., RF6 = 1).

Similarly, lines 46–48 provide the input data to construct back-end equalizer [B] as a 
low-pass ladder with n = 5 elements.

Back-end matching network is constructed in line 69.
Execution of program “Example5_9b.m” results in both front-end [F] and back-end [B] 

matching networks, as shown in Figure 5.39.
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The actual element values of the above amplifier are listed below.

The resulting TPG of the matching networks [F] and [B] is given in Figure 5.40.

5.8 Design of Interstage Equalizers: Double Matching Problem

In Figure 5.41, a typical two-stage power amplifier design schematic is shown.
In this figure, front-end [F] and back-end [B] matching networks are designed based on 

the measured input impedance Zin1 of Active Device-1 and the measured output imped-
ance Zout2 of Active-Device-2, respectively. [F] and [B] can easily be constructed using real 
frequency single matching design techniques presented in previous sections. However, 
the design of the interstage matching network (IMN) is tricky, since the TPG for the doubly 
terminated equalizer is different from that of a single matching one.

Referring to Figure 5.41, the generic design problem of the interstage equalizer is 
denoted as “Double Matching.” Literally speaking, a double matching problem is one that 
constructs an optimum matching network between the complex generator impedance ZG 
and complex load impedance ZL. Both ZG and ZL are non-Foster positive real functions 
(Figure 5.42).

IMN is designed to achieve TPG over a prescribed frequency band as high and as flat as 
possible. Maximum flat gain level T0 may be determined by accessing the gain bandwidth 
theory of double matching problems developed by Yarman and Carlin [2] and Carlin and 
Yarman [18].

As far as the design of two-stage power amplifier design is concerned, the out-
put of the active device −1 is modeled as a Thevenin source with internal impedance 
ZG = Zout1 = Rout1 + jXout1. Similarly, input of the next stage will be the complex load termina-
tion ZL = Zin2 = Rin2 + jXin2.

The input and the output impedances of the active devices are determined by load-pull 
measurements.

The interstage matching network can be described in terms of its DPI K(p) = a(b)/b(p), 
either from Port-1 or from Port-2, as shown in Figure 5.43.

Front-End LF1 CF2 LF3 CF4 LF5 RF6

Actual values 11.27 (nH) 19.53 (pF) 19.36 (nH) 10.84 (pF) 15.56 (nH) 50 (Ω)

Back-End LB1 CB2 LB3 CB4 LB5 RB6

Actual values 9.66 (nH) 15.87 (pF) 14.42 (nH) 7.4 (pF) 0.113 (nH) 50 (Ω)

LB1LF1LF3

CF4 CF2 CB2 CB4 RB
6

YF Zin Zout Ye

LF5RF6

EG

LB3 LB5

Active
device

FIGURE 5.39
Complete design of a power amplifier constructed employing LD MOS device RD007.
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The even part driving point immittance K(p) = a(p)/b(p) is given by
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(5.123)

As described in Equations 5.51 and 5.52, for many practical problems, we have the free-
dom to choose numerator polynomial as
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(a) TPG in dB for [F]. (b) TPG in dB for [B].
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where
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In this case, TPG of the double matched system is given by Reference 4
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Design of a two-stage power amplifier.
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FIGURE 5.43
Description of the lossless matching network for double matching problems.
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where
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is the unit normalized generator reflectance.
As proven by the main theorem of Yarman and Carlin, Sin is given by References 2–4 

and 18*
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which is the unit normalized input reflectance of the lossless two-port (IMN) while the 
output port is terminated in complex load.

It is interesting to observe that
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which is immittance-based TPG of the conventional single matching problems.
In Equation 5.128, the all pass function ηB(p) is given by References 2, 3, and 18
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Assuming K(jω) is a minimum function, then Q(ω) = Hilbert{P(ω)}.
In the above formulation, the complex generator drives the matching network. Therefore, 

TG(ω) is referred to as the generator-based TPG of the double matching problem.
However, we can turn the matching problem the other way around: feeding the match-

ing network with a complex generator of internal impedance ZL while terminating it in ZG 
at the front-end. This type of formulation of the TPG may be referred to as the load-based 
TPG. TG(ω) of Equation 5.128 is called the generator-based TPG of the double matched 
system.

Similarly, we can define the load-based TPG of the double matched system as
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where
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* Sin(p) is also known as the complex normalized–regularized reflectance in the Yarman and Carlin sense.
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is the unit normalized load reflection coefficient and
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is the unit normalized output reflectance. Furthermore,
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In this case, K(jω) = P(ω) + jQ(ω) is the driving point immittance of the resistively termi-
nated equalizer at the front-end (or at the generator [ZG] end).

Obviously, generator and load-based defined TPGs must be identical. Thus,

 T T TG L( ) ( ) ( )ω ω ω= ≡  (5.135)

As in the single matching case, for double matching problems, the lossless matching 
network is described from its driving point immittance K(p) either from Port-1 or Port-2. 
Here, we also assume that K(p) is a minimum function. Therefore, it can be generated 
using an auxiliary polynomial c(ω), as in the real frequency direct computational and 
parametric approach. Coefficients of c(ω) may be initialized using RFLST and RFDCT for 
single matching problems. At this point, we have to make a decision to start the double 
matching problem either from Port-1 or Port-2. Once T0 is selected, and the coefficients 
cj; j = 1, 2, …, n and A a0 0

2 0= ≥  are initialized via RFLST and RFDCT, we can generate 
the generator-based error function εG or equivalently the load-based error function εL as 
follows:
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Then the error function is minimized, which in turn yields the realizable DPI K(p) = a(p)/
b(p) of the lossless equalizer. Eventually, K(p) = a(p)/b(p) is synthesized yielding the desired 
lossless matching network in resistive termination R. Finally, resistive termination is 
replaced by an ideal transformer with transformer ratio [R = n2:1] to level R to a desired 
value of R0 when necessary.

Thus, we propose the following design algorithm for the solution of double matching 
problems.
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5.8.1  Algorithm to Construct Lossless Matching Networks 
under Complex Terminations at Both Ends

Inputs-1 (Design preferences):

 1. KPort: Selection of design port to describe the lossless matching network to be 
designed.
• Kport = 1 > Port-1.
• Kport = 2 > Port-2.

 2. KFlag: Choice of design immittance K(p).
• KFlag = 1 > K(p) is a minimum reactance.
• KFlag = 0 > K(p) is a minimum susceptance.

 3. T0: Flat gain level for the double matching problem.
 4. NC: Total number of break points in the passband.
 5. sign: Initiate RFLST with either high or low levels.
 6. Ktr: Design with transformer or without transformer.
 7. n: Total number of circuit elements in the matching network.
 8. nd: Total number of DC transmission zeros at DC.
 9. Wz: Location of finite frequency of transmission zeros.
 10. a0: Leading coefficient of the numerator polynomial of P(ω2).
 11. R0: Impedance normalization number.
 12. f0: Normalization frequency.
 13. fL: Low end of the passband.
 14. fH: High end of the passband.
 15. f_unit: Actual frequency unit.

Inputs-2:

• [FG RG XG]: Measured complex generator impedance ZG(jω) = RG(ω) + jXG(ω) as a 
MATLAB matrix.

• [FL RL XL]: Measured complex load impedance ZL(jω) = RL(ω) + jXL(ω) as a 
MATLAB matrix.

Computational Steps:

Step 1: For each complex termination of the double matching problem, find the real 
frequency line segment solution for single matching problems. Let T01 and T02 
be the idealized flat gain levels of the complex generator and load impedances 
obtained via RFLST. Further, let T0 = minimum of {T01, T02}. Then, depending on 
the index, generate the idealized DPI K(jω) = P(ω) + jQ(ω) for the single matching 
problem using RFLST.

Step 2: Generate the rational form of P(ω) of Step 1 with the aid of auxiliary polyno-
mial c(ω) by means of RFDCT.
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Step 3: Optimize the double matching TPG over the passband, which in turn results 
in the best driving point immittance K(p) = a(p)/b(p).

Step 4: Finally, synthesize K(p) = a(p)/b(p) to end up with the matching network topol-
ogy with actual elements.

The above steps are gathered under a MATLAB function called

 “[ , , , , , ] ( ,aL bL cL aL WA TA CompactDoubleMatching data FAG0 = ,, , )”RAG XAG

In this function, we use generator-based double matching gain. Therefore, the loss-
less matching network is described at Port-2. Input argument includes “data” user pref-
erences to design a doubly matched lossless equalizer, as in single matching problems. 
Furthermore, it also includes the actual complex load impedance. Moreover, input argu-
ments FAG contain the sampling frequencies of the measured generator impedance; RAG 
is the actual real part and XAG is the actual imaginary part of the generator impedance 
measured using load-pull over the sampling frequencies.

Function CompactDoubleMatching calls the following functions:

• [CTL,CVL,CVAL,FLR,TLR,cL0,aL,bL,a0L] = CompactSingleMatching(Input_Data): 
This function generates the initial guess for the double matching problem solving 
the single matching problem from the load end. In this case, Input_Data is defined 
for the single matching problems from the load end (Port-2). Thus, we have a rough 
estimate for the double matching problem under consideration.

• [aL,bL,cL,aL0,WA,TA] = FinalOptimization_DoubleMatching(KFlag,ktr,T0,n,ndc,WZ,cL0, 
a0L,WG,RG,XG,RL,XL,wL,wH): This objective function optimizes the generator-
based double matching gain for which the equalizer is defined from the load end 
(i.e., Port-2).

Remarks: At this point, we should emphasize that the function CompactDoubleMatching 
can be utilized to optimize both generator and load-based TPG by simply changing the 
input arguments. More specifically, to optimize generator-based double matching gain, we 
use the following MATLAB codes:

 a. MATLAB design of double matching equalizer using generator-based TPG for 
which the matching network is described from the load end (Port-2)

  UserSelectedInputs = [T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
  Data_Port2 = [UserSelectedInputs ZAL];% Load impedance data at Port - 2
  [aL,bL,cL,aL0,WA,TA] = CompactDoubleMatching(Data_Port2, FAG,RAG,XAG);
  where ZAL refers to actual complex load impedance such that ZAL(jω) = RAL(ω) + 
  jXAL(ω) and the triplet FAG, RAG, XAG describe the measured complex generator 

impedance as ZAG(jω) = RAG(ω) + jXAG(ω) over the sampling frequencies stored 
in the MATLAB array FAG.

 b. Similarly, we design a double matching equalizer using load-based TPG for which 
the matching network is described from the generator end (Port-1) using the fol-
lowing MATLAB codes:

  UserSelectedInputs = [T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
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  Data_Port1 = [UserSelectedInputs ZAG];% generator impedance data at Port-1
  [aL,bL,cL,aL0,WA,TA] = CompactDoubleMatching(Data_Port2,FAL,RAL,XAL);
  where ZAG refers to actual complex load impedance such that ZAG(jω) = RAG(ω) + 
  jXAG(ω) and the triplet FAL, RAL, XAL describes the measured complex generator 

impedance as ZAL(jω) = RAL(ω) + jXAL(ω) over the sampling frequencies stored 
in the MATLAB array FAL.

Let us run an example to exhibit the implementation of the above algorithm.

EXAMPLE 5.10

Referring to Figure 5.41, load-pull measurements for the active device LD-MOS RD01 
and LD-MOS RD07 by Mitsubishi is given by Table 5.9.

 a. Design an interstage equalizer by solving the double matching problem employ-
ing the generator-based TPG of Equations 5.126 through 5.130, which defines 
the lossless two port at Port-2. The passband is selected as 330–530 MHz.

 b. Design an interstage equalizer by solving the double matching problem 
employing the load-based TPG of Equations 5.131 through 5.134, which defines 
the lossless two-port at Port-1 over the same frequency band of operation as in 
Part (a).

Solution

For the problem under consideration, we developed a MATLAB main program called 
GKY_Example5_10.m. In this program, first, we read Tables 5.9 and 5.10 as MATLAB matri-
ces AG and AL where AG includes complex generator impedance, which is measured as 
the output impedance Zout1, and AL includes load impedance, which is measured as the 
input impedance Zin2, respectively. Then, we run the function “CompactDoubleMatching” 
for part (a) and (b) as required.

Part (a): Generator-based double matching gain design at Port-2.

TABLE 5.9

Load Pull Measurement Results for the Power Transistor LDMOS 01 and 
LDMOS 07

LDMOS 01 LDMOS 07

Zout1 for RD01 Zin1 for RD07

Fr (MHz) Rout1 Xout1 Fr (MHz) Rin1 Xin2

330 22.47 −07.84 330 2.32 −3.97
350 16.06 −12.69 350 3.90 −1.98
370 21.23 −12.32 370 1.81 −3.21
390 24.40 −13.45 390 1.93 −2.48
410 22.03 −12.14 410 1.86 −3.87
430 23.50 −14.01 430 1.93 −1.81
450 17.82 −09.52 450 1.05 −1.29
470 18.53 −01.53 470 1.30 −1.58
490 21.06 −04.54 490 1.65 −2.98
510 26.8 −11.06 510 1.64 −2.91
530 21.5 −13.54 530 1.66 −3.33
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For this part of the problem, passband is stretched from 330 MHz down to 310 MHz 
to prevent sudden gain drops at the lower frequencies. We use the following inputs to 
run our MATLAB main program GKYExample5.10:

• FL = 310, FH = 530, R0 = 50 f0 = 530, F_unit = 106.
• Flat gain level for double matching problem is chosen as T0 = 0.93.
• Total number of break points in the passband for single matching problem at 

Port-2 is selected as NC = 19. RFLST uses load-pull measured input impedance 
Zout2 for the LD MOS RD-07. This impedance is taken as the complex load 
termination ZL for the lossless matching network at Port-2.

• Close examination of Table 5.9 reveals that imaginary parts of the measured 
impedances are capacitive. Therefore, it would be wise to start the RFT design 
with minimum susceptance DPI. Hence, we set KFlag = 0.

• RFLST is initiated using high-level break points by setting sign = +1.
• In the equalizer topology, we wish to work with five reactive elements as an 

LC-low-pass ladder. Therefore, we have the freedom to select n = 5, ndc = 0 (no 
DC transmission zero) and WZ = 0 (no finite frequency transmission zero).

• We wish to avoid a transformer in the matching network design. Therefore, 
ktr = 1 selected with a0 = 1.

• We wanted to run the optimization over passband with M = 2 × (NC + 2) = 42 
sampling points.

• At this point, it should be noted that RFLST is run to generate the optimized 
break points to determine the idealized solution for the single matching prob-
lem. Then, break points are modeled by rational function using a curve fit-
ting to generate initials for the double matching problem. Eventually, double 
matching optimization is run to end up with best solution for the driving point 
input admittance K(p) = aL(p)/bL(p) at Port 2. Finally, K(p) = aL(p)/bL(p) is syn-
thesized, which yields a lossless double matching equalizer. All steps men-
tioned here are transparent to the user.

The execution of MATLAB program GKYExample5_10.m for Part (a) yields the follow-
ing solutions:

TABLE 5.10

Load Pull Measurement Results for the Power Transistor LDMOS 07 and 
LDMOS 02

LDMOS 07 LDMOS 02

Zout1 for RD07 Zin2 for RD02

Fr (MHz) Rout1 Xout1 Fr (MHz) Rin2 Xin2

330 22.47 −07.84 330 2.32 −3.97
350 16.06 −12.69 350 3.90 −1.98
370 21.23 −12.32 370 1.81 −3.21
390 24.40 −13.45 390 1.93 −2.48
410 22.03 −12.14 410 1.86 −3.87
430 23.50 −14.01 430 1.93 −1.81
450 17.82 −09.52 450 1.05 −1.29
470 18.53 −01.53 470 1.30 −1.58
490 21.06 −04.54 490 1.65 −2.98
510 26.8 −11.06 510 1.64 −2.91
530 21.5 −13.54 530 1.66 −3.33
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Resulting matching network is depicted in Figure 5.44.
Component values of Figure 5.44 is given as follows:

The resulting TPG performance of the matched system is shown in Figure 5.45.
Part (b): For this part of the double matching problem, the passband is also stretched 

from both lower and upper edges of the passband such that the lower edge is shifted 
down to 320 MHz to avoid sudden gain drops at the edge of the bands. It is worth men-
tioning that in Part (b), RFLST requires low-level initial break points to end up with 

L1 C2 L3 C4 L5 R6

Actual 2.48 nH 92.6 pF 5.53 nH 23.6 pF 144.172 fH 50 Ω
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FIGURE 5.45
Generator-based TPG for the double matching problem of Example 5.10, Part (a).
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FIGURE 5.44
Synthesis of driving point input admittance K(p) = aL(p)/bL(p).
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acceptable solutions. Therefore, we set sign = −1. Thus, we have the following MATLAB 
codes to run Part (b):

 

FL FH f R F unit e

wL FL f wH FH f

T

= = = = =
= =

320 530 0 530 0 50 1 6
0 0

0

; ; ; ; _ ;
; ;/ /

==
= = = = −
= = = =

0 93
19 0 0 1
5 0 0 0 1

. ;
; ; ; ;

; ; [ ]; ;
NC ktr KFlag sign

n ndc WZ a M == +2 2
0 1 2

* ( );
[ , , , , , , , , , , ,

NC

aG bG cG aG CTG CVG LL G LL G MMG CVAG WAL TALL

CompactDoubleMatching Data Port FAL RAL XAL

]
( _ , , , ).

=
1

Hence, final results are given as
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0 32999 2 1300 1 2482 7 2422 0 57058
0 12 146 78

=
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=

[ . . . . . ]
[ . .4417 14 702 64 183 3 0304
1 6 4560 3 7914 2 19471 1 7303 3 030

. . . ]
[ . . . . .bG = 44]

The resulting matching network is depicted in Figure 5.46.
Component values of Figure 5.47 are given as follows:

Resulting TPG performance of the matched system is shown in Figure 5.47.
It is very interesting to observe that resulting gain performances of Part (a) and Part (b) 

are very similar to each other, as expected.
Lumped elements are useful in the design of microwave filters, matching networks and 

amplifiers up to frequencies of a few GHz. Beyond approximately 2 or 3 GHz, the physical 
size of lumped components becomes comparable with that of the operating wavelength 
of microwave signals to be amplified or processed. In this case, use of distributed circuit 
elements, such as equal length transmission lines (also called commensurate transmis-
sion lines), is inevitable. In this regard, one may construct a matching network with unit 
elements (UE), series or shunt stubs, etc., and its DPI can be expressed in a new complex 
variable λ = Σ + jΩ. The new complex variable λ is known as “Richards’s variable.”

Realizability conditions of an immittance or reflectance function are expressed in 
Richards’s variable as same as those established in the classical Laplace variable p = σ + jω. 

L1 C2 L3 C4 L5 R6

Actual 1.23 nH 28.26 pF 5.01 nH 98.94 pF 2.3257 fH 50 Ω

K(p) = aG(p)/bG(p)

L5L3L1

C4C2Port-1 ZLR0AC

ZG

FIGURE 5.46
Load-based TPG design for the double matching problem of Example 5.10, Part (b).
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In the next section, we will summarize the essential points to construct matching net-
works with commensurate transmission lines.

5.9  Matching Networks Constructed with Commensurate 
Transmission Lines

A Richards’s DPI K(λ) = a(λ)/b(λ) is a positive real rational function expressed in complex 
Richards’s variable λ = Σ + jΩ instead of classical complex frequency or Laplace vari-
able p = σ + jω. It possesses all the mathematical properties of a positive real function 
K(p) = a(p)/b(p) described in complex p-Plane.

Complex Richards’s plane λ = Σ + jΩ is a transformed domain defined on the complex 
surface p = σ + jω, which is obtained under a tangent hyperbolic mapping λ = tanh(pτ).

In circuit theory, it is well established that any driving point positive real immittance 
function K(p) = a(p)/b(p) can be synthesized as a lossless two port in resistive termina-
tion in p-domain using lumped circuit elements such as p-domain inductive impedances 
ZL(p) = pLL, capacitive admittances YC = pCL, and resistor R, where LL, CL are the lumped 
inductors and capacitors, respectively. Similarly, a Richards’s driving point immitance 
function can be synthesized as a lossless two port in resistive termination using Richards’s 
unit elements (UE) in cascade configuration, Richards’s inductive impedances ZL(λ) = λLλ 
and Richards’s capacitive admittances YC(λ) = λCλ, as shown in Figure 5.48.

UEs in cascade configuration can be realized as equal length TEM-transmission lines 
with characteristic impedance Zi and constant delay length τ = ls/vp. In this expression, ls is 
the commensurate physical length of the lines; and vp is the velocity of the wave propaga-
tion within the transmission medium. A Richards’s inductive impedance ZL(λ) = λLλ is 
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FIGURE 5.47
Load-based TPG design for the double matching problem of Example 5.10, Part (b).
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realized as a commensurate short stub with characteristic impedance Zi = Lλ. Similarly, 
a Richards’s capacitive admittance is realized as a commensurate open stub with char-
acteristic impedance Zi = 1/Cλ, as depicted in Figure 5.48a and b, respectively. An equal 
physical length ls or corresponding delay length τ is a design parameter and is selected 
properly at an appropriate frequency fs such that ωsτ is fixed as a fraction of π (i.e., 
ω τ π τ π τs s sf m or mf m= = = >2 1 2 1 2 3/ / ; , , , ).…

In designing communication systems, use of lossless matching networks is inevitable. Up 
to GSM/UMTS frequencies, high-quality factor lumped circuit components may be preferred 
to design matching networks. However, if the operating frequencies go beyond a few GHz, 
then we are forced to utilize distributed elements such as commensurate transmission lines.

The “Real Frequency Techniques” in short RFTs are considered the best design methods 
to construct lossless matching networks for communication systems [1–4]. They work on 
network functions either in complex Laplace variable p = σ + jω or in Richards’s variable 
λ = Σ + jΩ. Therefore, accurate synthesis of the network functions are in high demand.

In our previous publications [4–6], we introduced the high-precison synthesis of imm-
itance functions generated in complex-p or λ-Domain. In this section, high-precision syn-
thesis techniques introduced in p-Domain are expanded to synthesize network functions 
in Richards’s Domain.

In the following sections, first we introduce the parametric method to generate a 
realizable positive immittance function K(λ) = a(λ)/b(λ) in complex variable λ. Then, 
high-precision synthesis of K(λ) is presented. Various examples are given to exhibit the 
utilization-proposed design algorithms to construct microwave matching networks and 
power amplifiers.

5.10 Generation of Realizable Positive Real Function in Richards’s Domain

In classical network theory, Richards’s variable is the transformed variable of p = σ + jω 
which is expressed as

 λ τ= + =Σ Ωj ptanh( )  (5.138)

 R  UE, Zi, T

   

λLλ

λLλ

λCλ

λCλ

RUE, Zi, T

(a)

(b)

K(λ) = a(λ)/b(λ)

K(λ) = a(λ)/b(λ)

FIGURE 5.48
Lossless two-ports constructed with commensurate transmission lines. (a) Synthesis of F(λ) in tandem con-
nection of UEs and LC ladder sections in λ-domain. (b) Realization of inductive and capacitive immitances by 
means of short and open stub commensurate lines.

© 2016 by Taylor & Francis Group, LLC

  



296 Broadband RF and Microwave Amplifiers

It should be noted on the real frequency axis ω (for the case where σ = 0, p = jω) Richards’s 
frequency Ω is given by

 Ω = tan( )ωτ  (5.139)

Many practical lossless matching networks designed with commensurate transmission 
lines demand minimum DPI function. We define a minimum function K(λ) = a(λ)/b(λ) as 
one that is strictly analytic in the closed right half plane (RHP). If the minimum function 
refers to an impedance, it is called minimum reactance. Similarly, if the minimum function 
is an admittance, it is called minimum susceptance. For the sake of completeness, let us 
state the following properties of the positive real functions specified in Richards’s domain.

5.10.1 Properties of Richards’s Immittance Function

 a. A positive real rational function K(λ) must have all its zeros and poles in the open 
RHP.

 b. K(λ) may have poles and zeros on the Richards’s frequency axis λ = jΩ, but these 
poles and zeros must be simple (i.e., of order 1).

 c. If K(λ) is a minimum function, then it must be free of poles on the λ = jΩ axis. 
However, it may have simple zeros on the imaginary axis λ = jΩ.

  Any positive real function F(λ) can be expressed as

 K K KF M( ) ( )( )λ λ λ= +  (5.140)

  where KF(λ) is a Foster’s function that is purely imaginary for λ = jΩ such that

 
K j jX

dX
d

F F
F( ) ( );Ω Ω

Ω
Ω= ≥ 0 for all

 
(5.141)

  Furthermore, the Foster’s function can expressed as

 
K k

k k
F

i

N
i

i

F

( )λ λ
λ

λ
λ

= + +
+∞

=
∑0

1
2 2Ω

 
(5.142)

 d. The minimum function KM(λ) can be expressed in terms of its even and odd part 
such that

 K R KM M odd( ) ( ) ( )λ λ λ= + -  (5.143)

  On the Ω axis,

 K j R jXM M( ) ( ) ( )Ω Ω Ω= +  (5.144)
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  where

 X K jM M odd( ) ( )Ω Ω= - /j  (5.145)

 e. From Equations 5.140 through 5.144, we can deduce that K(jΩ) and KM(jΩ) must 
possess the same real part R(Ω).

 f. Let K(jΩ) = R(Ω) + jX(Ω). Then,

 X X XF M( ) ( )( )Ω Ω Ω= +  (5.146)

 g. In designing matching networks employing the real frequency techniques, the 
real part R(Ω) of Equation 5.144 is specified as

 

R
a

c c

A
B

q k

( )
[ ][ ( ) ]

[ ( )]

( )
( )( )

Ω Ω Ω

Ω Ω

Ω
Ω

2 0
2 2 2

2 2

2

2

1
1
2

0= +

+ −
= ≥ for all Ω

 

(5.147)

  where

 

A A A A A A aq k q k
q k q k q k( ) ;( ) ( )

( )Ω Ω Ω Ω= + + + + ≥ = ≥+ + −
+ + + + +1

2
2

2 1 2
1 1 0

20� 00

1 02
1

2
2

2 1 2B B B B n q kn n
n( ) ;( )Ω Ω Ω Ω= + + + + > ≥ +− �  

(5.148)

  and c(Ω) is an auxiliary real polynomial of degree n to generate strictly positive 
denominator polynomial B(Ω) such that

 c c c cn n
n( )Ω Ω Ω Ω= + + + +−

1 2
1 1�  (5.149)

  Note that replacing Ω2 by −λ2 we can obtain Richards’s domain even function 
R(λ2) as

 
R a

B
A
B

q q k

( ) [ ]
( ) ( )

( )
( )
( )

λ λ λ
λ

λ
λ

2
0
2

2 2

2

2

2

1 1= − − =
 

(5.150)

  In the above representation, zeros of R(λ2) are known as the zeros of transmission 
of the lossless two-port constructed as the result of the synthesis of the immittance 
function K(λ).

 h. These zeros are located at λ = ∓ 1 of multiplicity k, λ = 0 of multiplicity of 2q and, 
perhaps, at infinity with multiplicity of 2n∞ = 2(n − q − k) if n > q + k.

 i. As far as the circuit components of the lossless two port are concerned, trans-
mission zeros at λ = ∓ 1 are realized as UEs in cascade configurations; the inte-
ger k refers to total number of UEs in the synthesis. The integer q refers to total 
number of transmission zeros at DC (Ω = 0) that are realized as series Richards’s 
capacitors and shunt Richards’s inductors. The integer n∞ refers to total number of 
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transmission zeros at infinity that are realized as shunt Richards’s capacitors and 
series Richards’s inductors.

 j. In designing broadband matching networks via real frequency techniques, 
the designer specifies the transmission zeros of the lossless two port under 
 consideration by fixing the integers k, q, and n. Unknowns of the matching prob-
lem are chosen as the real coefficients {ci; i = 1, 2, …, n} of the auxiliary polynomial 
c(Ω) = c1Ωn + c2Ωn−1 + … + cnΩ + 1 and the real coefficient a0 of the numerator.

 k. In RFTs, if K(λ) is assumed to be a minimum function, then it is generated from its 
real part R(Ω) using the parametric approach as in the following subsection.

5.10.2 Parametric Approach in Richards’s Domain

A positive real minimum function K(λ) can be generated from its nonnegative even-real 
part R(Ω2) which is specified on the transformed frequency axis Ω = tan(ωτ) as follows.

Once a0, q, k, and arbitrary real coefficients {c1, c2, …, cn} are initialized such that n ≥ q + k, 
then minimum positive real function K(λ) can easily be generated using the parametric 
approach as follows.

In the parametric approach, minimum function K(λ) is expressed in partial fraction 
expansion form, as in Equation 5.55.

 

K R
k a

b
j

n
j

j
( )

( )
( )

λ
λ λ

λ
λ

= +
−

=
=

∑0

1  
(5.151)

where λj are the closed left half plane roots of the denominator B B j
n

j( ) ( )λ λ λ= −∏ =1
2 2

1  and 
the residues kj are given by
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(5.152)

and

 

R R
n q k

a
b

n q k0
2

1

1

0
= =

> +

= = +→∞
lim ( )

( )

( )λ
λ

for

a positive constant for











  

(5.153)

Now, let us run an example to generate an arbitrary positive real function in Richards’s 
domain.

EXAMPLE 5.11

 a. Let q = 0, k = 5, a0 = 1, and c = [1 − 11 − 11]. Generate R(λ2) = A(λ2)/B(λ2), as in 
Equation 5.147.

 b. Generate K(λ) = a(λ)/b(λ) using Equations 5.151 through 5.153.
 c. Find the roots of a(λ) and b(λ). Comment on the result.
 d. Regenerate the even part of K(λ) = a(λ)/b(λ) from the computed a(λ) and b(λ) 

and evaluate the numerical error in the course of computations.
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Solution

 a. For this purpose, we developed a MATLAB function accessed by MATLAB 
command

 [ , ] _ ( , , , ).A B EvenPart Richard k q a c= 0

  This function generates the MATLAB vectors [A] and [B] to construct the ratio-
nal form of R(λ2) = A(λ2)/B(λ2). Thus, the execution of this function yields

  A = [−1 5 − 10 10 − 5 1] meaning that A(λ2) = −λ10 + 5λ8 − 10λ6 + 10λ4 − 5λ2 + 1 = 
(1 − λ2)5 as expected and B = [−1 3 − 5 1 1 1] meaning that B(λ2) = −λ10 + 3λ8 − 5 
λ6 + λ4 + λ2 + 1.

 b. Employing MATLAB, Equations 5.151 through 5.153 is programmed under a 
function

 [ , ] _ ( , , , ).a b Minimum FRichard k q a c= 0

   Execution of the above function yields F(λ) = a(λ)/b(λ) in Richards’s domain 
such that

 a . . . .= [ ]1 6 6816 15 744917 3402 8 27681

  meaning that

 a( ) . . . .λ λ λ λ λ λ= + + + + +5 4 3 26 6816 15 7449 17 3402 8 2768 1

  and

 b [ . . . . ]= 1 4 2010 7 3241 6 6223 3 4992 1

  meaning that

 b( ) . . . . .λ λ λ λ λ λ= + + + + +5 4 3 3 14 2010 7 3241 6 6223 3 4992 1

 c. We can easily generate the roots of a(λ) by means of MATLAB function 
pa = roots(a). Similarly, roots of b(λ) is given by pb = roots(b). Hence, we find the 
following result (Table 5.11).

   As we see from the above table, all the roots are located in the closed left half 
plane as expected.

 d. Finally, we regenerate the even part from the computed K(λ) = a(λ)/b(λ) as

 
R

a
b

a
b

A
B

1
2 1

2

1
2

1
2

( )
( )
( )

( )
( )

( )
( )

λ λ
λ

λ
λ

λ
λ

= + −
−









 =

TABLE 5.11

Roots of a(λ) and b( λ) for Example 5.11

pa = roots(a) pb = roots(b)

−3.2385 −1.3002 + 0.6248i
−1.1334 + 0.6838i −1.3002 − 0.6248i
−1.1334 − 0.6838i −1.0000
−1.0000 −0.3002 + 0.6248i
−0.1762 −0.3002 − 0.6248i
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and compute the relative norm errors as

 
ε εrA rB

A A
A

B B
B

= − = × = − = ×− −� �
� �

� �
� �

1 15 1 151 638 10 1 895 10. . .and

From the above errors we can say that proposed algorithm to generate positive real func-
tions in Richards’s domain is numerically robust.

All the above computations are collected under the main program “GKYExample5_11.m,” 
which is given by Program List 5.41.

5.10.3 Cascade Connection of k-Unit Elements

Referring to Figure 5.49, let us consider the driving input impedance Zin(λ) = a(λ)/b(λ) of a 
cascaded connection of k-UEs with

 

a a a a a

b b b b b

k k
k k

k k
k k
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λ λ λ λ

λ λ λ λ
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1 2
1

1

1 2
1

1

�

�

Zin(λ) is synthesized by extracting the UEs of characteristic impedance Zi step by step. 
In order to keep track of the synthesis steps by means of proper indexing, at the first step, 
let us set

 
Z Z

a
b

in in( ) ( )
( )
( )

λ λ λ
λ

= =1
1

1

In terms of the termination impedance Zin2(λ) and the characteristic impedance Z1, Zin1(λ) 
is given by
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1 1
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1

1
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( )

λ λ λ
λ λ

λ
λ

= +
+

=
 

(5.154)

The last termination R0 of the k-cascaded UE is specified by setting λ = 0 such that

 
R

a
b

k

k
0

1

1
= +

+

EG

R0

R0Z2Z1 ZkZ3

ZinkZin1 Zin2 Zin3

Zinj(λ) = Zj
Zin( j + 1)(λ) + λZj

λZin( j + 1)(λ) + Zj

FIGURE 5.49
Cascade connection of k-UE.
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Furthermore, the even part R(λ) of Zin1(λ) can be expressed in the following form:
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(5.155)

where
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At λ = 1, Equation 5.154 yields the characteristic impedance Z1 such that
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(5.156)

On the other hand, we can pull Zin2(λ) from Equation 5.154 in terms of the given polyno-
mials a(λ) and b(λ) and computed characteristic impedance Z1 such that
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(5.157)

where

 

a a b a b a b a2
2 21 1 1( ) [ ] [ ][ ( )] ( ) [ ( ) ( )][ ( )] ( ) [ ][ ( )]λ λ λ λ α λ λ αβ λ= − = −

bb b a a b b a b2
2 21 1 1( ) [ ] [ ][ ( )] ( ) [ ( ) ( )][ ( )] ( ) [ ][ ( )λ λ λ λ β λ λ αβ λ= − = − ]]
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=
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It should be noted that the degree of polynomials a2(λ) and b2(λ) is k + 1 due to the terms 
λb(λ) and λa(λ), respectively. Furthermore, at λ = ± 1, both of them vanish. Therefore, by 
defining new polynomials anew(λ) and bnew(λ), we can express a2(λ) and b2(λ) as

 

a a a

b b

new new

new

2
2

2

1 1 1

1 1

( ) ( )

( ) ( )

( )( ) ( )

( )( )

λ λ λ λ λ

λ λ λ λ

= − + = −

= − + = (( )λ2 1− bnew  
(5.158)

Hence, the degree of new polynomials anew(λ) and bnew(λ) is reduced to (k − 1). In short, 
we say that a unit−element (UE) of characteristic impedance Z1 = a(1)/b(1) = α/β is extracted 
from the given input impedance Zin(λ) = a(λ)/b(λ) resulting in a one degree less positive 
real input impedance.
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From the numerical implementation point of view, in Equation 5.158, due to multipliers 
α2, β2, and αβ, we may end up with exponential multipliers in the order of [10m;m > 1] in 
the numerator and denominator polynomials of Z2(λ) = anew(λ)/bnew(λ). In this case, it may 
be appropriate to divide both anew(λ) and bnew(λ) with the norm of the vector anew such that

 
Z

a norm a
b norm a

in
new new

new new
2( )

( ) ( )
( ) ( )

λ λ
λ

= /
/  

(5.159)

where

 
norm a a a anew new new new n anew n
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2
2

2
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2
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The above division operation improves the numerical accuracy in the course of the UE 
extraction process.

From the algorithmic implementation point of view, we initialize Zin2(λ) as

 
Z

a
b

in2( )
( )
( )

λ λ
λ

=

where a(λ) = anew(λ)/norm(anew) and b(λ) = bnew(λ)/norm(anew) are the newly reset polynomials 
for the extraction of next UE from Z2(λ).

Now, let us verify the above equations by means of an example.

EXAMPLE 5.12

Let the driving point input impedance Zin1(λ) = a(λ)/b(λ) be given, as in Example 5.11.
If it can be synthesized as a connection of cascaded transmission lines, determine the 

characteristic impedances of each commensurate transmission line.

Solution

In Example 5.11, Zin1(λ) = a(λ)/b(λ) is given as

 
Zin1

5 4 3 2

5

6 6816 15 7449 17 3402 8 2768 1
4 201

( )
. . . .

.
λ λ λ λ λ λ

λ
= + + + + +

+ 00 7 3241 6 6223 3 4992 14 3 2. . .λ λ λ λ+ + + +

and its even part R(λ) = A(λ2)/B(λ2)= of Zin(λ) = a(λ)/b(λ) is found as A(λ2) = (1 − λ2)5 and

 B( )λ λ λ λ λ λ2 10 8 6 4 23 5 1= − + − + + +

Therefore, it must be synthesized as a cascaded connection of 5-UEs.
We programmed Equations 5.157 and 5.158 under a MATLAB function

 [ , _ , _ , , ] _ ( ,Z a new b new ra rb ImpedanceBasedRichard Extraction a b= ))

where the inputs a and b are the numerator and the denominator polynomials of Zin(λ). 
The output Z is the characteristic impedance of the extracted line. a_new and b_new are 
the reduced degree polynomials of the resulting or new input impedance; ra and rb are 
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the remainders of the synthetic divisions anew(λ) = a(λ)/λ2 − 1 + ra and bnew(λ) = b(λ)/λ2 − 1 + 
rb. Obviously, remainders ra and rb are supposed to be zero.

In the first step, execution of the above function yields

 

Z a a new

b b n

1 2 1163 2 0 1410 0 5257 0 7286 0 4105 0 0666
2

= = =
=

. ; _ [ . . . . . ];
_ eew

ra

=

= ×−

[ . . . . . ];

[ .

0 0315 0 1437 0 2473 0 2017 0 0666

1 10 0 0 0 0 0 0 18111 99 0 3638

1 10 0 0 0 0 0 0 1819 0 159211

. ];

[ . . ].rb = × − −−

In short, at the end of the first step, a new Richards’s impedance is found as

 
Zin2

4 3 2

4

0 1410 0 5257 0 7286 0 4105 0 0666
0 0315

( )
. . . . .
.

λ λ λ λ λ
λ

= + + + +
+ 00 1437 0 2473 0 2017 0 06663 2. . . .λ λ λ+ + +

If algorithmic zero is less than 10−10, then ra1 and rb1 are confidently set to zero.
In the second step, the second line is extracted yielding,

 

Z a

b

2 2 7105 3 0 2401 0 6993 0 6467 0 1874
3 0 1464 0 4571 0

= =
=

. ; [ . . . . ];
[ . . .44982 0 1874
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15

16

. ];

[ . . ];

[
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= × −

= ×

−

− 00 8327 0 9714. . ].−

In short, at the end of the second step, new Richards’s impedance is found as
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3 2

3 2
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In the third step,

 

Z a b3 1 3758 4 0 4228 0 8163 0 3936 4 0 3664 0 7599 0 3936= = =. ; [ . . . ]; [ . . . ];

rra
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3 10 0 0 0 0 1221 0 1554

3 10 0 0 0 0 9992 0 9992

14
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= × −

= × −

−

−

[ . . ];

[ . . ]..

In short, at the end of the third step, new Richards’s impedance is found as

 
Zin4

2

2

0 4228 0 8163 0 3936
0 3664 0 7599 0 3936

( )
. . .
. . .

λ λ λ
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+ +

In the fourth step,

 

Z a b

ra

4 1 0742 5 0 7071 0 7071 5 0 7071 0 7071

4 10 0 014

= = =

= ×−

. ; [ . . ]; [ . . ];

00 2776 0 1998 4 10 0 0 0 2442 0 188714. . ; [ . . ].−  = × −−rb
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In short, at the end of the fourth step, Richards’s impedance is found as

 
Zin5

0 7071 0 7071
0 7071 0 7071

( )
. .
. .

λ λ
λ

= +
+

In the fifth step, we have

 Z a b5 1 0000 6 1 4142 6 1 4142. ; . ; . ;= = =

As seen from above, the terminating resistor is given by

 
Z

a
b

6
6
6

1= =

The above computation steps are combined under the main MATLAB program 
GKYExample5.12.m. Interested readers are encourged to execute this program.

In the above example, we have shown the straightforward extraction of UEs in a sequen-
tial manner, where the DC zeros q of the even part function R(λ2) is set to zero (i.e., q = 0).

In the above steps we observe that, after each extraction, the generic form of the Richards’s 
impedance is preserved and the steps are all minimum functions of the Richards’s imped-
ance is preserved and it reflects a minimum function as we start the extraction process.

5.10.4 Correction of the Richards’s Impedance after Each Extraction

In the course of the cascaded synthesis process, at each step, numerical precision is lost as 
we continue with multiplication and division operations. Therefore, it may be appropriate 
to correct the impedance using the parametric approach, as detailed in Rererences 4−6 and 
67. However, in Richards’s domain λ = Σ + jΩ, the correction operation is a little tricky. If the 
total number of elements n is greater than that of the total number of cascaded UEs k (i.e., 
n > k), then, at each UE extraction, the remaining impedance function changes its character 
from minimum reactance to minimum susceptance or vice versa. For example, if n > k and 
we start Richards’s synthesis with a minimum reactance function Fin(λ) = a(λ)/b(λ) = Zin1(λ), 
then after the first UE extraction, the remaining driving point impedance Zin2(λ) becomes 
a minimum susceptance. In this case, we can flip over the function to correct it using 
our parametric method. Therefore, at odd steps of UE extraction, immittance correction is 
applied on the admittance function. On the other hand, at even steps, correction is directly 
applied on the minimum reactance impedance function. In any case, the generic form of 
the numerator polynomial Ai(λ2) of the even part R(λ2) = Ai(λ2)/Bi(λ2) is forced to be
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B b b
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(5.160)

Ignoring the remaining terms ra and rb, the above forms can be generated from the reset 
polynomials a(λ) and b(λ) at the end of each step. In the correction process, it may be appro-
priate to normalize both Ai(λ2) and Bi(λ2) by ( )a i0

2  so that A ai
q

i
q k i( ) ( ) ( )( )λ λ λ2

0
2 2 21 1= − − −  is 

precisely generated at each correction step. In the course of corrections, first, we determine 
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the integers k, q, and ( )a i0
2  from the immitance function Fin(λ) = a(λ)/b(λ). This step is com-

pleted under the MATLAB function

 [ , , , , , ] _ ( , )k q a nA A B Richard Numerator a b0 1 1 =

where the input arguments a and b are the numerator and denominator polynomials of the 
minimum imittance function Fin(λ) = a(λ)/b(λ). Inside the above MATLAB function, first, 
vectors a and b are normalized with respect to norm of the original a, which is specified by 
norm (a). This process introduces numerical robustness within function Richard_Numerator.

The output arguments k and q are the total number of UEs and DC zeros of R(λ2) = Ai(λ2)/
Bi(λ2) and are directly generated from the given a and b. a0 is the square root of the lead-
ing nonzero coefficient of Ai(λ2). n = nA − 1 is the total number of elements of the lossless 
two port consisting of commensurate transmission lines, which is obtained as the result 
of synthesis. A1 and B1 are the corrected normalized numerator and denominator poly-
nomials of the even part function R(λ2) = A1(λ2)/B1(λ2). Let us observe the above using the 
following example.

EXAMPLE 5.13

Let the minimum input impedance Zin1(λ) of a tandem connection of UE and LC ladder 
sections be produced from the following input data:

 k q a c= = − − −5 1 1 1 1 1 1, [ ]  = 0, 0 = 1 and

 a. Determine Zin1(λ) and extract five UEs using our MATLAB function [Z1, a_new, 
b_new, ra, rb] = ImpedanceBasedRichard_Extraction(a, b) and correct the remain-
ing immittance function at each step by means of our MATLAB function 
Richard_ImmittanceCorrection.

 b. Synthesize the remaining LC-ladder network and draw the final lossless two 
port in resistive termination.

 c. Comment on the results.

Solution

 a. Execution of [a, b] = Richard_MinimumFunction(k, q, a0, c) yields Table 5.12.

TABLE 5.12

Minimum Reactance Richards’s Impedance 
Zin(λ) = a(λ)/b(λ) with the Inputs of k = 5, q = 0, a0 = 1, 
and c = [1 −1 1 −1 1 −1 1] Using MATLAB Function 
[a, b] = Richard_MinimumFunction(k, q, a0, c)

a(λ) b(λ)

0 0.0197
0.0384 0.1100
0.2150 0.2784
0.5145 0.4132
0.6623 0.3912
0.4699 0.2430
0.1666 0.0957
0.0197 0.0197
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   The above impedance Zin(λ) = a(λ)/b(λ) will be realized using k = 5 cascaded 
UEs, q = 0 high-pass elements and nL = n − k − q = 7 − 5 − 0 = 2 low-pass ele-
ments in Richards’s domain.

   First, we start extracting UE in a sequential manner. Thus, using our 
MATLAB function [Z1, a_new, b_new, ra, rb] = ImpedanceBasedRichard_Extraction 
(a, b), characteristic impedances Zi are found at each step and the remaining 
immittance function is corrected.

   In the first step (i = 1;iisoddcase), characteristic impedance of the first line is 
found as Z1 = 1.3282, and the remaining normalized input impedance is

 
Zin2

6 5 4 20 0358 0 2004 0 4902 0 65833 0 4971 0 1926
( )

. . . . . .λ λ λ λ λ= + + + + + λλ
λ λ λ λ λ

+
+ + + + +

0 0270
0 0127 0 0711 0 1622 0 1882 0 1110 0 0275 4 3 2

.
. . . . . . 00

   The above impedance is minimum susceptance. Therefore, correction is 
applied on the admittance function by calling our MATLAB function [b, 
a] = Richard_ImmittanceCorrection (b, a, k, q).

   In the second step (i = 2; i = evencase), we found Z2 = 3.6718 and the next input 
impedance is

 
Zin3

4 3 2

5

0 0663 0 3709 0 7103 0 5714 0 1645
0 0595

( )
. . . . .

.
λ λ λ λ λ

λ
= + + + +

+ 00 3331 0 7966 0 9930 0 6327 0 16454 3 2. . . . .λ λ λ λ+ + + +

   The above impedance is a minimum reactance. Therefore, correction 
is directly applied on this form by calling our function [a, b] = Richard_
ImmittanceCorrection (a, b, k, q).

   In the third step (i = 3, i = oddcase) we have
   Z3 = 0.6321 and

 
Zin4

4 3 2

3

0 0523 0 2929 0 6606 0 6501 0 2289
0 0631

( )
. . . . .

.
λ λ λ λ λ

λ
= + + + +

+ 00 3529 0 5180 0 22892. . .λ λ+ +

  which is a minimum susceptance admittance, as expected. Hence, it is cor-
rected as in step 1(i = oddcase).

   In the fourth step, we have Z4 = 1.6209 and

 
Zin5

2

3 2

0 1369 0 7660 0 6281
0 0886 0 4959 1 0340 0

( )
. . .

. . .
λ λ λ

λ λ λ
= + +

+ + + ..6281

  which is a minimum reactance and is corrected as in step 2 (i = evencase).
   Finally, at step 5, we have Z5 = 0.6815 and the remaining input impedance is 

given by

 
Zin6

20 0844 0 4721 0 8775
0 1568 0 8775

( )
. . .

. .
λ λ λ

λ
= + +

+

 b. Synthesis of the LC-ladder in Richards’s domain:
   The above impedance is not a minimum reactance function and it is free of 

UEs. This fact can easily be checked by using our MATLAB function [k6, q6, 
a06, nA6, A6, B6] = Richard_Numerator(a, b). Execution of this function yields 
k6 = 0, q6 = 0, a06 = 1, nA6 = 3, A6 = 1, B6 = [−0.03191.0000]. This result indicates 
that Zin6(λ) includes nL = nA6 − 1 = n − 1 = 3 − 1 = 2 low-pass elements.
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   Zin6(λ) is synthesized using our “Impedance-Based High-Precision 
LC-ladder Synthesis” function [CTCV] = Synthesis_ImpedanceBased (a, b, R0, f0). 
In this function R0 is the normalization resistance and f0 is the normaliza-
tion frequency to calculate actual element values. They are selected as R0 = 1, 
and f0 = 1/2π since we are dealing with normalized values in all the above 
examples.

   Hence, execution of [CTCV] = Synthesis_ImpedanceBased (a, b, R0, f0, ndc) 
results in the following low-pass LC ladder (Figure 5.50).

   In the above figure, inductor L1 is realized employing an equal length (or 
commensurate) short-ended transmission line with characteristic impedance 
Z6 = L1 = 0.5380. Capacitor C2 is realized with an open-ended commensurate 
transmission line with characteristic impedance Z7 = 1/C2 = 1/0.1787 = 5.5962. 
Complete synthesis is realized with seven commensurate transmission lines 
with different characteristic impedances, as shown in Figure 5.51.

 c. Comments:
 1. When the driving point Richards’s impedance Zin(λ) = a(λ)/b(λ) is com-

pletely synthesized with total of n number of commensurate transmission 
lines, if k = n, then, as a result of synthesis, lossless two port must include 
cascaded connection of k-commensurate (or equal length) transmission 
lines.

 2. If n > k and q = 0, then synthesis must include total of n − k series short 
stubs and open shunt stubs to realize series inductors and shunt capacitors 
in λ-domain.

 3. If the synthesis starts with a minimum reactance impedance function and 
if n > k, then at each step, after extraction of a UE, the remaining func-
tion changes its generic form. In this example, it is shown that for i = odd 

λL1

λC2 R3

L1 = 537.966 × 10–3 C2 = 178.694 × 10–3 R3 = 1 Ω
Zin6(λ)

FIGURE 5.50
Synthesis of LC ladder section in Richards’s domain λ.

R L =
 1

Z1 = 1.3282

Z 6 =
 0

.5
38

Z2 = 3.6718 Z3 = 0.6321 Z4 = 0.6321 Z5 = 0.6321 Z7 =  5.596

RG = 1

EG

FIGURE 5.51
Lossless two-port constructed with commensurate transmission lines in resistive termination.
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steps, remaining immittance function is minimum susceptance and for 
the i = even steps, it is a minimum reactance. Therefore, immittance cor-
rection is applied on either minimum susceptance or minimum reactance 
functions accordingly.

 4. In terms of Laplace variable p = σ + jω, Richards’s variable is expressed as 
λ = Σ + jΩ = tanh(pτ) where τ is the constant delay length of the commen-
surate transmission lines and it is specified by the designer at a selected 
frequency fs which may be beyond the upper end of the operating frequen-
cies fc2. On the real frequency axis p = jω, Richards’s real frequency is speci-
fied as Ω = tan(ωτ). At selected frequency fs, ωsτ can be fixed at any real 
number such as ωsτ = π/m with m = 2, 3, 4, 5, …, etc. Let us designate the 
velocity of propagation of the commensurate lines by vp, then the physical 
length of a commensurate line is given by ls = vpτ = vp/2mfs. Choice of m 
depends on the designer.

 5. In Richards’s domain λ, capacitor admittance YC = Ciλ is realized as an 
open stub with characteristic impedance Zi = 1/Ci of a commensurate 
physical length ls. On the other hand, impedance of an inductor ZL = Liλ is 
realized as a short stub commensurate transmission line with characteris-
tic impedance Zi = Li.

 6. It must be noted that synthesis is not unique. One is free to extract UEs, 
and Richards’s high-pass and low-pass elements, in any order as desired. 
Furthermore, using Kuroda identities, in the final layout, position of 
the series short stubs and shunt open stubs can be shifted as desired [4, 
Chapter 4, p. 187].

In the following Example, let us synthesize a complicated Richards’s impedance func-
tion with k-UEs, q-series capacitors and shunt inductors, and n − k − q series inductors 
and shunt capacitors in λ-domain.

EXAMPLE 5.14

Let the Richards’s impedance Zin(λ) be generated with k = 5; q = 5; a0 = 1; c = [1 −1 1 −1 
1 −1 1 −1 1 −1 1 −1 1 −1 1]. That is, it includes a total of n = 15 elements out of which we 
have 5-UEs, q = 5 high-pass stubs (series capacitors and shunt inductors in Richards’s 
domain) and n − k − q = 5 low-pass stubs (series inductors and parallel capacitors in 
Richards’s domain)

 a. Generate the rational form of the Richards’s impedance Zin(λ)
 b. Synthesize it and draw the complete circuit layout
 c. Comment on the result

Solution

For the solution of this example, we developed a MATLAB program called 
GKYExample5.14.m.

Part (a): Program GKYExample5_14m results in the following minimum reactance 
input impedance Zin = (λ) = a(λ)/b(λ) as listed in Table 5.13.

TABLE 5.13

Input Impedance Zin(λ) = a(λ)/b(λ) for Example 5 k = 5; q = 5; a0 = 1; c = [1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 
−1 1]
a(λ) [0 0.0006 0.0060 0.0312 0.1024 0.2364 0.4036 0.5231 0.5208 0.3988 0.2331 0.1018 0.0317 0.0064 0.0006 0]

b(λ) [0.0054 0.0589 0.3117 1.0664 2.6375 4.9951 7.4846 9.0389 8.8780 7.1023 4.5999 2.3760 0.9516 0.2806 0.0549 0.0054]
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Part (b): Synthesis of the Richards’s impedance is completed with our MATLAB func-
tion called

 [ _ , _ , _ , , ] _ ImZ UE a new b new CT CV Richard Complete pedanceSynthes1 = iis a b k q R f( , , , , , )0 0

The above function programs the impedance-based Richards’s synthesis algorithm as 
presented in the previous sections and detailed in Reference 67.

The first part of the synthesis results in 5-cascaded connections of UEs with charac-
teristic impedances listed in Table 5.14.

In the second part of the synthesis, the remaining Richards’s impedance function 
ZinII = (λ) = aII(λ)/bII(λ) is given as Table 5.15

The synthesis is depicted in Figure 5.52
where

 

C C C

L L

1 kF 5 MF 9 444.671F
2 946.012 H 6 506.57 H

= = =
= =

3 51012 4643 49. .
µ µ LL

C C R

L

10 57.1213 H
3 4.76563kF 7 1.03012kF 11 620.365
4 8.70

=
= = =
=

µ
µΩ

7756H 8 284.425 HL = µ

The complete synthesis with commensurate transmission lines is shown in Figure 5.53.

TABLE 5.15

Input Impedance ZinII(λ) = aII(λ)/bII(λ) for Example 5.14 k = 5; q = 5; a0 = 1; c = [1 −1 1 −1 1 −1 1 −1 1 
−1 1 −1 1 −1 1]

aII(λ) [1.0000 10.8605 53.8305 157.0510 287.8958 324.3108 204.9895 77.2318 16.7636  1.6559 0.0000]

bII(λ) 105 × [0 0.0292 0.3176 1.5096 3.8928 5.2415 2.5179 0.5884 0.0581 0.0000 0.0000]

TABLE 5.14

Characteristic Impedances of the Cascaded Transmission Lines of Example 5.14

Z1 Z2 Z3 Z4 Z5

5.2090e − 02 5.8756e − 02 2.2217e − 03 2.3862e − 03 1.9715e − 04

C1

L2

C3

L4

C5 L6

C7

L8

C9

L10

R11

FIGURE 5.52
Synthesis of ZinII(λ) = aII(λ)/bII(λ) of Example 5.15.

© 2016 by Taylor & Francis Group, LLC

  



310 Broadband RF and Microwave Amplifiers

Characteristic impedances of the above lines are given as follows:

 

U1 52.0903m U5 197.155 U9 8.70756 U13 284.425
U2 58.7563

= = = =
=

Ω Ω Ω Ωµ µ
mm U6 284.89 U1 p U1 m

U3 2.22171m U7 946
Ω Ω Ω Ω
Ω

= = =
= =

µ 0 215 355 4 2 24885. .
..012 U1 506.57 U15 57.1213

U4 2.3862m U8 209.836 U12
µ µ µ
µ
Ω Ω Ω

Ω Ω
1 = =

= = == =970.757 R16 620.365µ µΩ Ω

Remarks

• The above hypothetical example is presented to exhibit implementation 
of the Richards’s synthesis algorithm employing our MATLAB function 
“Richard_CompleteImpedanceSynthesis.”

• In the course of synthesis, first cascaded UEs are extracted. Then, from the remain-
ing impedance, Richards’s high-pass sections are removed. Finally, Richards’s 
low-pass section is extracted.

• After each transmission zeros extractions, impedance correction is used as in the 
lumped circuit synthesis.

• Eventually, Richards’s capacitors Ci are realized as open stubs with characteristic 
impedance Zi = 1/Ci and Richards’s inductors Li are realized as short stubs with 
characteristic impedance Zi = Li.

• Chracteristic impedances are denormalized by multiplying normalized imped-
ances by R0.

• Function “Richard_Complete Impedance Synthesis” results in accurate element val-
ues with relative error less than 10−7 up n = 15 commensurate line element extrac-
tions as UE and stubs. Details are omitted here. However, interested readers are 
encouraged to read Reference 7.

5.11  Integration of Richards’s High-Precision Synthesis 
Module with Real Frequency Matching Algorithm

Referring to Figures 5.54 and 5.55, for the real frequency direct computation technique 
(RFDCT), TPG of the doubly matched system is described in terms of the driving point 

U1 U2 U3 U4 U5

U6

U7

U8

U9

U10 U11

U12

U13

U14

U15

R16

FIGURE 5.53
Complete layout of the synthesis of Example 5.14 with commensurate transmission lines.
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immittances of the generator KG = [ZG or YG], equalizer KB = [ZB(λ) or YB(λ)] and the load 
KL = [ZL or YL] networks. In Figure 5.54, both generator and load impedances are replaced 
by their Darlington equivalents [G] and [L] lossless two ports to compute the transducer 
power gain of the doubly matched system.

In this case, TPG of Figure 5.55 is given by References 3 and 4

 
T

G

G S
T

in
EL( ) [ ]ω =

−
−

1

1
22

2

22
2

 
(5.161)

where

 
G

Z
Z

Y
Y

G

G

G

G
22

1
1

1
1

= −
+

= −
+  

(5.162)

is the unit normalized generator reflectance.
As proven by the main theorem of Yarman and Carlin [4,5], Sin is given by

 

S j
Z j Z
Z j Z

in B
L B

L B jtan

( ) ( )
( ) ( )
( ) ( )

( )

ω η λ ω λ
ω λ

λ ωτ

= − −
+











=  
(5.163)

G E L

RG

EG

F11 ZG ZL
F22

RL

GEL

FIGURE 5.54
Double matching problem.

E L RL

[EL]ZB or YB
ZL or YL

Sin

+
VG

ZG

ZG or YG

FIGURE 5.55
Cascaded connection of two lossless two-ports [G] and [EL].
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which is the unit normalized input reflectance of the lossless two-port [EL].
In Equations 5.163 and 5.164, the all pass function ηB(λ) is given by

 
η λ λ

λB
B

B

W
W

( )
( )

( )
=

−










 
(5.165)

The rational analytic function WB(λ) of Equation 5.165 is constructed on the explicit fac-
torization of the even part RB(λ2) such that

 
K

a
b

B( )
( )
( )

λ λ
λ

=
 

(5.166)
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 = −W WB B( ) ( )λ λ  (5.169)

where the function WB(λ) is described by

 
W

n
b

B
B( )
( )

( )
λ λ

λ
=

The numerator polynomial nB(λ) must include all the proper RHP and jΩ-axis zeros of 
RB(λ2) as described by Equations 5.167 through 5.169. Thus, for a cascade connection k UE 
with q DC transmission zeros, WB(λ)and WB(−λ) are given as
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Hence, the all pass function ηB(λ) is
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(5.172)
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For the direct method of real frequency broadband matching, the unknown of the prob-
lem is the rational form of the even part RB(λ2), as specified by Equations 5.167 through 
5.172.

It is interesting to observe that in Equations 5.161 through 5.164, the TPG TEL of the loss-
less two port [EL] is given by

 
T S j

R R
R R X X

EL in
B L

B L B L
= − =

+ + +
1

42
2 2| ( )|

[ ] [ ]
ω

 
(5.173)

which is the immittance-based conventional single matching gain.
Assuming KB(λ) as a minimum function, TPG is expressed as a function of the real part 

RB(Ω) as
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(5.174)

where RB(Ω) = Real Part {FB(jΩ)} XB(ω) = Imaginary Part {FB(jΩ)}.
Once integers k and q are selected by the designer, RB(Ω) is described by means of an 

auxiliary polynomial c(Ω) = c1Ωn + c2Ωn−1 + … + cnΩ + c0 of Equations 5.147 through 5.149. 
In this case, unknowns of the matching problem are the arbitrary real coefficients of c(Ω). 
When the coefficients {ci;i = 0, 1, 2, …, n} are initialized, then KB(λ) is generated using para-
metric method of Section 5.11.2 and T(ω) is computed, as in Equation 5.161.

In RFDCT, TPG is optimized over the band of operation employing a nonlinear opti-
mization algorithm. For example, in MATLAB, one may wish to employ the nonlinear 
optimization functions, such as lsqnonlin, fminmax, fminsearch, of the optimization tool-
box. Optimization of TPG yields the driving point immittance KB(λ) = a(λ)/b(λ). Eventually, 
KB(λ) is synthesized using the newly proposed Richards’s synthesis algorithm.

Let us apply the above-described process to design a wideband impedance transformer 
designed for a power amplifier.

EXAMPLE 5.15

Referring to Figure 5.56, an impedance transforming filter is constructed between 
RG = 12Ω generator (output of an RF power amplifier that is designed employing LD-MOS 

LL

CL RL

CG2

Lossless
matching network

RG

LG

CG1EG

FIGURE 5.56
Double matching problem for Example 5.15.
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RD07 of Mitsubishi) and a standard load of RL = 50 Ω using the RFDCT/Parametric 
algorithm. The design is completed over 850–2100 MHz. At the generator end (12 Ω), the 
resonance circuit LG//CG1 introduces a zero of transmission at 4200 GHz, which is the 
second harmonic at the high end of the passband. Furthermore, CG2 introduces a zero 
of transmission at DC. Similarly, at the load end, the tank circuit LL//CL introduces a 
transmission zero at the third harmonic (6300 MHz). Thus, Figure 5.57 describes a dou-
ble matching problem. Therefore, a lossless matching network is constructed between a 
complex generator ZG and a complex load ZL.

RG = 12 Ω; LG = 0.947 nH; CG1 = 1.515 pF, CG2 = 3.4 pF; CL = 1.515 pF, LL = 0.412 nH; 
RL = 50 Ω.

Referring to Figure 5.57, for the problem under consideration, RFDCT algorithm is 
implemented in MATLAB under the main program “RichardMain_ImpTransFilter.m.”

The matching network is described by means of its driving point impedance ZB(λ) 
employing six commensurate transmission lines (n = 6). In the course of design, k = 4 
(total number of cascaded UEs) and q = 0 (no DC transmission zero) are selected, which 
in turn yield n∞ = k − q = 2 transmission zeros at infinity.

Coefficients {ci;i = 1, 2, …, 6} of the auxiliary polynomial c(Ω) are initialized in an ad 
hoc manner. Furthermore, c0 is fixed as unity (c0 = 1), so that the far-end normalized 
termination resistance R is set to unity.

Using the least-square nonlinear optimization tool (lsqnonlin) of MATLAB, driving 
point impedance ZB(λ) is obtained as below.

 

Z
a
b

B( )
( )
( )

. . . . .

λ λ
λ

λ λ λ λ λ

=

= + + + + +0 0 62 0 7259 0 2427 0 1717 0 0166 5 4 3 2 99 0 0036
2 1530 2 5204 1 1745 0 9848 0 1634 0 06 5 4 3 2

λ
λ λ λ λ λ

+
+ + + + +

.
. . . . . . 7754 0 0036λ + .

For interested readers, the above results may be reproduced using the accurate coef-
ficients of the polynomials c(Ω), a(λ), and b(λ), as shown in Table 5.16. Coefficients of 
c(Ω) are obtained as a result of optimization. Coefficients of the numerator polyno-
mial a(λ) and the denominator polynomial b(λ) are obtained using our MATLAB func-
tion “[a,b] = Richard_NewMinimumFunction(k,q,c,czero),” where the input variables are 
selected, as shown at the top of the first column of Table 5.16. Coefficients of a(λ) and b(λ) 
are listed in the second and the third columns of the same table.

ZB(λ) is synthesized using our newly developed Richards’s synthesis package called 
“[Z_UE,a_new,b_new,CT,CV] = Richard_CompleteImpedanceSynthesis(a,b,k,q,R0,f0),” with 
the normalization numbers R0 = 1, f0 = 1/(2π). The output, vector Z_UE includes the 
normalized characteristic impedances of the cascaded transmission lines. Vectors a_new 
and b_new include the numerator and the denominator polynomials of the remaining 
impedance function Znew(λ) = anew(λ)/bnew(λ) after cascaded line extractions. Vectors CT 
and CV include the synthesis result of Znew(λ). In this representation, vector CT includes 

R 
= 

1Ω

ZB(λ) = a(λ)/b(λ)

Lossless
matching
network

ZG

ZL
EG

FIGURE 5.57
Description of the matching network by means of its driving point input impedance ZB(λ).
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the codes of the Richards components such that CT(i) = 8 refers to a shunt Richards’s 
capacitor, CT(i) = 1 refers to a series Richards’s inductor, CT(i) = 9 refers to termination 
resistor.

List of output vectors are shown in Table 5.17 and final synthesis of ZB(λ) is depicted 
in Figure 5.58.

In summary, characteristic impedances of Figure 5.58 are given by

 . , . , . , .Z Z Z Z1 2 3 40 2517 1 8721 0 1246 1 5364= = = =

and Richards’s components are specified as

 C L= =7 5637 0 8542. , .

By selecting resistive normalization number R0 = 50 Ω, actual element values are 
given by

 Z UE_ [ . . . . ]= 12 5850 93 6052 6 2297 76 8177 Ω

TABLE 5.16

Result of Optimization for Example 5.15 n = 6, k = 4, q = 0, czero = 1

c(Ω) a(λ) b(λ)

1.0e + 02 *[.]
5.925734959253541 0 2.152976016472793
6.085157899757289 0.620037880652403 2.520421163343775
−2.296435769309379 0.725858804052723 1.174454841708657

−2.380581686436587 0.242668481362066 0.984800857540397
0.157989962292003 0.171746189292335 0.163416611930619
0.175760624674885 0.016854588221304 0.075382287191566
0.010000000000000 0.003633264112008 0.003633264112008

TABLE 5.17

Result of Richards’s Synthesis CT(i) = 1 > Series Richard Inductor, CT(i) = 8 > Shunt Richard Capacitor, 
CT(i) = 9 > Resistance

Index Z_UE a_new b_new CT CV

1 0.251700042758011 0 1.000000000000000 8 7.563713873657589
2 1.872104026360417 0.132210183608708 1.170668481236947 1 0.854212798940930
3 0.124594021679597 0.154774294849264 0.154774294850914 9 0.999999999989340
4 1.536354982668161

Z1Z2Z3Z4Cλ

Lλ

R 
= 

1

ZB

ZG

EG ZL

FIGURE 5.58
Synthesis of ZB(λ).
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The Richards’s capacitor C is realized as a shunt open-stub with normalized character-
istic impedance Zcap = 1/C or with actual characteristic impedance Zcap−act = R0/C. Similarly, 
the Richards inductor L is realized as a series short-stub with normalized characteristic 
impedance ZInd = L or with actual characteristic impedance Zind−act = R0L. Thus, it is found 
that Zcap−act = R0/C = 50/7.5 = 6.6105 Ω and Zind−act = R0L = 42.7106 Ω. For the case under con-
sideration, Z3−act = 6.2297 Ω and Zcap−act = 6.6 Ω could be difficult to realize.

As far as practical implementation is concerned, we may prefer to utilize microstrip 
technology to realize the ideal commensurate transmission lines. The shunt Richards’s 
capacitors (i.e., open stubs in shunt configuration) can be easily realized but realization 
of the series Richards’s inductors (i.e., short stubs in series configuration) presents seri-
ous difficulties. Nevertheless, physical implementation problems can be bypassed using 
the Kuroda identities [3,68]. In this regard, successive application of the Kuroda identities 
removes the series short stubs with those of shunt open stubs. Therefore, for interested 
readers, it may be appropriate to show the usage of Kuroda identities to improve the exist-
ing design.

Kuroda Identity I
Referring to Figure 5.59, a capacitive loaded transmission line can be replaced with its 

inductively loaded line equivalent employing the following equation set:

 
Z

Z
C Z

B
A

A A
=

+ 1  
(5.175)

 
L

C Z
C Z

B
A A

A A
=

+

2

1  
(5.176)

For our case, the Richards’s capacitor and transmission line pair {Cλ, Z4} = {Cλ = 7.5637λ, 
Z4 = 1.5364} can be replaced with that of transmission line and Richards’s inductor pair 
{ZB1, LB1λ} such that

 
Z

Z
C Z

B
A

A A
1 1

0 1217=
+

= .

 
L

C Z
C Z

B
A A

A A
1

2

1
1 4146=

+
= .

Thus, at the first step, we exercised Kuroda identity I and end up with the following 
network topology.

CAλ ZA ZB LBλ

FIGURE 5.59
Kuroda identity I.
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Kuroda Identity II
Referring to Figure 5.60 pairs {Lλ, ZB1} and {LB1, Z3} can be replaced by their identical 

pairs using Kuroda identity II, as shown in Figure 5.61. The replacement equation set is 
given by

 Z Z LB A A= +  (5.177)

 
C

L
Z Z L

B
A

A A A
=

+( )  
(5.178)

In the second step, Kuroda identity II is applied twice. First, the pair {λLB1, Z3} is replaced 
by {ZB3, CB3}

 Z Z LB B3 3 1 1 5393= + = .

or actual value of ZB3 is ZB3−act = 76 Ω.

 
C

L
Z L Z

B
B

B B B
3

1

1 1 1
7 37=

+
=

( )
.

Similarly, the pair {Lλ, ZB1} is replaced with the new one {ZB2, CB2} such that

 Z Z LB B2 1 0 9759= + = .

or actual value of ZB2 is found as ZB2−act = 48.7974 Ω.

 
C

L
Z L Z

B
B B

2
1 1

7 1899=
+

=
( )

.

Hence, we end up with Figure 5.62 as the final synthesis of ZB(λ).

Z1Z2Z3

ZB

ZLR 
= 

1 Lλ LB1λ
ZB1

FIGURE 5.60
First step of the successive applications of Kuroda identities.

LAλ ZA ZB CBλ

FIGURE 5.61
Kuroda identity II.
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The Richards’s capacitor CB3 is realized as an open stub with actual characteristic 
impedance Zcap3−act = R0/CB3 = 6.7787 Ω. Similarly, CB2 is also realized as an open stub with 
actual characteristic impedance Zcap2−act = R0/CB2 = 6.9542 Ω. The final matching network is 
depicted in Figure 5.63.

The physical length of the commensurate transmission lines is fixed at normalized delay 
length τ = 0.5. Then, we can compute the actual delay length as

 ω τ ω τ π τa a N N c af= = =0 5 2 2.

or

 
τ

πa =
× × ×

= × −0 5
2 2 1 10

3 7894 109
11.

.
. s

Physical length is computed upon the selection of substrate using the effective propaga-
tion velocity as

 l veff a= τ

where veff is the effective velocity of propagation in the physical medium on which com-
mensurate transmission lines are printed. The optimized TPG is depicted in Figure 5.65.

Alternative Design: Design with n = 6, k = n, q = 0 with τ = 0.5
In the above design, implementation of low-characteristic impedances may create some 

problems. We can generate an alternative design with six cascaded elements. In this case, 
coefficients of the auxiliary polynomial c(Ω) is initialized in an ad hoc manner with fixed 
c0 = 1. Then, the result of nonlinear optimization yields that

R 
= 

1
ZB2 CB2λ ZB3 CB3λ Z1Z2

ZB

ZL

FIGURE 5.62
Synthesis of ZB(λ) after successive application of Kuroda identities.

R 
= 

1

ZB2 ZB3 Z1Z2

ZB

ZL

Z
cap3Z

cap2

FIGURE 5.63
Synthesis of ZB(λ) after successive application of Kuroda identities; actual characteristic impedances: 
ZB2 = 48.7974, ZCap2 = 6.9542, ZB3 = 76.9633, ZCap3 = 6.7787, Z2 = 93.6050, Z1 = 12.5850.
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 Z UEFfipedover_ [ . . . . . . ]= 0 9375 0 1237 1 4477 0 1225 1 8543 0 2530

 Actual Z UEFlipedover_ [ . . . . .= 46 8750 6 1850 72 3850 6 1250 92 7150 12.. ]6500

 c = − −[ . . . . . . ]656 8151 709 8196 248 9498 273 0388 17 0399 19 3983

 

a

b

[ . . . . . . . ]
[ .

=
=

0 0000 0 6071 0 7409 0 2328 0 1679 0 0151 0 0032
2 0933 2.. . . . . . ]5548 1 1301 0 9780 0 1528 0 0717 0 0032

The resulting Richards’s synthesis is shown in Figure 5.64 and the performance of the 
matched system is almost the same as the previous design, as depicted in Figure 5.65.

Z1 = 46.875 Z2 = 6.185 Z3 = 72.385 Z4 = 6.125 Z5 = 92.715 Z6 = 12.65 CL RL

LLLG

CG2

CG1

RG

EG

FIGURE 5.64
Alternative design with n = 6, k = n, q = 0 for Example 5.15.
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FIGURE 5.65
Performance of the matched system for Example 5.15.
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5.12 SRFTs to Design RF and Microwave Amplifiers

Referring to Figures 5.54 and 5.55, in the SRFT, a lossless equalizer or matching is simply 
described in terms of its unit normalized scattering parameters [17,33]. Therefore, in the 
course of matching network design, neither the impedance nor the admittance param-
eters are employed. All the computations are carried out with the scattering parameters of 
the blocks to be matched. Therefore, the gain optimization of the matched system is well 
achieved numerically. The system is faster than the other existing CAD algorithms and 
easier to use. It is also naturally suited to design broadband microwave amplifiers.

Referring to Figure 5.66, unit normalized scattering parameters for a lossless equalizer 
[E] are described as

 
E

E E

E E
=











11 12

21 22  
(5.179)

Since the two port is lossless, it satisfies the following condition:
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(5.180)

where the symbol “†” designates the paraconjugate transposition of a matrix.
The basis for SRFT or the scattering approach is to describe the lossless equalizer [E] in 

terms of its unit normalized input reflection coefficient E11(p) in V. Belevitch form [69] such 
that

 
E p

h p
g p

11( )
( )
( )
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(5.181)

Furthermore,

 
E p E p

f p
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(5.182)
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g p
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(5.183)

R0

R0[E]

E11 E22

EG

FIGURE 5.66
Description of a lossless two-port [E] by means of unit normalized scattering parameters.
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where

 h p h p h p h p hn
n

n
n( ) = + + + +−

−
1

1
1 0�  (5.184)

 g p g p g p g p gn
n

n
n( ) = + + + +−

−
1

1
1 0�  (5.185)

Transmission zeros of the lossless equalizer [E] overlap with those zeros of the trans-
fer scattering parameter E21(p) = f(p)/g(p). For many practical applications, it is practical to 
work with LC ladders with transmission zeros only at DC and infinity, and rarely at finite 
frequencies. In this case, numerator polynomial f(p) is selected as

 
f p p pndc

i

nz

i( ) ( )= +
=

∏
1

2 2ω
 

(5.186)
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(5.187)
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Employing Equations 5.180 through 5.188, losslessness condition is expressed by

 G p g p g p h p h p f p f p H p F p( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2= − = − + − = +  (5.189)

 
G p g p g p h p h p p pndc ndc
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i( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
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2 2 21= − = − + +
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∏ ω
 

(5.190)

 G p g p g p H p h p h p F p f p f p( ) ( ) ( ); ( ) ( ) ( ); ( ) ( ) ( )2 2 2= − = − = −  (5.191)

It should be noted that, in Equations 5.181 through 5.185, the common denominator poly-
nomial g(p) of degree “n” must be strictly Hurwitz. In other words, it must be free of closed 
RHP zeros. Numerator polynomial h(p) of degree “n” is an arbitrary real polynomial. In 
other words, there is no restriction imposed on it.

On the jω axis, the scattering parameters must be bounded by 1 such that

 
E j i jij( ) ; , ,ω ≤ =1 1 2

 
(5.192)

 G H F( ) ( ) ( )ω ω ω2 2 2 0= + >  (5.193)

Equation 5.193 is always true as long as even polynomials H(ω2) and F(ω2) are not simul-
taneously zero. Therefore, one can always generate a strictly Hurwitz polynomial g(p) 
from Equation 5.191 by explicit factorization once transmission zeros are selected and the 
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real coefficients of the polynomial h(p) are initialized. This idea constitutes the crux of the 
SRFT. In other words, TPG of the system to be matched is expressed as an implicit function 
of h(p).

Replacing generator and load impedances by their Darlington equivalent lossless two-
ports [G] and [L], and utilizing their unit normalized scattering descriptions for [G], [E], 
and [L], TPG of the doubly matched system can be generated in two steps [3].

In the first step, by multiplying the transfer scattering parameters of the lossless two-
ports [G] and [E], gain of the cascaded duo [GE] is generated as

 
T G

E
E G

1 21
2 21
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(5.194)

Then, in the second step, TPG of the cascaded two-ports [GE] and [L] is obtained as
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(5.195)

Thus, using the open form of T1 in the above equation, the double matching gain of the 
trio {[G] − [E] − [L]} is expressed as follows:
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(5.196)

where the scattering parameters of the generator Gij and the load Lij networks are specified 
either by measurements or are provided as circuit models. More specifically, in terms of 
the generator ZG(jω) and the load ZL(jω) impedances, the generator reflectance is given by
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(5.197)

the load reflectance is given by
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(5.198)

and the back-end reflectance of the equalizer, while it is terminated in the complex genera-
tor, is given by
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= +

−  
(5.199)

In the “SRFT algorithm,” the goal is to optimize the TPG as high and as flat as possible 
over the band of operation, as in the other real frequency techniques. The coefficients of the 
numerator polynomial h(p) are selected as the unknowns of the matching problem. To con-
struct the scattering parameters of [E], it is sufficient to generate the Hurwitz denominator 
polynomial g(p) from h(p). It can be readily shown that, for simple LC-ladder structures, 
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once the coefficients of h(p) are initialized and the complexity of the equalizer [E] speci-
fied (i.e., n and ndc are fixed in advance), then g(p) is generated as a Hurwitz polynomial 
by explicit factorization of Equation 5.191. Thus, the bounded realness of the scattering 
parameters {Eij;i, j = 1, 2} is already built into the design procedure. It is noted that, in order 
to assure the realizability of the lossless equalizers, we cannot simultaneously allow h(p) 
and g(p) to become zero. Therefore, selection of initial coefficients of h(p) must be proper. 
For example, if k > 0, we cannot let h0 = 0 since it makes g(0) = 0.

In generating the Hurwitz denominator polynomial g(p) from the initialized coefficients 
of h(p), we first construct G(p2), as in Equation 5.190. That is,

G p g p g p G p G p G p G h p h pn
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2

0 1= − = + + + + = − + −−
− � nndc ndcp2

 (5.200)

where the coefficients Gi are given as the convolution of h(p) and h(−p) with the contribut-
ing term (−1)ndcp2ndc as follows:
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Then, explicit factorization of Equation 5.200 follows. At the end of the factorization pro-
cess, polynomial g(p) is formed on the left half plane zeros of G(p2).

Hence, the scattering parameters of [E] are obtained, as in Equation 5.179, and the TPG 
T(ω) is generated employing Equation 5.196. Then, as in the other real frequency tech-
niques, by selecting flat gain level T0, the error function error = T(ω) − T0 is minimized. As 
the result of optimization, the unknown coefficients hi are determined.

Details of the numerical work can be found in the reading list.
In brief, examination of Equations 5.194 through 5.196 together with Equation 5.200 indi-

cates that TPG is almost inversely quadratic in the unknown coefficients hi. Therefore, the 
SRFT algorithm is always convergent. Furthermore, the numerical stability of the algo-
rithm is excellent, since all the scattering parameters Eij and reflection coefficients G22 and 
L11 are bounded as real, that is, {|Eij|, |G22|, and |L11|} ≤ 1.

As is usually the case, an intelligent initial guess is important in efficiently running 
the program. It has been experienced that, for many practical problems, an ad hoc direct 
choice of the coefficients hi (e.g., hi = ∓1) provides satisfactory initialization to start the 
SRFT algorithm.

As indicated previously, SRFT is naturally suited to design microwave amplifiers since 
it employs scattering parameters for all the units to be matched. For over 30 years, match-
ing networks and amplifiers designed using SRFT has displayed excellent agreement with 
laboratory performance measurements.
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5.13 SRFT to Design Microwave Amplifiers

It is well known that SRFT is well suited to design microwave amplifiers in two steps.
Referring to Figure 5.67, in the first step, front-end matching network [EF] is designed 

while the output port is terminated in 50 Ω (or in the normalization resistance R0 = 50 Ω). 
At this step, TPG T1 which is specified by
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is optimized to hit the ideal stable flat gain level
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In Equations 5.202 and 5.203, {SijF;i, j = 1, 2} and {Sij;i, j = 1, 2} are the real normalized 
(50 Ω) scattering parameters of the front-end matching network [EF] and the MOS transis-
tor, respectively. B is the frequency band, which runs from 11.23 to 22.39 GHz (more than 
10-GHz bandwidth).

In the second step, the back-end equalizer [EB] is designed to optimize the overall TPG 
T2(ω), as shown by Figure 5.68. In this step, T2(ω) is specified by
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At this step, the optimization algorithm targets the flat gain level of

 
T minimum of T T

T

S
flat2 2 02

1

22
21

= = =
−

( )
( )

( )
( )ω ω ω

ω  
(5.205)

In Equation 5.205, the back-end reflection coefficient is given by
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Front-end
matching network

50 Ω

50 ΩEg

FIGURE 5.67
Step 1: Design of the front-end matching network.
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In the SRFT, the front-end [EF] and the back-end [EB] matching networks are described in 
terms of their unit normalized input reflection coefficients in Belevitch form:
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In Step 1, selecting the total number of equalizer elements nF in [EF] first, initialize the 
coefficients {h0F, h1F, …, hnF}. Then, the denominator polynomial gF(p) is generated as a 
strictly Hurwitz polynomial by the spectral factorization of

 g p g p h p h p f p f pF F F F F F( ) ( ) ( ) ( ) ( ) ( )− = − + −

In this step, S21F is given as

 
S

f p
g p

F
F

F
21 = ( )

( )

and the monic polynomial fF(p) is selected by the designer to include transmission zeros 
of the front-end equalizer [EF]. For example, if [EF] is a simple low-pass LC ladder, then 
fF(p) = 1 selected. Eventually, coefficients {h0F, h1F, …, hnF} are determined by minimizing 
the error function

 ε ω ω1 1 1( ) ( )= −T Tflat

over the band of interest B = f2 − f1 where f1 and f2 designate the lower and the upper end of 
the frequency band, respectively.

Similarly, in Step 2, the back-end equalizer [EB] is constructed by determining the 
unknown numerator coefficients {h0B, h1B, …, hnB} of S11B. In this case, the error function

 ε ω ω2 2 2( ) ( )= −T Tflat

is minimized over the same frequency band.
Once S22F and S11B are determined, they are synthesized as lossless two ports, as in 

Darlington’s procedure, yielding the circuit topologies for front-end and back-end match-
ing networks with element values.

Front-end
matching network

50 Ω

50 ΩEg
Back-end

matching network

FIGURE 5.68
Step 2: Design of the back-end matching network.
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5.14 SRFT Single-Stage Microwave Amplifier Design Algorithm

In this section, the gain-bandwidth performance of a typical 0.18 µ NMOS-FET is assessed 
by designing an amplifier over 11.23–22.39 GHz.

The 50-Ω-based scattering parameters of the device are given in Table 5.18.
The biasing conditions and design parameters of the device are given as follows:

• VDD = 1.8V; ID (drain DC current) = 200 mA.
• NMOS size is W/L = 1000 µ/0.18 µm.
• Simulation temperature is 50°C.
• Expected output power is approximately 100 mW up to 23 GHz when operated as 

an A-Class amplifier.

For this purpose, we developed a MATLAB Main program which is called “TSMC_amp.m.”
As explained above, this program constructs a microwave amplifier in two parts. In the 

first part, the front-end equalizer [EF] is constructed. Then, in the second part, the back-end 
matching network of the amplifier is completed.

The aim is to construct both equalizers employing LC-ladder networks without a trans-
former. Therefore, in the Main program, we set

 k = 0

and we fix

 h hF B0 0 0= =

Thus, in the first part, the objective function

 function Func levenberg TR x k w f f f f TS_ ( , , , , , , , )= 1 11 12 21 22 1

minimizes ε1(ω) = T1(ω) − Tflat1, which in turn generates the numerator polynomial 
hF(p) = hnFpn + … + h1Fp + 0.

TABLE 5.18

Selected Samples from the Measured Scattering Parameters of 0.18 µm TSMC MOS Transistor

Fr(GH) MS11 PS11 MS21 PS21 MS12 PS12 MS22 PS22

10.0 0.90 −2.99 1.11 1.1 0.05 −0.34 0.77 −2.96
11.2 0.90 −3.01 0.97 1.1 0.06 −0.39 0.78 −2.96
12.6 0.91 −3.01 0.84 1.1 0.05 −0.44 0.79 −2.96
14.1 0.91 −3.01 0.73 1.0 0.05 −0.49 0.80 −2.96
15.8 0.92 −3.02 0.63 0.90 0.05 −0.54 0.82 −2.96
17.8 0.92 −3.02 0.55 0.80 0.04 −0.60 0.83 −2.96
20.0 0.93 −3.03 0.46 0.81 0.04 −0.66 0.85 −2.96
22.4 0.94 −3.04 0.39 0.74 0.04 −0.72 0.86 −2.96

Note: In the following, MSij are the amplitudes and PSij are the phases of the S-parameters. Phases are given in 
radian.
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In this case, the designer provides the following inputs to the main program: 
TSMC_amp.m.

5.14.1 Part I: Design of Front-End Matching Network

Inputs:
TMSC_Spar.txt: Scattering parameters of the CMOS transistor loaded from the text file.

In this file, S-parameters are read as amplitude and phase in degree in the following 
order:
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The program converts all the phases from degree to radian, then generates the maxi-
mum stable gain of the amplifier at the first step as
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and plots it. For the CMOS transistor under consideration, this figure is depicted in 
Figure 5.69.
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FIGURE 5.69
Maximum stable gain of part I of the single-stage amplifier design.
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Close examination of the above figure reveals that one can obtain about 2.1 dB flat gain 
level, even beyond 20 GHz.

At this point, the designer inputs the frequency band of operation.
In this case, low ( f1) and the high ( f2) ends of the frequency band must be entered.
The low end of the frequency band is denoted by

 f FR nd1 1= ( )

Similarly, the high end is denoted by

 f FR nd2 2= ( ).

However, the user only enters the index of the low and high ends of the frequency band.
The lower end of the optimization starts from the frequency FR(nd1) = 11.23 GHz, which 

is placed at the 42nd sampling point of the measured data.
Therefore, we set

 nd1 42=

The high end of the optimization frequency is FR(nd2) = 22.39 GHz, which is located at 
the 48th sampling point. Hence, we set

 nd2 48=

Now, the program asks the designer to enter the desired flat gain level Tflat1 of Part I. 
Here, it may be appropriate to select a minimum or a slightly higher value of
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in the passband to assure the absolute stability of the design.
Referring to Figure 5.70, it may be proper to select

 TFlat1 2 1= . dB

EG

R = 50 Ω

+

TSMC
180

R = 50 Ω

ZF(p)

L1

C2

L3

C4

FIGURE 5.70
Completion of part I of the single-stage amplifier design employing the Si CMOS transistor TSMC 180 nm.
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As the last input, we should enter the initials for the unknown coefficients such that

 hF n xF hF xF hF XF n hF n( ) ,[ ( ) ( ), ( ) ( ), , ( ) ( )]+ = = = =1 0 1 1 2 2 …

Nonlinear optimization can be initialized in an ad hoc manner. For example, the follow-
ing random initial coefficients yield successful optimization results.

 [ ( ) ( ), ( ) ( ), , ( ) ( )] [xF hF xF hF XF n hF n1 1 2 2 1 1 1= = = = − − −… ]1

The above input means that nF = length(hF) = 4. Therefore, we will employ only four ele-
ments in the LC ladder without an ideal transformer, since we set hF(n + 1) = 0 in advance.

5.14.1.1  Initialization of Nonlinear Optimization to Construct 
a Front-End Matching Network

While we construct a front-end matching network, nonlinear optimization may be auto-
matically initialized using RF-LST introduced previously. For this purpose, we can use our 
MATLAB function CompactSingleMatching as called in the following codes:

1. %  AUTOMATIC INITIALIZATION OF THE FRONT-END MATCHING NETWORK
2. % Generation of the termination impedance for the front-end matching network
3. NA=length(freq);j=sqrt(-1);
4. for i=1:NA
5. FAin(i)=freq(i)/1e9;
6. Zin(i)=(1+S11R(i)+j*S11X(i))/(1-S11R(i)-j*S11X(i));
7. Rin(i)=real(Zin(i));
8. Xin(i)=imag(Zin(i));
9. end

10. %     Initial Guess for SRFT Amplifier for front-end matching
11. %     network
12. % User selected Inputs:
13. T0=0.975;
14. NC=19;ktr=0;KFlag=1;sign=1;
15. FL=FAin(42);FH=FAin(48);f0=FAin(47);R0=50;F_unit=1e9;
16. n=5;ndc=0;WZ=0;a0=1;
17. %
18. Imp_input=[FAin Rin Xin];
19. UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
20. Input_Data=[UserSelectedInputs Imp_input];
21. %
22. % ---------------------------------------------------------------------------
23. % Design of front-end matching network in single function:
24. %
25. [ CTF,CVF,CVAF,FAF,TAF,cF,aF,bF,a0F ] = CompactSingleMatching( Input_Data );
26. hF0=aF-bF;
27. for i=1:n
28. xF0(i)=hF0(i);
29. end

In the above codes, {Sij;i, j = 1, 2} designates the scattering parameters of the CMOS tran-
sistor designed using the TSMC 180 nm technology available in the Cadence library [77]. 
Zin = Rin + jXin is the input impedance of the transistor when the output port is termi-
nated in R0 = 50 Ω and it is specified over the actual frequencies FAin. RF-LST starts with 
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NC = 19 break points. The ideal flat gain level for the single matching problem is selected 
as T0 = 0.975. We use an admittance-based design (KFlag = 0). The low end of the passband 
is selected as = 11.22 GHz (FAin(42) = 11.2 GHz). The high end of the passband is fixed 
at FH = 20 GHz (i.e., FAin(48) = 22.38 GHz). We use n = 5 elements in the low-pass ladder 
(with ndc = 0, WZ = 0) in the front-end matching network.

The above automatic initialization code is gathered under the MATLAB program “GKY
SRFTLumpedAmplDesignSec5_14.m.”

5.14.2 Result of Optimization

At this part of the main program, the optimization function is described as below:

 xF lsqnonlin levenberg TR xF OPTIONS k ww f f= (’ _ ’, ,[],[], , , , ,1 0 11 112 21 22 1, , , );f f Tflat

function lsqnonlin is a least mean square minimization algorithm that employs the error 
function levenber_TR1 such that

 function Func levenberg TR x k w f f f f Tflat_ ( , , , , , , , )= 1 11 12 21 22 1

This function basically generates the error term in decibels.

 ε1 1 1= −T Tflat

Minimization of ε1 = T1 − Tflat1 yields the optimum reflection coefficient
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as shown in Table 5.19.
The above reflection coefficient leads to front-end driving point impedance
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and is synthesized by long division as
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TABLE 5.19

Front-End Reflection Coefficient S22F = (hF/gF)

hoF 0 goF 1
h1F −4.9972 g1F 5.8905
h2F −1.7448 g2F 4.8631
h3F −4.7473 g3F 5.9401
h4F 0.96463 g4F 0.96463
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The normalized circuit elements of the front-end matching network are given in 
Table 5.20.

The actual circuit element values are generated by denormalization employing the func-
tionAEVF = Actual(kimm,R0,fnorm,CVF), as shown in the same table.

Thus, the first part of the amplifier design procedure is completed, as shown in 
Figure 5.70.

The optimized gain performance of the first part of the design problem is depicted in 
Figure 5.71.

In the second part of the design process, the back-end equalizer of the amplifier is con-
structed by minimizing the error

 ε2 2 2= −T Tflat

TABLE 5.20

Normalized and Actual Element Values of Front-End Equalizer for the 
Microwave Amplifier Designed Employing TSMC 180-nm Si CMOS 
Transistor

Component-Type Inductors 
L Capacitors C

Normalized Element 
Values (CVF)

Actual Element 
Values (AEVF)

L1(H) 0.18052 6.4167e-011
C2(F) 9.2703 1.3181e-012
L3(H) 0.7128 2.5337e-010
C4(F) 1.6174 2.2996e-013

1 1.2 1.4 1.6 1.8 2 2.2 2.4

× 1010

1

1.5

2

2.5
Step 1: Optimized gain with Tflat1 = 2.1 dB

Actual frequency

T 1 
(d

B)

FIGURE 5.71
Optimized gain performance of part I.
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At this point, the main program TSMC_amp.m calls the optimization routine lsqnonlin 
with error function

 function Func levenberg TR x k w T SF f f f f T_ ( , , , , , , , , ,= 2 1 2 11 12 21 22 fflat2)

The function levenberg_TR2 generates ε2 = T2 − Tflat2 in decibel and is minimized by 
lsqnonlin, which in turn yields the reflectance

 
S

h p
g p

B
B

B
11 = ( )

( )

of the back-end equalizer of the amplifier.

5.14.3  Inputs to the Main Program for Part II: Design 
of a Back-End Matching Network

At this point, the main program generates the maximum stable gain at the high end of the 
passband, which may be used as the possible target for the flat gain level for the amplifier.

For the present case, the main program returns to the designer with the following 
statements:

 “Suggested maximum flat gain level for the second part of the design Tflat2 = 7.2059

 Enter the desired target gain value in dB for Step 2: Tflat2 =”

In this case it may be appropriate to enter

 Tflat2 = 7.1 dB

Then, the main program asks for the initial values for the back-end equalizer such that

 “enter back-end equalizer; [xB(1)=hB(1),xB(2) = hB(2),…,XB(n) = hB(n)] =”

Here, we use an ad hoc initialization for the coefficient as

 xB0 1 1 1 1 1 1[ ]= − − − −

Meaning that we will have nB = length (hB) = 6 elements in the back-end matching net-
work. We already fixed the structure to LC ladder without an ideal transformer by setting 
k = 0 and hB0 = 0 in advance.

Thus the optimization returns with the following results.

5.14.4 Results of Optimization

Back-end reflection coefficient is determined as in Table 5.21.
Finally, S11B = hB/gB is synthesized as in part I, as shown in Figure 5.72.
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The element values of the back-end equalizer are summarized in Table 5.22.
The gain performance of the amplifier is depicted in Figure 5.73 and listed in Table 5.23.

5.14.4.1  Initialization of Nonlinear Optimization to Construct 
a Back-End Matching Network

A back-end matching network of the amplifier can be constructed by automatic initial-
ization of the nonlinear optimization using the RF-LST as introduced to construct the 

EG
C2

L3 L1 L1 L5

 

L3

C2
C4

R = 50 Ω

+

C6C4

S22F S11B

TSMC-
180 nm

R = 50 Ω

FIGURE 5.72
A single-stage amplifier designed using SRFT for a typical 0.18 µm NMOS transistor over 11.23–22.39 GHz.

TABLE 5.21

Back-End Reflection Coefficient S11B = hB/gB 

(or in short SB)

hoB 0 goB 1
h1B −5.9242 g1B 7.8643
h2B −1.9747 g2B 13.375
h3B −15.969 g3B 25.796
h4B 2.8824 g4B 20.767
h5B −9.2939 g5B 17.764
h6B 6.4072 g6B 6.4072

TABLE 5.22

Normalized and Actual Element Values of Back-End Equalizer 
for the Microwave Amplifier Designed Employing TSMC 180-nm 
Si CMOS Transistor

Component 
Type

Normalized Element 
Values (CVB)

Actual Element 
Values (AEVB)

L1(H) 0.4736 1.6834e−010
C2(F) 6.9925 9.9422e−013
L3(H) 0.5019 1.7841e−010
C4(F) 5.2831 7.5117e−013
L5(H) 0.9645 3.4285e−010
C6(F) 1.5129 2.1511e−013
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front-end matching network. In this case, we use the following MATLAB codes under the 
main program “GKYSRFTLumpedAmplDesignSec5_14.m”

%  AUTOMATIC INITIALIZATION OF THE BACK-END MATCHING NETWORK
% Generation of the termination impedance for the back-end matching 
network
NA=length(freq);j=sqrt(-1);
for i=1:NA
    FAout(i)=freq(i)/1e9;
    Zout(i)=(1+S22R(i)+j*S22X(i))/(1-S22R(i)-j*S22X(i));
    Rout(i)=real(Zout(i));
    Xout(i)=imag(Zout(i));
end
%              Initial Guess for SRFT Amplifier for back-end matching
%              network
% User selected Inputs:

1 1.2 1.4 1.6 1.8 2 2.2 2.4
× 1010
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Step 2: Final gain performance of the amplifier

T 2 
(d
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Actual frequency

Gain of part II
Gain of part I

FIGURE 5.73
Ideal performance of the amplifier over the normalized frequencies from 0.55 (11.22 GHz) to 1 (22.39 GHz).

TABLE 5.23

Gain Performance of the Amplifier

Actual Frequency Gain (dB)

1.1220e + 010 6.4730

1.2589e + 010 6.9404

1.4125e + 010 7.0587

1.5849e + 010 7.1319

1.7783e + 010 7.0882

1.9953e + 010 7.0980

2.2387e + 010 7.0987
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    T0=0.975;
    NC=19;ktr=0;KFlag=1;sign=1;
    FL=FAout(41);FH=FAout(47);f0=FAout(47);R0=50;F_unit=1e9;
    n=4;ndc=0;WZ=0;a0=1;
%
Imp_input=[FAout Rout Xout];
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Output_Data=[UserSelectedInputs Imp_input];
%
% -------------------------------------------------------------------------
% Design of back-end matching network in single function:
%
[CTB,CVB,CVAB,FAB,TAB,cB,aB,bB,a0B] = CompactSingleMatching (Output_Data);
hB0=aB-bB;
for i=1:n
    xB0(i)=hB0(i);
end

5.14.5 Stability of Amplifier

In order to analyze the stability of the amplifier, the input and the output impedances of 
the matched amplifier must be computed.

Let Zin(jω) = Rin(ω) + jXin(ω) and Zout(jω) = Rout(ω) + jXout(ω) be the input and the output 
impedances of the matched amplifier.

Then, absolute stability of the amplifier requires that

 Rin( ) ;ω ω≥ ∀0  (5.209)

and

 Rout( ) ;ω ω≥ ∀0  (5.210)

Sometimes, it may be difficult to satisfy the above equation. In this case, we may be chal-
lenged by conditional stability.

In general, let the amplifier be terminated in complex generator with internal impedance 
ZG = RG(ω) + jXG(ω) and a complex load ZL(jω) = RL(ω) + jXL(ω).

Then, conditional stability requires that

 R RG in( ) ( ) ;ω ω ω+ ≥ ∀0  (5.211)

and

 R RL out( ) ( ) ;ω ω ω+ ≥ ∀0  (5.212)

For the problem under consideration, SG = ZG − 1/ZG + 1 is the input reflectance of the 
front-end equalizer, which is generated in the first part of the amplifier design process as 
SF = hF/gF.

Similarly, complex termination SL = ZL − 1/ZL + 1 of the active device is generated as the 
input reflectance of the back-end equalizer such that SL = SB = hB/gB.

In this regard, we need to generate the input and output impedances to investigate the 
stability situation of the matched amplifier.
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The input reflectance Sin is given by

 
S f

f f
f S

Sin
B

B= +
−11

12 21

221  
(5.213)

where
{fij;i, j = 1, 2} are the S-parameters of the active device

and
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h
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B
B

B
=

 
(5.214)

is the input reflectance of the back-end equalizer.
Then, the input impedance is generated form Sin as

 
Z

S
S

in
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in
= +

−
1
1  

(5.215)

such that

 Z j R jXin in in( ) ( ) ( )ω ω ω= +  (5.216)

Similarly, output reflectance is as

 
S f

f f
f S
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F

F= +
−22

12 21

11 111  
(5.217)

where
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h
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F
F

F
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(5.218)

is the input reflectance of the front-end equalizer.
Then, the output impedance is generated from Sout as

 
Z

S
S

out
out

out
= +

−
1
1  

(5.219)

such that

 Z j R jXout out out( ) ( ) ( )ω ω ω= +  (5.220)

All the above computations are carried out employing the following statements in the 
main program TSMC_amp.m.
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5.14.5.1 Investigation on the Stability of the Amplifier

Stability check at the output port

 ( , , );SB hoverg hB k ww11 =

 ( )Input reflectance of the back end equalizertance from hB       −

 ;SL SB= 11

 ( );ZL stoz SL=

 ( );RL real ZL=

 ( )Complex termination of the active device     

 Sout SF= 2;

 ( );Zout stoz Sout=

 ( );Rout real Zout=

 (output reflectance of the active devices when it is termi         nnated in 

 front endequalizer i e inSG SF− =. )

 _ ;StabilityCheck output RL Rout= +

 ( )it must be always nonnegative    

Stability check at the input port

 SF hoverg hF k ww= ( , , );

 SG SF= ;

 ( )Complex input termination of the active device     

 ZG stoz SG= ( );

 RG real ZG= ( );

 [ ] _ ( , , , , );Sin INPUT REF SB f f f f= 11 11 12 21 22

 Zin stoz Sin= ( );

 Rin real Zin= ( );

 StabilityCheck input RG Rin_ ;= +

 ( )it must be always nonnegative    
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Now, let us investigate the stability of the amplifier as designed with the above front-end 
and back-end equalizers.

Table 5.24 indicates that the amplifier is absolutely stable from 12.6 to 22.39 GHz but is 
conditionally stable at 11.22 GHz.

5.14.6 Practical Design Aspects

• It has been seen that SRFT is naturally suited to design microwave amplifiers in 
a sequential manner. In fact, one can even design a multistage amplifier step by 
step, as described by Yarman and Carlin [33]. Details are omitted here. Interested 
readers are referred to the reading list provided at the end of this chapter. In this 
regard, the MATLAB main program TSMC_Amplifier.m can easily be modified to 
design multistage amplifiers.

• The stability of Equations 5.209 through 5.212 can be utilized as constraints in the 
course of TPG optimization.

• Upon completion of the equalizer design with ideal elements, lumped circuit com-
ponents can be realized on a selected substrate.

• Physical implementation of lumped circuit elements introduces material loss, and 
some inductive and capacitive parasitism, as expected. These additions degrade 
the final electrical performance of the power transfer networks designed via other 

TABLE 5.24

Stability Check of the Amplifier

Frequency
(GHz)

Absolute Stability Check Conditional Stability Check

Rin Rout RG + Rin RL + Rout

11.22 −0.0067505 0.115920 0.050926 0.22373
12.589 0.0064048 0.092387 0.059000 0.22254
14.125 0.017844 0.067221 0.067412 0.23336
15.849 0.023586 0.042898 0.071946 0.24681
17.783 0.025254 0.024308 0.073142 0.24775
19.953 0.023913 0.012860 0.068118 0.24740
22.387 0.016272 0.003359 0.048029 0.078335

Note: All the impedances given in this table are normalized with respect to R0 = 50 Ω.

Ls
RsRs

Cox Cox

Csub CsubRsub Rsub

FIGURE 5.74
A 9-element model for an ideal inductor LS.
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real frequency techniques. Nevertheless, once we have an idealized solution, we 
can always reoptimize it with commercially available software design packages 
employing the circuit models provided by the foundries. For example, an ideal 
inductor may be replaced by a practical model, which is shown in Figure 5.74.

• Similarly, an ideal capacitor acts as a passive device that may be described by a 
model, as shown in Figure 5.75.

• Parameters of the selected models are specified by geometric layouts and material 
properties of the components that are provided by the manufacturers.

• In order to end up with actual electrical performance of the matching networks or 
microwave amplifiers designed employing the real frequency techniques, we need 
to replace the ideal element values with those models that include loss and parasitic 
components; the way they are produced with the technology under consideration. 
On the other hand, degraded performance of the matched system can be improved 
by reoptimization of the gain in systems on the element values of the preset models.

• It should also be noted that, in practice, neither an ideal lumped component nor an 
ideal distributed element exists. To be more realistic, physical passive layout may be 
modeled with both lumped and distributed elements, which leads the engineer to 
design lossless two ports with both lumped and distributed elements. From the the-
oretical point of view, designs consisting of mixed elements are highly complicated.

5.15  Design of an Ultra-Wideband Microwave Amplifier 
Using Commensurate Transmission Lines

In the previous section, it has been emphasized that ideal transmission lines are very 
handy to introduce physical sizes and geometric layouts in microwave circuit design. In 
fact, lumped circuit components such as resistors, capacitors, and inductors are realized 
in terms of the geometric parameters of the layouts. A simple layout may be a TEM line. 
Therefore, in this section, we will exhibit the design of a wideband microwave amplifier 
using commensurate transmission lines.

In the present case, the active device used in the microwave amplifier is a 180 nm CMOS 
transistor that was designed by Dr. N. Retdian of Tokyo Institute of Technology using the 
VDEC foundry tools of Tokyo University [74].

The original amplifier chip consists of lumped components [74]. In the present case, 
however, a similar design is made with commensurate transmission lines. The scattering 

Csub

CsRs Rs

Csub Rsub Rsub

Ls

FIGURE 5.75
An 8-element model for an ideal capacitor CS.
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parameters of the 180 nm silicon CMOS transistor are summarized in Table 5.25 and the 
information is stored on a MATLAB text file called newcmos.txt.

As in the previous example, here we also design the microwave amplifier in two steps. 
In the first step, the front-end, and in the second step, the back-end, equalizers are con-
structed. However, in this case, designs are made using commensurate transmission lines. 
Therefore, the scattering parameters of the equalizers are described in Richards’s variable 
λ such that, on the real frequency axis jω

 λ ωτ= j tan( )

where the constant delay τ is fixed as

 
τ =

×
1

4( )f kLengthend

kLength is a user-defined parameter that refers to the fraction of the upper edge of the 
passband frequency fend.

The amplifier design program developed for the previous section is revised to handle 
the design with commensurate transmission lines. The new program is called Amplifier_ 
Distributed.m.

Let us summarize the design steps as follows.

5.15.1  The First Step of the Amplifier Design: Description 
of the Front-End Matching Network

The front-end equalizer is described in terms of its unit normalized scattering parameters 
(normalization number R0 = 50 Ω).

In this step, the unknown of the design problem is the numerator polynomial

 h h h h hF
nF nF

nF nF( ) ( )λ λ λ= + + + +−
+1 2

1
1�

of the input reflection coefficient

 
S

h
g

F
F

F
22 = ( )

( )
λ
λ

TABLE 5.25

R0 = 50 Ω Normalized Scattering Parameters of a 180 nm Silicon CMOS Transistor

Frequency
(GHz) S11R S11X S21R S21X S12R S12X S22R S22X

0.45 0.99 −0.05 −1.71 0.10 0.000 0.010 0.95 −0.04
0.7 1.00 −0.07 −1.71 0.15 0.001 0.015 0.94 −0.07
1 0.99 −0.10 −1.70 0.22 0.002 0.022 0.94 −0.09
2 0.97 −0.20 −1.64 0.43 0.009 0.042 0.92 −0.19
6 0.76 −0.51 −1.14 1.02 0.064 0.096 0.75 −0.49
10 0.51 −0.64 −0.56 1.19 0.127 0.101 0.54 −0.65

© 2016 by Taylor & Francis Group, LLC

  



341Design of Wideband RF and Microwave Amplifiers Employing RFTs

On the other hand, the transfer scattering parameter of the equalizer is specified by

 
S

g

qF kF

F
21

2 21
( )

( ) /

λ λ λ= −

Once the coefficients hF(λ) are initialized, a strictly Hurwitz polynomial gF(λ) is gener-
ated by the losslessness condition, as in Equations 5.189 through 5.191, such that

 G( )λ λ λ λ λ λ2 21 1= = − + − −g g h hF F F F
qF kF( ) ( ) ( ) ( ) ( ) ( )

Based on the above nomenclature, we set the following inputs to the MATLAB main 
program “Amplifier_Distributed.m.”

Passband subject to optimization

 f f GHz f f GHzStart C end C= = = =1 21 10,

where
fstart is the beginning frequency of the optimization
fend is the high end of the passband where the optimization ends
qF = 0 is the count of transmission zeros at DC (It means that there is no transmission 

zero at DC)
kF = 6 is the total number of cascaded sections
nF = 6 is the total number of elements in the front-end equalizer

It should be noted that, by choosing nF = kF, we avoid using series short or open shunt 
stubs. This fact makes the implementation easy. Thus, the front-end equalizer will consist 
of six cascade connections of UEs.

ntr = 0 means that no ideal transformer is used in the design.
kLength = 0.37. This is our choice to fix the constant delay of UE.
Tflat1 = 6.3 dB; idealized flat gain level subject to optimization in the first part.
xF = [−1 − 1 − 1 1 − 1 1]; initials for the optimization.

Here, it should be noted that the unknown of the front-end equalizer is the numera-
tor polynomial hF(λ) = h1λnF + h2λ(nF−1) + ⋯ + hnF + hnF+1. In other words, by using MATLAB 
polynomial convention, at the beginning of the optimization we set the numerator poly-
nomial as

 h xF h xFF F0 1 0= =+[ ] [ ]  

As you may have noticed, in the above equation we automatically set hF+1 = 0, since we do 
not want an ideal transformer in the front-end equalizer. Actually, in order to simplify the 
main program, we set hnF+1 = 0.0 in advance. In this case, a simplified version of the transfer 
scattering parameter is given as
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F
21

2 21
( )

( ) /

λ λ= −

At this step, error error = T1(ω) − Tflat1, which is generated by

 function Func Distributed TR x kLength qF kF w f f f_ ( , , , , , , ,= 1 11 12 211 22 1, , )f Tfalt

is minimized. The list of this function together with the main program Amplifier_
Distributed.m is given at the end of this chapter.

5.15.2  The Second Step of the Amplifier Design: Description 
of the Back-End Matching Network

In this step, the back-end equalizer is described in terms of its input scattering parameters 
as

 
S

h
g

B
B

B
11 = ( )

( )
λ
λ

where

 h h h h hB
nB nB

nB nB( ) ( )λ λ λ= + + + +−
+1 2

1
1�

The transfer scattering parameter is specified by

 
S

g
B

qB kB

B
21

2 21
( )

( ) /

λ λ λ= −

Similarly, the denominator polynomial gB(λ) is generated via losslessness of the back-end 
equalizer, as in Equations 5.189 through 5.191.

At this step, error error = T2(ω) − Tflat2, which is generated by

 function Func Distributed TR x kLength qB kB w T SF Tfl_ ( , , , , , , ,= 2 1 2 aat2)

is minimized. A list of this function together with the main program Amplifier_
Distributed.m and other related MATLAB functions is given at the end of this chapter.

Now, let us use the following inputs for the back-end equalizer design.

Passband subject to optimization

 f f f fStart C end C= = = =1 21 10GHz GHz,

qB = 0: Total count of transmission zeros at DC
kB = 6: Total number of cascaded sections
nB = 6: Total number of elements in the back-end matching network
ntr = 0: No ideal transformer

© 2016 by Taylor & Francis Group, LLC

  



343Design of Wideband RF and Microwave Amplifiers Employing RFTs

Actually, the main program “Amplifier_Distributed.m” is organized in such a way that it 
makes designs without a transformer automatically. Therefore, the user of the program 
does not need to bother with ntr. In this regard, hF+1 is also fixed at zero (i.e., hF+1 = 0)

kLength = 0.37
Tflat2 = 10.5 dB; idealized flat gain level subject to optimization in the first part
xB = [−1 − 1 − 1 1 − 1 1]; initials for the optimization.

As explained above, initials for the polynomial for hB(λ) are expressed in the main pro-
gram as

 h xBB0 0= [ ].

5.15.3 Result of Optimization

In the first step, optimization of the TPG T1(ω) yields the results summarized in Table 5.26.
In the second step, optimization of the TPG T2(ω) reveals the following results (Table 

5.27).
Gain performance of Step 1 is depicted in Figure 5.76.
Overall gain performance is depicted in Figure 5.77.
The schematic of the amplifier is shown in Figure 5.78.

TABLE 5.27

Result of Optimization of Step 2

Tflat2 = 10.5 dB kLength = 0.37
nd1 = 51

freq(51) = 1 GHz
nd2 = 101

freq(101) = 10 GHz

hB gB zB(Normalized) ZBActual

5.0982 5.1954 5.7794 Z1B = 288.97
81.673 83.839 0.83948 Z2B = 41.974
23.821 57.315 4.0919 Z3B = 204.60
54.973 70.825 1.2459 Z4B = 62.293
7.3537 25.852 1.1117 Z5B = 55.587
5.8952 9.6154 2.4422 Z6B = 122.11
0 1 1 R0 = 50

TABLE 5.26

Result of Optimization of Step 1

Tflat1 = 6.3 dB kLength = 0.37
nd1 = 51

freq(51) = 1 GHz
nd2 = 101 

freq(101) = 10 GHz

hF gF zF (Normalized) ZFActual (Ω)

−15.65 15.682 1.8171 Z1F = 90.854
42.125 63.873 2.6136 Z2F = 130.68
8.5322 64.792 0.5207 Z3F = 26.035
27.25 57.638 3.1297 Z4F = 156.49
4.1329 26.387 0.52992 Z5F = 26.496
2.4754 8.0561 1.9205 Z6F = 96.026
0 1 1 R0 = 50
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FIGURE 5.76
Gain performance of Step 1.
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FIGURE 5.77
Gain performance of the overall amplifier constructed with commensurate transmission lines.
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Practical notes

• Using the same transistor and the same passband, a similar amplifier was designed 
employing lumped elements [74].

• When the performance of the lumped element amplifier is compared with the ampli-
fier designed with UEs, it is observed that the lumped element design offers much 
better gain performance over the amplifier design with UEs. This is expected, as 
the lumped element design offers a smooth rolloff in the passband. In other words, 
power delivered to the load is pretty much confined within the band of operation. 
Whereas, the design made with UEs spreads the gain somewhat periodically over 
the entire range of frequencies by suppressing it. This is due to the periodicity of the 
Richards’s variable λ = jtan(ωτ). This fact is clearly shown in Figure 5.80. At 10 GHz 
(high end of the passband), gain starts dropping drastically and it reaches its mini-
mum value of −55 dB at 19 GHz. Then it starts increasing to −15 dB at 38 GHz. Of 
course, the shape is not exactly periodic as opposed to the filter design with UE. This 
is due to the presence of an active device. Remember that active devices are modeled 
with lumped elements, which suppress the gain as the frequency increases and sup-
presses the periodic nature of Richards’s frequency Ω = tan(ωτ).

• We may wish to consider that the front-end and the back-end equalizers of the 
amplifier designed for the above example may resemble the operation of a low-pass 
CLC or LCL section. On the other hand, one should also bear in mind that this is 
a loose statement, since we know exactly what the line impedance equations are.

• It is crucial to point out that, in the process of gain optimization, fixed delay length 
τ may as well be included among the unknowns of the design problem. It also 
affects the characteristic impedance of the UEs.

For example, with the above inputs to the main program Amplifier_Distributed.m, if we 
choose KLength = 0.3, we end up with similar gain performance but in different character-
istic impedances such that

 ZFActual [ . . . . . .= 102 48 87 361 36 289 116 77 34 321 80 0441]

 ZBActual [ . . . . .= 229 98 54 205 157 95 65 844 69 276 . ]90 29

Corresponding gain performance of the amplifier is shown in Figure 5.79.

Z1B Z2B Z6BZ3B Z4B Z5B

Z1FZ2FZ3FZ4FZ5FZ6F

R0 = 50 Ω

R 0 =
 5

0 
Ω

S11BS22F

Si CMOS
180 nm

FIGURE 5.78
Design of a microwave amplifier using Si CMOS of 180 nm of VDEC of Tokyo University with TEM commen-
surate transmission lines.
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Clearly, new characteristic impedances are smaller and perhaps easier to realize as 
microstrip lines. The reader can run the main program Amplifier_Distributed.m with differ-
ent values of kLength and investigate the effect of this parameter on the gain performance 
as well as on the characteristic impedances.

5.16 Physical Realization of Characteristic Impedance

Physical delay length Lactual of the UEs can be determined after the selection of the sub-
strate, which is described by its thickness h, dielectric constant or permittivity ε = εrε0 and 
the permeability µ = µrµ0 [69–73].

In this case,

 
L vactual Actual

Actual= =τ τ
µε

Based on our description

 
τ =

× ×
=

×
1

4
1

4f kLength kLengthe normalized-

Then, the actual delay is given by
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FIGURE 5.79
Gain performance of the amplifier designed for length = 0.3.
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τ τ

Actual
ef

= s

For example, for a silicon substrate, εr = 3.8, µr = 1. Then, for kLength = 0.3

 
τ = =

×
=1

4
1

4 0 3
0 83333

kLength .
.

and

 
τ τ

Actual
ef

= =
×

=.
.

0 8333
10 10

0 08339 ns

Thus, the actual physical length is

 
Lactual = × × × = =

−0 0833 10
3 8

3 10 0 0042732 4 2732
9

8.
.

. .m mm

If UEs are realized as microstrip TEM lines, the width of the lines can be determined by 
means of readily available formulas given for the characteristic impedance calculation as 
in a Bahl’s book [74].

For example, the Main Program
“Microstrip_CharacteristicImpedance.m”

calculates the characteristic impedance “Z” of a given microstrip line for specified εr, width 
“w,” and substrate thickness “h.” A list of this program is given by Program Listing 5.90.

Just to orient the reader, let us run the following example.

EXAMPLE 5.16:  AN EXAMPLE FOR THE CALCULATION OF 
CHARACTERISTIC IMPEDANCE

Let εr = 3.8, w = 0.02 mm = 20 µm, and h = 1 mm, then the characteristic impedance Z is 
found as

 Z = 226 87. Ω

which is a high value of characteristic impedance; it acts like a series inductor.
On the other hand, if w = 1 mm then, the characteristic impedance becomes Z = 75.3 Ω.
If w = 4 mm, then Z = 32.7 Ω.
Similarly, if w = 10 mm, then Z = 15.8 Ω is shown in Figure 5.80.

h = 1 mm

w = 0.02 mm w =10 mm
Z = 226.87 Ω Z = 15.8 Ω

Metal depositionMetal deposition

FIGURE 5.80
Realization of UE microstrip lines on a selected substrate with fixed actual length LActual = 4273 µm.
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All the above calculations are symbolic and may not necessarily be feasible to print on 
a silicon chip.

We should mention that this chapter is intended to provide the reader with design capa-
bility of power transfer networks with ideal circuit elements. However, just to give some 
insights, we have also included an elementary design concept of circuit component stems 
from electromagnetic field theory. However, details and the related technologies to manu-
facture circuit components are out of scope of this book. Interested readers are referred to 
the reading list presented at the end of this chapter.

We will conclude this chapter by providing a list of the amplifier design programs and 
related functions developed on MATLAB. These programs and related functions have 
already been utilized to design the single-stage amplifiers included in this chapter.

5.17  Practical Design of Matching Networks with 
Mixed Lumped and Distributed Elements

In designing matching networks using lumped components, one may encounter difficul-
ties to physically realize lumped inductors. In practice, realization of inductors is trouble-
some due to parasitic and coupling capacitors introduced in between winding. Therefore, 
it is always preferable to replace inductors with equivalent transmission lines. On the other 
hand, during the physical implementation of transmission lines such as microstrips, dis-
continuity capacitors will be introduced at both ends of the line. In this case, it may be 
appropriate to consider replacement of a lumped C-L-C symmetrical section with that of 
a symmetrical capacitive loaded transmission line section, as shown in Figure 5.81. In the 
following text, we present an almost-equivalent model of a C-L-C lumped-pi section with 
a symmetrical capacitive loaded transmission line, in short CT-TRL-CT section.

5.17.1 An Almost Equivalent Transmission-Line Model of a CLC-PI Section

A symmetrical low-pass lumped CLC-PI section can be approximated by a capacitive 
loaded transmission line TRL, as shown in Figure 5.81 [42].

In terms of the specified inductor L, characteristic impedance Z0 of the line is given by

 
Z

L
0

0

0
= ω

ω τsin( )  
(5.221)

If one wishes to fix the characteristic impedance Z0 in advance, then the delay length τ of 
the line can be adjusted at a specified angular frequency ω0 = 2πf0 yielding

L

CC

R0

R0 R0

R0

Zin_CLC

CT

Z0, τ
CT

Zin_TRL

FIGURE 5.81
CLC PI equivalent is replaced by CT-TRL_CT.
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sin( )0

0

0
ω τ ω= L

Z

or the corresponding delay length τ is determined as

 
τ

ω
ω= 











−1

0

1 0

0
sin

L
Z  

(5.222)

On the other hand, in terms of the element values of the PI section, loading capacitor CT 
is given by

 
C

LC
L

T = + −cos( )ω τ ω
ω

0 0
2

0
2

1

 
(5.223)

It is important to emphasize that, for the specified values of L, C, ω0, and τ, the value 
of CT must be nonnegative. Otherwise, an “almost equivalent CT–TRL–CT” counterpart of 
the lumped “CLC–PI” section does not exist. In this representation, ω0 = 2πf0 is chosen as 
the high end of the useful passband and τ is selected in such a way that at the stopband, 
ωs2τ = 2πfs2 = (π/2).

In many practical situations, stopband frequency fs2 is expressed as the multiple of f0 
such that fs2 = mf0. Thus, in terms of the high-end cutoff frequency f0 of the passband, fixed 
delay τ is specified as

 
τ π

ω
π

π
= =

×
= =

2 2 2
1

4
1

42 2 2 0s s sf f mf  
(5.224)

It may be useful to remember that, at the stop band frequency ωs2 = 2πfs2, TPG of Figure 
5.82 is practically zero (perhaps less than −20 dB). For many applications, it is proper to 
select ωs2 in such a way that it satisfies the below inequality.

 2 40 2 0ω ω ω≤ ≤s  (5.225)

ZLCk

Lk

ωk
L2

C1C3EG

RG = 50 Ω

ZBmin
p2 + ωk

2

kf
2p

ZB = ZBmin+

FIGURE 5.82
Input matching network of a power amplifier.
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 2 4≤ ≤m  (5.226)

In other words, the multiplying integer m varies between 2 and 4.
The physical length l of the transmission line can be determined by considering the 

actual implementation. For example, if the line is printed on the substrate with permittiv-
ity εr and permeability µr as a microstrip or coplanar line, then the velocity of propagation 
is given by

 
v

v l
sub

r r

= =0

µ ε τ
 

(5.227)

where v0 is the speed of light in free space and is specified as v0 = 3 × 108 m/s. Hence, the 
physical length l is given by

 l vsub= τ  (5.228)

Furthermore, employing microstrip technology, characteristic impedance of the trans-
mission line can be approximated using the Wheeler formulas [5.70–5.72]

 
Z

x xr eff
0 0 172

120 1
1 98

≅





 +
π

ε - [ . ( ) ].

 
(5.229)

where x = W/h the ratio of width (W) to thickness (h), the effective-relative permittivity 
εr-eff is

 
ε ε

r ff
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x
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= + +

+
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1
1

1 10
1

( )
 

(5.230)

It must be noted that the above formulas are valid for values of x > 0.06. Obviously, for 
a fixed characteristic, impedance Z0 and relative permittivity εr physical width W of the 
microstrip line can be found by means of a nonlinear equation solver or equivalently using 
optimization methods.

A simple MATLAB program is given in Program Listing 5.90.

EXAMPLE 5.17:  CONSTRUCTION OF A MATCHING NETWORK WITH 
MIXED LUMPED AND DISTRIBUTED ELEMENTS 
FROM ITS LUMPED ELEMENT PROTOTYPE

In Figure 5.82, a typical input-matching network of a microwave power amplifier is 
shown. This network includes a 3-element low-pass PI section. It is terminated by the 
input of a LMOS power transistor.

The terminating impedance ZL is measured by means of Agilent load-pull equip-
ment over 330–530 MHz. Real and imaginary parts of the measured load are depicted 
in Figures 5.83 and 5.84, respectively, and the measured impedance data are listed in 
Table 5.28.

Passband of the amplifier starts at fc1 = 330 MHz and ends at fc2 = 530 MHz. The fre-
quency band is normalized with respect to f0 = 530 MHz. The corresponding gain plot 
is given in Figure 5.85.
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FIGURE 5.83
Real part of ZL.
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Imaginary part of ZL.
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Lumped element design yields Tmin = −0.9170 dB, which is the minimum of passband 
gain, occurred at 410 MHz.

The matching network is designed using RF-DCT with a single Foster section (FS) 
extraction.

In the course of design, the driving point immittance of the equalizer was chosen 
as a minimum reactance function designated by ZBmin (KFlag = 1). Therefore, extracted 
Foster section is a parallel resonance circuit in series with ZBmin and is given by

 
Z p

k p
p

C
p L C

F
f

k

k

k k
( )

[ ]
( )

=
+

=
+

2

2 2 2

1
1ω
/

/  (5.231)
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FIGURE 5.85
Gain performance of the matched system.

TABLE 5.28

Measured Input Impedance Data 
Zin(jω) = Rin(ω) + jXin(ω)

Fr (MHz) Rin(ω) Xin(ω)

330 17.61 −04.63
350 14.50 −03.67
370 18.70 −11.30
390 22.00 −10.11
410 09.16 −13.96
430 10.23 −17.94
450 10.40 −15.89
470 17.18 −04.85
490 14.33 −05.11
510 13.36 −12.11
530 11.04 −14.03
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Explicit element values of the parallel resonance circuit are driven in terms of the 
residue kf

2 > 0 and the resonance frequency ωk.

 
C

k
k

f
= 1

2

 (5.232)

 
L

k
k

f

k
=

2

2ω  (5.233)

The resonance frequency is selected at fk = 2fc2 = 2 × 530 = 1060 MHz to suppress the 
second harmonic of the upper edge frequency of the passband.

Results are summarized below.
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n( )ω ω ω ω= + + + + =−

1 2
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 k cf . ; [ . . . ];= = −1 5781 8 2573 0 6615 5 77501

 a b[ . . . ]; [ . .= =0 0 2511 0 1024 0 1211 1 0000 0 40777 0 7793 0 1211. . ]

Normalized and actual element values of the parallel resonance circuit are computed 
as follows:

 
C

k
k

f
= =1

0 40152 .

 C C e piAk k= / / / / /2 530 1 6 50;

 C eAk . .= − =2 4115 012 2 41pF

 L Ckk = 1 4/ /

 Lk .=0 6226

 
* .L Lk

pi e
e HAk = = −50

2 530 6
9 3483 9

 L eAk . .= − =9 3483 009 9 35 nH
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Actual element values of the CLC ladder is given by

 C eA1 2 3916 011 23 9= − ≅. . pF

 C eA2 1 4731 011 14 7= − ≅. . pF

 L eA3 1 2694 008 12 7= − ≅. . nH

Here, it is desired to find the capacitive loaded transmission line equivalent of the PI 
section step by step.

It is noted that the new circuit will be fabricated on a RogPers 4350B 3-layer PCB 
(printed circuit board) with permittivity εr = 3.66 and h = 0.72 mm.

Solution

Step 1: Separation of Symmetrical CLC-PI Section 
from a Given Arbitrary C1-L2-C3 Section

First of all, we should distinguish symmetrical CLC-PI sections from the given match-
ing network so that they are replaced by their almost equivalent CT-TRL-CT sections.

For the example under consideration, we can only separate one PI section from the 
given matching network. The symmetrical capacitors C may be set to a minimum of {C1, 
C2}, as shown in Figure 5.86.

In this case, C = C2 = 14.7 pF. Then, we have to include a residual capacitor Ca = C1 − C 
to the left of the symmetrical CLC-PI section to preserve the original PI.

Step 2: Construction of an Almost Equivalent CT-TRL-CT Section

Once the symmetrical PI is distinguished, it is replaced by its almost equivalent 
CT-TRL-CT counterpart, as shown in Figure 5.87.

In Figure 5.87, resulting load capacitors CA and CB are given by

 C C CA a T= +  (5.234)

 C CB T=  (5.235)

Step 3: Derivation of Parameters of the CT-TRL-CT Section

Now let us calculate the element values of the equivalent circuit.
Let the normalized stop frequency be ωs2 = mω0 = 2; ω τ πs2 2= /  (i.e., m = 2)

L

CC

C = min {C1, C2}

Ca

Ca = C1 – C

L3

C2C1

FIGURE 5.86
Extraction of symmetrical CLC-PI section.
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Then,

 
τ π
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In this case,
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π
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C

LC
L

T = + −cos( )ω τ ω
ω

0 0
2

0
2

1

 CT e. .= − =1 2649 011 12 65Farad pF

 C C C C e CA T A= − + = − = =1 2 1839 011 21 84. . pF

 C C C C eB T= − + = − =3 1 2649 011.

 CB = 12 65. pF

The complete matching network constructed with mixed elements is depicted in 
Figure 5.88.

In Figure 5.89, the gain performances of the lumped element prototype and the mixed 
element matching networks are depicted. It is observed that both performances are 
fairly close, preserving the minimum gain in the passband.

Step 4: Physical Implementation

Once the mixed element structure is obtained using ideal circuit components, dis-
tributed elements may be realized as microstrip lines. In this case, one has to pick a 
commercially available substrate with a proper dielectric constant to realize the char-
acteristic impedance Z0 and the delay length τ. For the problem under consideration, 
εr = 3.66 and h = 0.72 mm.

CT
Z0, T Z0, TCT

Ca
CA CB

CA = Ca + CT CB = CT

L

CC
Ca

Ca = C1 – C C = min{C1, C3}

FIGURE 5.87
Replace CLC by its almost equivalent counterpart CT-TRL-CT.
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Hence, using the main program called Microstrip_design.m, the physical width of the 
line is computed as

 width . .= =0 0012 1 2m mm

This result can easily be checked using Equations 5.172 and 5.173, such that
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= = 1 6054.
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2 82471
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RG = 50 Ω

ZB
p2 + ωk

2

kf
2p

ZB = ZB min
Z0 = 59.763 Ω, CA = 21.84 pF, CB = 12.65 pF

CACB

Z0, τ

τ = 238 ps, CAk = 2.41 pF, LAk = 9.35 nH

FIGURE 5.88
Almost equivalent matching network constructed on its lumped element prototype.
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FIGURE 5.89
Gain performance of matched load using lumped prototype and mixed element two ports.
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Eventually, physical length on the substrate is determined using Equations 5.227 
and 5.228.

 
l v esub= = × × − = =τ 3 10

3 66
2 3585 010 0 0370 37

8

.
. . mm

It should be noted that if the transmission line is realized as a microstrip rather than 
a parallel plate line, then one must use equivalent-permittivity εr−eff instead of εr. In this 
case, the length l is given by

 

l vsub
r eff

= ≅ × = × =
−

τ
ε

3 10 3 10
2 8247

42
8 8

.
mm

5.18 Physical Realization of a Single Inductor

A single inductor can be realized using an ideal parallel plate TEM line with characteristic 
impedance Z0 and physical length l printed on substrate of relative permittivity εr. Ideal 
TEM line inductance is given by Reference 3 in Chapter 2 as

 
L

t z
I t z

h
W

l
h

W
lTRL = = = × −∅( , )

( , )
µ π4 10 7

 
(5.236)

However, as a parallel plate TEM line, this inductor is associated with a total capacitance 
CTRL, which is specified by

 
C

Q t z
V t z

W
h

lTRL = =( , )
( , )

ε
 

(5.237)

As far as the physical model is concerned, this capacitor may be evenly distributed on 
the left and right end of the line, as shown in Figure 5.88.

Ideally, the characteristic impedance Z0 is

 
Z

L
C

h
W

h
W

TRL

TRL

r

r
0 120= = =µ

ε
π µ

ε

For many practical cases, relative permeability µr is unity. Therefore, we can confidently 
state that

 
Z

h
Wr

0
120≅ π

ε  
(5.238)
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In the above representations, h and W refer to the thickness and the width of the parallel 
plate line as printed on substrates.

It is important to note that for a specified actual inductance value LA, once the substrate 
is selected among the manufacturers specified thickness h and permeability µ, width W is 
determined by means of Equation 5.239, such that

 
W

h
L

l
h

L
l

A A
= = × −µ 4 10 7π

 
(5.239)

where the physical length of the line is specified by

 
l v

mf
sub

r

= = ×τ
ε

3 10 1
4

8

0
( )in m

 
(5.240)

Hence, the actual line width is given by
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h
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l
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mf LA r A

= =µ π
ε
30
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( )in m
 

(5.241)

In terms of the actual inductor LA, the characteristic impedance Z0 is given by

 Z mf LA0 04=  (5.242)

It must be kept in mind that an inductor as a parallel plate ideal transmission line must 
be loaded with symmetrical capacitors Cp, as shown in Figure 5.90. In this case, Cp is deter-
mined by means of Equation 5.243, such that
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=
 

(5.243)

Hence, we can confidently state that an actual inductor LA that is associated with sym-
metrically loaded capacitors Cp specified by Equation 5.243, can be replaced by an ideal 
transmission line, as shown in Figure 5.90.

In this case, idealized characteristic impedance is computed using Equation 5.242

 Z mf LA0 04=

LA

CP

R0

R0 Z0, T

R0

R0
CP

FIGURE 5.90
Approximation of an ideal inductor with a transmission line.
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and the idealized delay length τ is generated employing Equation 5.243, such that

 
τ = 1

4 0mf

Hence, as in the above section, any CLC-PI section can be approximated by means 
of capacitive loaded transmission line CA-TRL-CB using the formulas given in 
Table 5.29.

EXAMPLE 5.18:  REPLACEMENT OF AN INDUCTOR WITH 
AN IDEAL TRANSMISSION LINE

The aim here is to realize an actual inductor LA = 1.2694e − 008, H = 12.69 nH as a 
microstrip transmission line with thickness h = 0.72 mm, permittivity εr = 3.66, stop 
band multiplier m = 4; cutoff frequency f0 = 530 MHz.

Compute the following quantities:

 a. The physical length l of the microstrip line
 b. The characteristic impedance of the microstrip line Z0

 c. The width W
 d. Accompanied capacitor Cp

 e. Referring to Figure 5.91, develop a MATLAB Program to compute the driv-
ing point input impedances of lumped prototype Cp−LA2−Cp-section and the 
physical transmission line model when they are terminated in 50 Ω

Solution

 a. The physical length of the transmission line is given by Equation 5.240. Hence,

 
l v

mf
sub

r

= = × = =τ
ε

3 10 1
4

0 0185 1 85
8

0
. .m cm

 

 b. The characteristic impedance Z0 is given by Equation 5.242 as

 Z mf LA0 04=

Then, it is found as

 Z0 107 6451.= Ω

LA

CP

R0

R0 Z0, T

R0

R0
CP

FIGURE 5.91
Comparison of input impedances.
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 c. The line width is specified by Equation 5.239 or Equation 5.241. Then,

 
W

h
L

l
h

L
l

h
mf LA A r A

= = × = = =−µ π π
ε

4 10
30

0 0037 3 77

0

. . mm

 d. The capacitor is given by Equation 5.243. Hence,

 
C

mf L
eP

A
= = − =1

32
5 4775 013 0 548

0
2( )

. . pF

 e. Comparison of input impedances

Input impedance of the lumped element PI section Cp-LA2-Cp terminated in 50 Ω is 
given by

 
Z p

Y p
inLump

inLump
( )

( )
= 1

On the jω axis

 Z j R jXinLump inLump inLump( ) ( ) ( )ω ω ω= +

TABLE 5.29

Summary of the Design Equation for CLC-PI Section with an Ideal Physical Model 
of CA-TRL-CB Section

Given Parameters for Lumped PI Section Computed Parameters for CA-TRL-CB Section

C1-L3-C2 PI section 

CA1 CA2

LA3

CA-TRL-CB section generated by means of ideal 
values of lumped components

Z0, τ CBCA

CA1: Given actual capacitance
C

m f L
p

A
= 1

32 2
0
2

2

LA3: Given actual inductor CA = CA1 − Cp > 0

CA2: Given actual capacitor CB = CA2 − Cp > 0

Z0 = 4mf0LA2

τ = 1
4 0mf

l v
mf

sub
r

= = ×τ
ε

3 10 1
4

8

0
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where

 
Y pC

pL pC
inLump p

A p
= +

+ +
1

1 1 50( ( ))/ /

Input impedance of the transmission line terminated in 50 Ω is given by

 
Z j R jX Z

jZ
Z j

inTRL inTRL inTRL( ) ( ) ( )
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tan(

ω ω ω ωτ
ω

= + = +
+0

0

0

50
50 ττ)

The above equations are programmed on MATLAB. Comparative real and imaginary 
parts are depicted in Figures 5.92 and 5.93, respectively.

Close examination of Figures 5.93 and 5.94 reveals maximum relative error between 
the curves as

 
Error

R R
R

Rin
inLump inTRL

inLump
=

−
= <

max( )
max( )

. %0 028 3

 
Error

X X
X

Xin
inLump inTRL

inLump
=

−
= <

max( )
max( )

. %0 0362 4

As observed, the fit between real and imaginary parts can be acceptable for many 
practical implementations. On the other hand, if we plot the above figures over a wide 
frequency band, we should be able to see the periodic behavior of the transmission line 
impedance, as shown in Figures 5.94 and 5.95.

The above results are produced using a MATLAB program called INDviaTRL.m
A list of the programs is in Program Listing 5.92.
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FIGURE 5.92
Comparison of real parts of the input impedances.
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Comparison of imaginary parts of the input impedances.
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Periodic behavior of RinTRL.
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EXAMPLE 5.19:  REPLACEMENT OF AN INDUCTOR WITH 
AN IDEAL TRANSMISSION LINE

Using the single matching lumped element prototype circuit of Example 5.18, generate a 
mixed element design using the physical model method introduced in Table 5.29.

The lumped element CLC PI section consists of CA1 = 2.3916e − 011 ≅ 23.9 pF, 
CA2 = 1.4731e − 011 ≅ 14.7 pF, LA3 = 1.2694e − 008 ≅ 12.7 nH. The parallel resonance cir-
cuit in series configuration has CAk = 2.41 pF and LAk = 9.35 nH and m = 2, f0 = 530 MHz, 
h = 0.72 mm, epsr = 3.66.

Solution

Step 1: Computation of Line Parameters

First of all, inductor LA2 must be associated with its counterpart capacitor Cp, which is 
due to the physical width of the microstrip line. Then, the characteristic impedance, 
length and width of the microstrip line is determined. For this purpose, we developed 
a MATLAB program called TRL_Model, which yields

 Cp e width length. ; . ; . ;= − = =2 1910 012 0 0073 0 0370F m m  

 Z e0 53 8226 2 3585 010. ; . .= = −Ω tau s

As a result of approximation, the relative errors between real and imaginary parts 
are given as

 Rin Xinerror error= =. ; .0 0724 0 5578
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FIGURE 5.95
Periodic behavior of XinTRL.
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Step 2: Computation of Loading Capacitors CA and CB as in Table 5.29

In the second step, one must examine the situation to see if the inductor-related capaci-
tor Cp is less than C1 and C2. If the answer is no, then the solution does not exist. If the 
answer is yes, then

 C C CA A p= −1

and

 C C CB pA= −2

For our case, indeed, Cp < (C1 and C3).
Hence,

 CA e CB e. ; .= − = −2 1725 011 1 2540 011

Step 3: Computation of the Gain from the Physical Model

At this step, gain of the single matching problem is computed using the physical model 
circuit elements. For comparison purposes, performances of the lumped prototype and 
the mixed element model are depicted in Figure 5.96.

It is clearly seen that the physical model follows the gain performance of the lumped 
prototype at the lower end of the passband. However, it deviates from the original as 
the frequency increases.

MATLAB programs written for the gain generation are given in Program Listing 
5.93–5.94.

It should be noted that once the mixed element matching network prototype is 
obtained, it may be reoptimized to improve the TPG by means of a commercially avail-
able S/W tool such as AWR [75] or ADS [76], etc.
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FIGURE 5.96
Comparison of the gain performances obtained from the circuit topologies using lumped element prototype 
and physical model.
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5A.1 Appendix

In this appendix, chain parameters of a UE, CLC lumped, and C-UE-C mixed sections are 
derived and it is exhibited that CLC and C-UE-C sections possess almost equivalent elec-
trical performances within acceptable practical limits.

5A.1.1 Chain Parameters of a UE

Referring to Figure 5A.1, the output voltage and current pair of a UE can be expressed as

 

V A B

Z I A B
2

0 2

= +
= −  

(5A.1)

where A and B are the “voltage based” incident and the reflected waves of the output port 
of the UE (see reference [3]; Chapter 3, Equation 3.17, p. 127).

Similarly, the input voltage and current pair is given as follows:

 

V Ae Be

Z I Ae Be

j j

j j

1

0 1

= +

= −

+ −

+ −

( ) ( )

( ) ( )

ωτ ωτ

ωτ ωτ
 

(5A.2)

In the above equations, delay length τ is expressed in terms of the physical lenghth l and 
the propagation velocity vp as

 τ = l vp/  (5A.3)

The delay length τ may be associated with a specified frequency fs = 1/τ such that

 
l

v
f
p

s
=

 
(5A.4)

I1 Z0
(Ae+jωτ–Be+jωτ)

Ae +jωτ + Be –jωτ Z0, τ

1—
+

V1

=
I2 Z0

(A–B)1

Unit element (UE)

—

+

=

= A + BV2 =

FIGURE 5A.1
An ideal transmission line with characteristic impedance Z0 and delay length τ as a UE.
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If f0 is the cutoff frequency of the passband of operation, then, we have the freedom to 
choose fs as

 f mf ms = >0 1;  (5A.5)

It should be noted that when the output port is open, then I2 = 0. In this case, B = A.
On the other hand, when output port is shortened, then V2 = 0. In this case B = −A.
By means of actual port voltages and currents, the chain parameters A, B, C, and D are 

defined as follows:
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A B

C D  
(5A.6)

where

 
TUE =











A B

C D

is called chain or transmission matrix of the UE and its entries A, B, C, and D are given by
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(5A.7)

It should be noted that

 
cosh( ) cos( )

( ) ( )

j
e ej j

ωτ ωτ
ωτ ωτ

= + =
+ −

2

 
sinh( ) sin( )

( ) ( )

j
e e

j
j j

ωτ ωτ
ωτ ωτ

= + =
+ −

2

It is noted that “voltage based” incident and reflected wave notations A and B should not 
be confused with the classical notation of the chain parameters A, B, C, and D.

5A.1.2 Chain Parameters for CLC and CT-UE-CT Sections

Referring to Figure 5A.2, let TA designate the chain matrix of CLC-π circuit. Let TC and TL 
be the chain matrices of individual circuit elements, namely, shunt capacitor C and series 
inductor L, respectively. Then,
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 T T T TA C L C= [ ][ ][ ]  (5A.8)

where
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Therefore,
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(5A.10)

on jω axis

 
T

LC j L

j C LC LC
A =

−
− −











1
2 1

2

2 2

ω ω
ω ω ω( )

 
(5A.11)

Similarly, let TB be the chain matrix of CT-UE-CT section, then

 T T T TB CT UE CT= [ ][ ][ ]  (5A.12)

where
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(5A.13)

Then,

 T T T TB CT UE CT= [ ][ ][ ]
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(5A.14)

L

C C Zo,τCT CT

FIGURE 5A.2
Almost equivalent circuit of a symmetrical low-pass C-L-C π-section by means of a CT-UE-CT section.
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Obviously, at ω = 0, chain matrices TA(0) and TB(0) are equal to each other and they are 
given by

 
T TA B( ) ( )0 0

1 0
0 1

= =










 
(5A.15)

On the other hand, we can equate chain matrices TA and TB at a given frequency ω0 such that
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(5A.16)

Solving the above equations for Z0 and CT we have
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(5A.17)

Using Equation 5A.17, it can be shown that TA21(jω0) = TB21(jω0) and TA22(jω0) = TB22(jω0).
Thus, it is expected that between ω = 0 and ω0, CLC and CT-UE-CT sections exhibit sim-

ilar electrical performances due to their smooth low-pass behavior over the entire fre-
quency axis.

Now, let us answer the following question.

5A.1.3 Do CLC and CT-UE-CT Sections Have Equal Chain Matrices at ω0?

Indeed, the answer is yes, and it is verified as follows.
By Equation 5A.14, TB(2, 2) is given by

 T C ZB T( ), cos( ) sin( )2 2 0= −ωτ ω ωτ

At ω = ω0, employing the values of CT and Z0 as derived by Equation 5A.17, it is straight-
forward to show that

 T LCB( ),2 2 1 0
2= − ω  (5A.18)

which is equal to TA(2, 2).
Similarly, by Equation 5A.14 TB(2, 1) is given by

 
T

j
Z

C Z Z CB T T( ), { cos( ) ( ) ( )}2 1 2 1
0

0 0
2 2 2= + −ω ωτ ω ωτsin

At ω = ω0, using the values of CT and Z0 as derived by Equation 5A.17 in the above equa-
tion and carrying out the algebraic manipulations it is found that

 T j C LCB( ), ( )2 1 2 0
2= −ω ω  (5A.19)

which is equal to TA(2, 1). Thus, the question has ended.
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Referring to Figure 5A.3, let us work on the electrical performance simulation of CLC 
and CT-UE-CT sections under practical circumstances.

The above circuit is simulated in the AWR environment [75]. Notice that a notch filter 
composed of inductor L2 = 9.35 nH and a C3 = 2.41 pF inserted before the output port to 
suppress the harmonic occurred at ~1.1 GHz.
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FIGURE 5A.3
The lumped (CLC) and its almost equivalent mixed element (CT-UE-CT) circuits.
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Performance analysis of Figures 5A.2a and 5A.2b.
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In Figure 5A.4, TPG of the circuits given by Figure 5A.3 is depicted. It is seen that gain 
performances of the CLC section and its almost equivalent counterpart CT-UE-CT are very 
close to each other, within 1% accuracy over the frequency band of 0 ≤ ω≤ ω0, which may 
be considered acceptable for many practical applications.

5A.2 Appendix: A List of MATLAB Programs

Program List 5.1: MatLab function initials

function RBA=initials(T0,WB,RLA,XLA,sign)
% Inputs:
%       T0: Ideal flat gain level
%       WB: Angular break frequencies of terminating immittance
%       RLA: Real Part of the immittance data as an array vector
%       XLA: Imaginary part of the immittance data as an array vector
%       sign: It is a control integer. 
%           If sign=0, low values of the break points are generated.
%           If sign=1, high values of the break points are generated.
% ------------------------------------------------------------------------
% Output:
%       RBA: Break points in array form
% ------------------------------------------------------------------------
% It should be noted that size N of WB, RLA, and XLA must be same
% 
N=length(WB);
for j=1:N
    w=WB(j);
    RL=RLA(j);XL=XLA(j);
        RB=RL*((2-T0)+2*sign*sqrt(1-T0))/T0;%See Eqs.(5.11a)and (5.11b)
    RBA(j)=RB;
end

Program List 5.2: MatLab function “num-hilbert”

function XA=num_hilbert(w,W,R)
%Numerical Hilbert Transformation of (5.7)
% Inputs:
%       w: Given single angular frequency to evaluate numerical Hilbert
%       transform.
%       W: Break Frequencies
%       R: Break points of the real part
% Output:
%       XA: Value of the imaginary part at a given single angular
% frequency w.
% ------------------------------------------------------------------------
N=length(W);
%
for k=2:N
    DW(k)=W(k)-W(k-1);
    DR(k)=R(k)-R(k-1);
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    M(k-1)=DR(k)/DW(k);
end
        for k=1:N
        F(k)=(w+W(k))*log(abs(w+W(k)))+(w-W(k))*log(abs(w-W(k)));
        end
    for k=2:N
        DF=(1/pi)*(F(k)-F(k-1));
        B(k)=(1/pi)*(F(k)-F(k-1))/DW(k);
        X(k)=B(k)*DR(k);
    end
    %
            XA=0;
            for k=2:N
                XA=XA+X(k);
            end

Program List 5.3: MatLab function “Single Matching Transducer Power Gain”

function Gain_SM=gain_singleMatching(WBR,RLA,XLA,RBA,XBA)
% Computation of Single Matching Gain as an array.
% Inputs: 
%       WBR,RLA,XLA: Load immittance data with break frequencies WBR
%       WBR,RBA,XBA: Driving point immittance of the equalizer
% Note that all the above arrays are equal length of N
%
%   Output:
%       Gain_SM: Single Matching Gain as a MatLab array.
% ------------------------------------------------------------------------
N=length (WBR);
%
for j=1:N
    Num(j)=4*RLA(j)*RBA(j);
    Denom(j)=(RLA(j)+RBA(j))^2+(XLA(j)+XBA(j))^2;
    Gain_SM(j)=Num(j)/Denom(j);
End

Program List 5.4: MatLab Main Program “Example5_1.m”

% Main Program Example5_1.m
% November 16 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
% This program provides the solution for Example 5 given in the new 
%  book of 
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
%
% Example 5.1
%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% ------------------------------------------------------------------------
clc
close all
% Here, we add two more break points to cover DC and to make R(N)=0 at
% the
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% stop band frequency, say at F(N)=2*530=1060 MHz. 
% Under these assumptions we set F(1)=0 and F(N)=1060 MHz 
% which are the first and the last break frequencies. 
% Augmented actual frequencies:
F=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
f0=530;% Selected normalization frequency.
WB=F/f0; % Frequency normalization.
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B
% by Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A=[20 17.61 14.50 18.70 22.00 9.16 10.23 10.40 17.18 14.33 13.36 
11.04 9];
% Augmented imaginary part:
Xin_A=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 -15.89 -04.85 -05.11 
-12.11 -14.03 -16 ];
%
% Note that, in the above arrays Rin_A and Xin_A are augmented at DC
% and
% stop-band frequencies Rin(1)=20 ohm and Rin(N)=9 ohm selected.
% Similarly, augmented Xin(1)=0 ohm and Xin(N)= -16 ohm is selected.
% The above choices do not affect the optimization of transducer power
% gain.
%
N=length(F);
figure
plot(F,Rin_A,F,Xin_A)
title(‘Plot of augmented input impedance at DC and Stop-Band Frequency 
2*530 MHz, Zin=Rin+jXin’)
legend(‘Rin’,’Xin’)
xlabel(‘Actual Frequency in MHz’)
ylabel(‘Actual input impedance Zin=Rin+jXin: Rin and Xin’)
% Impedance normalization number R0=50 ohm.
R0=50;
% Normalized input impedance: Rin_N + jXin_N
Rin_N=Rin_A/R0;
Xin_N=Xin_A/R0;
%    
% Frequency Normalization with respect to f0=530 MHz:
% Note that normalization is carried out on the actual angular
% frequencies:
% 2*pi*F/(2*pi*f0)=F/f0
% Part (a):
% Compute the low level break points for the input matching network [F]
sign=-1; T0=0.95;
RBF_Low=initials(T0,WB,Rin_N,Xin_N,sign);
RBF_Low(N)=0;
% Compute the high level break points for the input matching network
% [F]
sign=+1;
RBF_High=initials(T0,WB,Rin_N,Xin_N,sign);
RBF_High(N)=0;
%
figure
plot(WB,RBF_Low,WB,RBF_High)
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title(‘Plot of Low and High level Break Points for selected gain level 
T0=0.95 for [F]’)
xlabel(‘Normalized Angular Break Frequencies WB’)
ylabel(‘Low and High Level Break Points RB for [F]’) 
legend(‘Low Level Break Points RB-Low for [F]’,’High Level Break Points 
RB-High for [F]’)
% End of part (a)
% ------------------------------------------------------------------------
% Example 5.1 Part (b):
% Augmented output impedance of the active device
Rout_A=[25 22.47 16.06 21.23 24.40 22.03 23.50 17.82 18.53 21.06 26.80 
21.50 18];
Xout_A=[0 -07.84 -12.69 -12.32 -13.45 -12.14 -14.01 -09.52 -01.53 -04.54 
-11.06 -13.54 -15 ];
% Impedance normalization with respect to R0=50 ohms.
Rout_N=Rout_A/R0;
Xout_N=Xout_A/R0;
% Computations of the low and high break points for the back-end
% matching network [B]
T0=0.925;
% Low-Level initial break points for [B]:
sign=-1;
RBB_Low=initials(T0,WB,Rout_N,Xout_N,sign);
RBB_Low(N)=0;
%
% High-Level initial break points for [B]:
sign=+1;
RBB_High=initials(T0,WB,Rout_N,Xout_N,sign);
RBB_High(N)=0;
%
figure
plot(WB,RBB_Low,WB,RBB_High)
title(‘Plot of Low and High level Break Points for selected gain level 
T0=0.925 for [B]’)
xlabel(‘Normalized Angular Break Frequencies WB’)
ylabel(‘Low and High Level Break Points RB for [B]’) 
legend(‘Low Level Break Points RB-Low for [B]’,’High Level Break Points 
RB-High for [B]’)
%
% Example 5.1 Part (c): Computation of imaginary parts by numerical
% Hilbert transformation
% For the fron-end matching network:
wL=WB(1);wH=WB(N);
Ns=100; wdel=(wH-wL)/(Ns-1);
w=wL;
for j=1:Ns
    W(j)=w;
% Computation of numerical hilbert transformations for [F] and [B]
XF_Low(j)=num_hilbert(w,WB,RBF_Low);
XF_High(j)=num_hilbert(w,WB,RBF_High);
%
XB_Low(j)=num_hilbert(w,WB,RBB_Low);
XB_High(j)=num_hilbert(w,WB,RBB_High);
% ------------------------------------------------------------------------
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% Computation of RF_Low,RF_High, RB_Low, RB_High 
%               and 
% Rin and Rout at w for line interpolation
RF_Low(j)=line_seg(WB,RBF_Low,w);
RF_High(j)=line_seg(WB,RBF_High,w);
%
RB_Low(j)=line_seg(WB,RBB_Low,w);
RB_High(j)=line_seg(WB,RBB_High,w);
%
Rout_Low(j)=line_seg(WB,RBB_Low,w);
Rout_High(j)=line_seg(WB,RBB_High,w);
%
Rin(j)=line_seg(WB,Rin_N,w);
Xin(j)=line_seg(WB,Xin_N,w);
Rout(j)=line_seg(WB,Rout_N,w);
Xout(j)=line_seg(WB,Xout_N,w);
%
w=w+wdel;
end
%
figure
plot(W,XF_Low,W,XF_High)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘XF-Low and XF-High’)
legend(‘XF-Low’,’XF-High’)
title(‘Numerical Hilbert Transform for [F]: XF(w)=H{RBin(w)}’)
%
figure
plot(W,XB_Low,W,XB_High)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘XB-Low and XB-High’)
legend(‘XB-Low’,’XB-High’)
title(‘Numerical Hilbert Transform for [B]: XB(w)=H{RBout(w)}’)
% ------------------------------------------------------------------------
% Part (d): Computation of TPG for the front end:
TPGF_Low=gain_singleMatching(W,RF_Low,XF_Low,Rin,Xin);
TPGF_High=gain_singleMatching(W,RF_High,XF_High,Rin,Xin);
%
% Plot of Transducer Power Gain for the front-end:
figure
plot(W,TPGF_Low,W,TPGF_High)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for Front-End Equalizer’)
legend(‘TPGF-Low’,’TPGF-High’)
title(‘Transducer Power Gain for the Front-End Matching Network’)
% ------------------------------------------------------------------------
% Part (e): Computation of TPG for the Back-End:
% 
TPGB_Low=gain_singleMatching(W,RB_Low,XB_Low,Rout,Xout);
TPGB_High=gain_singleMatching(W,RB_High,XB_High,Rout,Xout);
%
% Plot of Transducer Power Gain for the back-end:
figure
plot(W,TPGB_Low,W,TPGB_High)
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xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for Back-End Equalizer’)
legend(‘TPGB-Low’,’TPGB-High’)
title(‘Transducer Power Gain for the Back-End Matching Network’)
% ------------------------------------------------------------------------
% Special loop to evaluate hilbert transform at break frequencies:
wL=WB(1);wH=WB(N);
N=length(WB);
clear XF_Low;clear XF_High;clear XB_Low;clear XB_High
%
for j=1:N
    w=WB(j);
% Computation of numerical Hilbert transformations for [F] and [B]at
% the
% break frequencies:
XF_Low(j)= num_hilbert(w,WB,RBF_Low); % Front-End Low
XF_High(j)=num_hilbert(w,WB,RBF_High);% Front-End High
%
XB_Low(j)= num_hilbert(w,WB,RBB_Low); % Back-End Low
XB_High(j)=num_hilbert(w,WB,RBB_High);% Back-End High
end
% ------------------------------------------------------------------------
% Computation of Gain at Break frequencies:
% Part (d): Power Gain at Front-End:
GainF_Low=gain_singleMatching( WB,RBF_Low, XF_Low, Rin_N,Xin_N);
GainF_High=gain_singleMatching(WB,RBF_High,XF_High,Rin_N,Xin_N);
% ------------------------------------------------------------------------
% Part (e): Power Gain at Back-End
GainB_Low= gain_singleMatching(WB,RBB_Low, XB_Low, Rin_N, Xin_N);
GainB_High=gain_singleMatching(WB,RBB_High,XB_High,Rout_N,Xout_N);
% ------------------------------------------------------------------------
% Plot of Gain at Front-End & Back-End
figure
plot(WB,GainF_Low,WB,GainF_High)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for Front-End Equalizer’)
legend(‘TPGF-Low’,’TPGF-High’)
title(‘Transducer Power Gain for the Front-End Matching Network’)
% ------------------------------------------------------------------------
figure
plot(WB,GainB_Low,WB,GainB_High)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for Back-End Equalizer’)
legend(‘TPGB-Low’,’TPGB-High’)
title(‘Transducer Power Gain for the Back-End Matching Network’)

Program List 5.5: function Line

function ya=line_seg(x,y,xa)
% Given piecewise linear approximation of any function y=f(x)with
% Inputs:
%       n: Total number of break points.
%       Break points pairs:
%       y(1),y(2),..,y(n-1),y(n)
%       x(1),x(2),..,x(n-1),x(n)
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%       xa: a point on the x-axis
%   Output:
%       ya: corresponding point to xa on the y-axis
% It should be noted that 
%   the algorithm first determines the interval of x(j)<x(j+1)
%   then, generates ya on the line specified by 
%   {y(j),y(j+1) and x(j),x(j+1)} 
% In other words, generates ya=f(xa)=(a)xa+b 
% where real coefficients a and b are specified as in Eq. (11.1)
% See the Wiley Book written by Yarman.
% Note that this function is useful to generate data for RFLT.
%-------------------------------------------------------------------------
%
n=length(x);
for i=1:n-1
    if xa==x(i)
        ya=y(i);
    end
    if xa>x(i)
        if xa<x(i+1)
            A1=y(i)-y(i+1);
            A2=x(i)-x(i+1);
            A=A1/A2;
            B1=x(i)*y(i+1)-x(i+1)*y(i);
            B=B1/A2;
            ya=A*xa+B;
        end
    end
        if xa==x(i+1)
            ya=y(i+1);
        end
                if xa>x(i+1)
                    A1=y(n-1)-y(n);
                    A2=x(n-1)-x(n);
                    A=A1/A2;
                            B1=x(n-1)*y(n)-x(n)*y(n-1);
                            B=B1/A2;
                                ya=A*xa+B;
                end
end

Program List 5.6: MatLab function Impedance_Termination

function [ FC, A, B ] = Impedance_Termination(KFlag, N, FA,RA,XA,FL,FH )
% This function converts the given impedance termination to an impedance or 
% admittance termination with total number of N+2-Sampling points
% using linear interpolation technique. 
% N samples are placed within the passband (FL-FH).
% First point is FA(1). The last point is FA(NA).
% -------------------------------------------------------------------------
% Inputs:
%       KFlag: Control Flag. If KFlag=1, output is impedance termination
%       N: Number of new sampling points subject to linear interpolation
%       technique.
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%       FA: Original actual frequency sampling points specified over
%       NA sampling points.
%       RA: Real part of the impedance termination with NA samples
%       XA: Imaginary part of the impedance termination with NA samples
%       FL: Low-end of the passband
%       FH: High-end of the passband
%   Outputs:
%       A: Real part of the augmented immittance with N samples
%       B: Imaginary part of the augmented immittance with N samples
%   Note:
%       Given impedance termination is expressed as ZA=RA+jXA
%       At the output augmented termination C is given by C=A+jB
%       If KFlag=1> C is impedance with N samples
%       If KFlag=0> C is and admittance with N samples
% -------------------------------------------------------------------------
NA=length(FA);
    j=sqrt(-1);
% KFlag loop for the given data:
for i=1:NA
    ZA(i)=RA(i)+j*XA(i);% Original impedance as it is measured
    if KFlag==0; % Change the impedance to admittance
        C(i)=1/ZA(i);
        Ar(i)=real(C(i));
        Br(i)=imag(C(i));      
    end
    %
    if KFlag==1; % Preserve the impedance as it is
        C(i)=ZA(i);
        Ar(i)=real(C(i));
        Br(i)=imag(C(i));
    end
end
 % Augmentation loop:
 F=FL;
 delF=(FH-FL)/(N-1);
 for i=1:N
     Fk(i)=F;
  Ak(i)=line_seg(FA,Ar,F);
  Bk(i)=line_seg(FA,Br,F);
  F=F+delF;
 end
FC=[FA(1) Fk FA(NA)];
A=[Ar(1) Ak Ar(NA)];
B=[Br(1) Bk Br(NA)];
end

Program List 5.7: Objective function error_RFLST subject to minimization

function [ eps ] = error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,RA,XA,wL,wH,M )
% This objective function generates error eps(i) computed at 
% sampling points wi for a given T0 for the real frequency line 
% segment technique.
% -------------------------------------------------------------------------
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%   Inputs:
%           X: The point for which the error function eps(i) is generated.
%               Note that for RF-LST X0 must include the break points RB.
%           ktr: Control Flag. ktr=0>Transformerless design where RB(1) is
%           fixed. ktr=1> Design with transformer where R(1) is part of the
%           unknowns.
%           T0: Flat gain level subject to optimization
%           KFlag: Control flag to define the complex terminations for [N]
%           either impedance or admittance based optimization 
%           WB: Normalized angular break frequencies (Array)
%            R1: Firt Break Point for Real Frequency-Line Segment Technique.
%           WA: Normalized angular frequency sampling points for the
%           measured complex impedance data.
%           RA: Real Part of the measured complex impedance termination.
%           XA: Imaginary part of the measured impedance termination.
%           wL: Lower frequency bound for the optimization.
%           wH: Upper frequency bound for the optimization
%           M: Total number of sampling points for the optimization
% -------------------------------------------------------------------------
% Output:
%           eps: value of the error computed at wi. This is a vector for
%           lsqnonlin.
% -------------------------------------------------------------------------
% Note that if ktr=0, then X0 consist of N-2 break points namely
% R(2),R(3),..,R(N-1). If ktr=1, then X0 contains N-1 break points.
% -------------------------------------------------------------------------
N=length(WB);
if ktr==0;% Design with no transformer. R1=R(1) is fixed.
    RB=[R1 X0 0];% The last break point R(N) is fixed at zero
end
        if ktr==1; % Design with transformer: R(1) is among the unknowns
            RB=[X0 0];% The last break point R(N) is fixed at zero
        end
% Generation of error=eps
delw=(wH-wL)/(M-1);
    w=wL;
    
    for i=1:M  
    [ A,B ] = Measured_Impedance( w,WA,RA,XA,KFlag );
    P=line_seg(WB,RB,w);
    Q=num_hilbert(w,WB,RB);
    [ TPG ] = Gain(A,B,P,Q );
    eps(i)=TPG-T0;
    w=w+delw;
    end
end

Program List 5.8: Main Program Example 5.2

% Main Program Example5_2.m
% November 25 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
% This program provides the solution for Example 5.2 given in the new book of 
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
%
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% Example 5.2
%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% -------------------------------------------------------------------------
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
% Frequency normalization on the sampling frequencies of the measurement
WA=FA/f0; 
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
%
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% ----------- Example 5.2 Par(a) ------------------------------------------
%
% Generation of unknown initial break points using linear interpolation
% Choice for total number of unknowns in the passband is NC
% Break points must be selected depending on the choice of immittance
% If KFlag1=1>Impedance based break points will be generated.
% If KFlag1=0>Admittance based break points will be generated.
% C=A+jB is the generated immittance for the termination.
% K=P+jQ is the driving point input immittance of the matching network.
% ---------- Inputs: II ---------------------------------------------------
KFlag1=0;% Design with admittance functions
NC=19;% Total number of unknowns within the passband.
% Generation of actual termination immittance for the single matching problem.
FL=330;% Actual lower end of the passband frequency in MHz.
FH=530;% Actual higher end of the passband frequency in MHz
% Computation of the termination impedance for selected number of unknowns 
% -------------------------------------------------------------------------
[ FC, Ain, Bin ] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH );
% -------------------------------------------------------------------------
figure
plot(FC,Ain, FC, Bin)
xlabel(‘Actual sampling frequencies in MHz’)
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ylabel(‘Yin=1/Zin=Ain+jBin converted termination which is admittance’)
legend(‘Ain’,’Bin’)
title(‘Augmented termination data with 19 samples in the passband’)
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
N=length(FC);% Total number of break points
% Impedance normalization number R0=50 ohm.
% R0=50;
% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Computation of initial break points:
T0=0.975;% Initial flat gain level
sign=1; % High initial values
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
figure
plot(WB,RB)
xlabel(‘Normalized angular frequencies’)
ylabel(‘RB: Admittance based break points computed for T0=0.975’)
title(‘Admittance based high value initial break points RB with N=19+2=21 
samples’)
% Computation of initial transducer power gain 
% ------------- Part (b) and Part (c) -------------------------------------
for i=1:N
    w=WB(i);
    A=line_seg(WB,Ain_N,w); % Real part of the termination
    B=line_seg(WB,Bin_N,w); % Imaginary part of the termination
    P=line_seg(WB,RB,w);    % Real part of the driving pint immittance
    Q=num_hilbert(w,WB,RB); % Imaginary part of driving point immittance
    QF(i)=Q;
    [ TPG ] = Gain(A,B,P,Q );% Transducer power gain
    T(i)=TPG; 
end
plot(WB,QF)
xlabel(‘normalized break frequencies’)
ylabel(‘ Hilbert transform of admittance based initial break points: 
QF=H(RB)’)
title (‘YF=PF+jQF: Driving point admittance of the front-end matching 
network’)
% ---------- OPTIMIZATION LOOP --------------------------------------------
% optimization loop:
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
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ktr=0; %Design without transformer (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
if ktr==0; % Design without transformer
    for i=1:N-2
    X0(i)=RB(i+1);
    end
end
if ktr==1; % Design with transformer
    for i=1:N-1
        X0=RB(i+1);
    end
end
M=2*NC;
options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
%X=lsqnonlin(‘error_RFLST’,X0,[],[],options,ktr,T0,KFlag,WB,R1,WA,Rin_N,X
in_N,wL,wH,M);
%
% ------ END OF OPTIMIZATION ----------------------------------------------
if ktr==0
    for i=1:N-2
        RB(i+1)=X(i);
    end
    RB(1)=R1; RB(N)=0;
end
if ktr==1
    for i=1:N-1
        RB(i)=X(i);
    end
    RB(N)=0;
end
% -------------------------------------------------------------------------
delw=(wH-wL)/(M-1);
    w=wL;
for i=1:M
WM(i)=w;
            P=line_seg(WB,RB,w);   
            Q=num_hilbert(w,WB,RB);
            A=line_seg(WB,Ain_N,w);
            B=line_seg(WB,Bin_N,w);
            [ TPG ] = Gain(A,B,P,Q );
            TA(i)=TPG;
    w=w+delw;
end
figure
plot(WB,T,WM,TA)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for Front-End Equalizer’)
legend(‘Inital Gain’, ‘Optimized Gain’)
title(‘Admittance Based TPG the Front-End Matching Network:’)
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Program List 5.9 Main Program Example5_3.m

% Main Program Example5_3.m
% November 29 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
%  This program provides the solution for Example 5.3 given in the new 

book of 
% Andrei Grebennikov-Narendra Kumar and B. Siddik Yarman Book
% This program optimizes the break points using the impedance based break
% points and the impedance based transducer power gain
%
% Example 5.3
%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% -------------------------------------------------------------------------
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
%  Frequency normalization on the sampling frequencies of the measurement 
WA=FA/f0;

% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
%
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% 
% ----------- Example 5.3 Part(a) ------------------------------------------
%
% Generation of unknown initial break points using linear interpolation
% Choice for total number of unknowns in the passband is NC
% Break points must be selected depending on the choice of immittance
% If KFlag1=1>Impedance based break points will be generated.
% If KFlag1=0>Admittance based break points will be generated.
% C=A+jB is the generated immittance for the termination.
% K=P+jQ is the driving point input immittance of the matching network.
% ---------- Inputs: II ---------------------------------------------------
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KFlag1=1;% Design with impedance functions
NC=19;% Total number of unknowns within the passband.
% Generation of actual termination immittance for the single matching 
problem.
FL=330;% Actual lower end of the passband frequency in MHz.
FH=530;% Actual higher end of the passband frequency in MHz
% Computation of the termination impedance for selected number of unknowns
% break points in the passband
% -------------------------------------------------------------------------
[FC,Ain,Bin] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH );
% -------------------------------------------------------------------------
figure
plot(FC,Ain, FC, Bin)
xlabel(‘Actual sampling frequencies in MHz’)
ylabel(‘Zin=Ain+jBin complex impedance termination with 19 points in 
passband’)
legend(‘Ain’,’Bin’)
title(‘Augmented impedance termination data with 19 samples in the 
passband’)
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
N=length(FC);% Total number of break points including DC and stop band 
frequency fs
% Impedance normalization number R0=50 ohm.
% R0=50;
% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Computation of initial break points:
T0=0.975;% Initial flat gain level
sign=1; % High initial values
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
figure
plot(WB,RB)
xlabel(‘Normalized angular frequencies’)
ylabel(‘RB: Admittance based break points computed for T0=0.975’)
title(‘Admittance based high value initial break points RB with N=19+2=21 
samples’)
% Computation of initial transducer power gain 
% ------------- Part (b) and Part (c) -------------------------------------
for i=1:N
    w=WB(i);
    A=line_seg(WB,Ain_N,w);% Real part of the termination
    B=line_seg(WB,Bin_N,w);% Imaginary part of the termination
    P=line_seg(WB,RB,w);% Real part of the driving pint immittance (DPI)
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    P_int(i)=P;% Real part of driving point immittance of [F]
    Q=num_hilbert(w,WB,RB); % Imaginary part of (DPI)
    QF_int(i)=Q;% Imaginary part of DPI of [F]
    [ TPG ] = Gain(A,B,P,Q );% Transducer power gain
    T(i)=TPG; 
end
plot(WB,QF_int)
xlabel(‘normalized break frequencies’)
ylabel(‘ Hilbert transform of impedance based initial break points: 
QF=H(RB)’)
title (‘ZF=PF+jQF: High value initial DPI of [F]: KFlag=1, sign=1 case’)
% ---------- OPTIMIZATION LOOP --------------------------------------------
% optimization loop:
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
ktr=0; %Design without transformer (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
if ktr==0; % Design without transformer
    for i=1:N-2
    X0(i)=RB(i+1);
    end
end
if ktr==1; % Design with transformer
    for i=1:N-1
        X0=RB(i+1);
    end
end
M=2*NC;
options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
%X=lsqnonlin(‘error_RFLST’,X0,[],[],options,ktr,T0,KFlag,WB,R1,WA,Rin_N,X
in_N,wL,wH,M);
%
% ------ END OF OPTIMIZATION ----------------------------------------------
if ktr==0
    for i=1:N-2
        RB(i+1)=X(i);
    end
    RB(1)=R1; RB(N)=0;
end
if ktr==1
    for i=1:N-1
        RB(i)=X(i);
    end
    RB(N)=0;
end
% -------------------------------------------------------------------------
delw=(wH-wL)/(M-1);
    w=wL;
for i=1:M
WM(i)=w;
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            P=line_seg(WB,RB,w);   
            Q=num_hilbert(w,WB,RB);
            A=line_seg(WB,Ain_N,w);
            PF(i)=P;QF(i)=Q;
            B=line_seg(WB,Bin_N,w);
            [ TPG ] = Gain(A,B,P,Q );
            TA(i)=TPG;
    w=w+delw;
end
%
figure
plot(WB,RB,WB,P_int)
legend(‘optimized break points’,’Initial Break Points’)
xlabel(‘normalized frequency’)
ylabel(‘Impedance based optimized break points PF and Initial Break 
Points RB’)
title(‘Impedance Based initial and optimized break points (KFlag=1)’)
%
figure
plot(WB,QF_int, WM,QF)
legend(‘Initial QF-int’,’optimized QF’)
xlabel(‘normalized angular frequency’)
ylabel(‘imaginary parts of ZF: QF-int, QF’)
title(‘Imaginary parts of Minimum reactance ZF: KFlag=1, sign=1’)
%
figure
plot(WB,T,WM,TA)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for the Front-End Equalizer’)
legend(‘Initial Gain’,’Optimized Gain’)
title(‘Impedance Based TPG for the Front-End Matching Network’)
%

Program List 5.10: Main Program Example5_4.m

% Main Program Example5_4.m
% November 30 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
%  This program provides the solution for Example 5.2 given in the new 

book of 
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
%
% Example 5.4: Model for the break points
%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% 
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
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FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
%  Frequency normalization on the sampling frequencies of the measurement 

WA=FA/f0; 
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
%
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% 
% ----------- Generation of initial guess ---------------------------------
%
% Generation of unknown initial break points using linear interpolation
% Choice for total number of unknowns in the passband is NC
% Break points must be selected depending on the choice of immittance
% If KFlag1=1>Impedance based break points will be generated.
% If KFlag1=0>Admittance based break points will be generated.
% C=A+jB is the generated immittance for the termination.
% K=P+jQ is the driving point input immittance of the matching network.
% ---------- Inputs: II ---------------------------------------------------
KFlag1=0;% Design with admittance functions
NC=19;% Total number of unknowns within the passband.
% Generation of actual termination immittance for the single matching 
problem.
FL=330;% Actual lower end of the passband frequency in MHz.
FH=530;% Actual higher end of the passband frequency in MHz
% Computation of the termination impedance for selected number of 
unknowns 
% -------------------------------------------------------------------------
[FC,Ain,Bin] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH 
);
% -------------------------------------------------------------------------
figure
plot(FC,Ain, FC, Bin)
xlabel(‘Actual sampling frequencies in MHz’)
ylabel(‘Yin=1/Zin=Ain+jBin converted termination which is admittance’)
legend(‘Ain’,’Bin’)
title(‘Augmented termination data with 19 samples in the passband’)
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
N=length(FC);% Total number of break points
% Impedance normalization number R0=50 ohm.
% R0=50;
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% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Computation of initial break points:
T0=0.975;% Initial flat gain level
sign=1; % High initial values
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
% -------------------------------------------------------------------------
figure
plot(WB,RB)
xlabel(‘Normalized angular frequencies’)
ylabel(‘RB: Admittance based break points computed for T0=0.975’)
title(‘Admittance based high value initial break points RB with N=19+2=21 
samples’)
% Computation of initial transducer power gain 
% ------------- Generation of initial TPG ---------------------------------
for i=1:N
    w=WB(i);
    A=line_seg(WB,Ain_N,w);% Real part of the termination
    B=line_seg(WB,Bin_N,w);% Imaginary part of the termination
    P=line_seg(WB,RB,w);% Real part of the driving pint immittance
    P_int(i)=P;
    
    Q=num_hilbert(w,WB,RB); % Imaginary part of driving point immittance
    QF_int(i)=Q;
    [ TPG ] = Gain(A,B,P,Q );% Transducer power gain
    T(i)=TPG; 
end
% -------------------------------------------------------------------------
figure
plot(WB,QF_int)
xlabel(‘normalized break frequencies’)
ylabel(‘ Hilbert transform of admittance based initial break points: 
QF=H(RB)’)
title (‘YF=PF+jQF: Driving point admittance of the front-end matching 
network’)
% ---------- OPTIMIZATION LOOP --------------------------------------------
% optimization loop:
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
ktr=0; %Design without transformer (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
[ X0 ] = InitiateRFLST_lsqnonlin( ktr,RB );
M=2*NC;
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options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
% ------ END OF OPTIMIZATION ----------------------------------------------
[ RB ] = EvaluateRFLST_lsqnonlin( ktr,X,R1 );
% -------------------------------------------------------------------------
delw=(wH-wL)/(M-1);
    w=wL;
for i=1:M
WM(i)=w;
            P=line_seg(WB,RB,w);   
            Q=num_hilbert(w,WB,RB);
            A=line_seg(WB,Ain_N,w);
            PF(i)=P;QF(i)=Q;
            B=line_seg(WB,Bin_N,w);
            [ TPG ] = Gain(A,B,P,Q );
            TA(i)=TPG;
    w=w+delw;
end
% -------------------------------------------------------------------------
figure
plot(WB,T,WM,TA)
xlabel(‘Normalized Angular Frequency w’)
ylabel(‘Initial Transducer Power Gain for the Front-End Equalizer’)
legend(‘Initial Gain’,’Optimized Gain’)
title(‘Admittance Based TPG for the Front-End Matching Network: Kfalg=0, 
sign=1’)
% -------------------------------------------------------------------------
figure
plot(WB,RB,WB,P_int,WB,QF_int,WM,QF)
legend(‘Initial Break Points’,’optimized break points’,’initial 
QF-int’,’optimized QF’)
xlabel(‘normalized frequency’)
ylabel(‘Admittance-Based DPI of [F]:Initial and optimized YF=PF+jQF’)
title(‘Kfalg=0, sign=1, DPI of [F]: Initial & opt. values YF=PF+jQF’)
% -------------------------------------------------------------------------
% Curve fitting for the optimized break points:
% Initilize the unknowns:
a0=sqrt(RB(1));
n=5;ndc=0; WZ=0;nz=0;
[ x0 ] = Initiate_CurveFitting( ktr,n,a0 );
%
NB=length(WB);
wL=WB(1); wH=WB(NB);
M=2*NC;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
eps=@(x0)error_RFDCT( x0,ktr,WB,RB,n,ndc,WZ,a0,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
% -------------------------------------------------------------------------
[ c,a0,a,b,AA,BB ] = Evaluate_CurveFitting(x,ktr,n,ndc,WZ,R1 );
% -------------------------------------------------------------------------
%       
NB=length(WB);w1=WB(1);w2=WB(NB);m=100;
w=w1;
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delw=(w2-w1)/(m-1);
for j=1:m
    Wr(j)=w;
    Pr(j)=line_seg(WB,RB,w);
    AAVAL=polyval(AA,w);
    BBVAL=polyval(BB,w);
    P(j)=AAVAL/BBVAL;
    w=w+delw;
end
% -------------------------------------------------------------------------
figure
plot(Wr,Pr,Wr,P)
legend(‘Break points’,’Rational approximation’)
xlabel(‘normalized angular frequency’)
ylabel(‘Brk. Points & Fitting via Rat. Apprx’)
title(‘Rational Approximation of Break Points RB’)

Program List 5.11 Main Program Example5_5.m

% Main Program Example5_5.m
% December 3 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
%  This program provides the solution for Example 5.2 given in the new 

book of
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
%
% Example 5.5: Model for the break points
%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% 
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
% Frequency normalization on the sampling frequencies of the measurement
WA=FA/f0; 
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
%
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
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Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
%
% ----------- Generation of initial guess ---------------------------------
%
% Generation of unknown initial break points using linear interpolation
% Choice for total number of unknowns in the passband is NC
% Break points must be selected depending on the choice of immittance
% If KFlag1=1>Impedance based break points will be generated.
% If KFlag1=0>Admittance based break points will be generated.
% C=A+jB is the generated immittance for the termination.
% K=P+jQ is the driving point input immittance of the matching network.
% ---------- Inputs: II ---------------------------------------------------
KFlag1=0;% Design with admittance functions
NC=19;% Total number of unknowns within the passband.
% Generation of actual termination immittance for the single matching 
problem.
FL=330;% Actual lower end of the passband frequency in MHz.
FH=530;% Actual higher end of the passband frequency in MHz
% Computation of the termination impedance for selected number of unknowns
% -------------------------------------------------------------------------
[FC,Ain,Bin] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH);
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
N=length(FC);% Total number of break points
% Impedance normalization number R0=50 ohm.
% R0=50;
% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Computation of initial break points:
T0=0.975;% Initial flat gain level
sign=1; % High initial values
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
% ------------- Generation of initial TPG ---------------------------------
for i=1:N
    w=WB(i);
    A=line_seg(WB,Ain_N,w);% Real part of the termination
    B=line_seg(WB,Bin_N,w);% Imaginary part of the termination
    P=line_seg(WB,RB,w);% Real part of the driving pint immittance
    P_int(i)=P;
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    Q=num_hilbert(w,WB,RB); % Imaginary part of driving point immittance
    QF_int(i)=Q;
    [ TPG ] = Gain(A,B,P,Q );% Transducer power gain
    T(i)=TPG; 
end
% ---------- OPTIMIZATION LOOP --------------------------------------------
% optimization loop:
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
ktr=0; %Design without transformer (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
[ X0 ] = InitiateRFLST_lsqnonlin( ktr,RB );
M=2*NC;
options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
% ------ END OF OPTIMIZATION ----------------------------------------------
[ RB ] = EvaluateRFLST_lsqnonlin( ktr,X,R1 );
% -------------------------------------------------------------------------
delw=(wH-wL)/(M-1);
    w=wL;
for i=1:M
WM(i)=w;
            P=line_seg(WB,RB,w);   
            Q=num_hilbert(w,WB,RB);
            A=line_seg(WB,Ain_N,w);
            PF(i)=P;QF(i)=Q;
            B=line_seg(WB,Bin_N,w);
            [ TPG ] = Gain(A,B,P,Q );
            T_RFLST(i)=TPG;
    w=w+delw;
end
% -------------------------------------------------------------------------
% Curve fitting for the optimized break points:
% Initilize the unknowns:
a0=sqrt(RB(1));
n=5;ndc=0; WZ=0;nz=0;
[ x0 ] = Initiate_CurveFitting( ktr,n,a0 );
%
NB=length(WB);
wL=WB(1); wH=WB(NB);
M=2*NC;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
eps=@(x0)error_RFDCT( x0,ktr,WB,RB,n,ndc,WZ,a0,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
% -------------------------------------------------------------------------
[ c,a0,a,b,AA,BB ] = Evaluate_CurveFitting(x,ktr,n,ndc,WZ,R1 );
% -------------------------------------------------------------------------
%       
NB=length(WB);w1=WB(1);w2=WB(NB);m=100;
w=w1;
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delw=(w2-w1)/(m-1);
for j=1:m
    Wr(j)=w;
    Pr(j)=line_seg(WB,RB,w);
    AAVAL=polyval(AA,w);
    BBVAL=polyval(BB,w);
    P(j)=AAVAL/BBVAL;
    w=w+delw;
end
% -------------------------------------------------------------------------
% Example 5.5
% Part (a)
% Generation of minimum susceptance driving point admittance for [F]
% YF=a(p)/b(p) from the given a0, ndc WZ and c(i)
[a,b]=Minimum_Function(ndc,WZ,a0,c);
% -------------------------------------------------------------------------
ws1=0; ws2=2;Ns=100;delw=(ws2-ws1)/(Ns-1);w=ws1;j=sqrt(-1);
for i=1:Ns
    WA(i)=w;
    p=j*w;
% ------- Generation Positive Real Minimum Susceptance YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);        PAf0_RFDCT(i)=Pf0_RFDCT;
    Qf0_RFDCT=imag(YFval);        QAf0_RFDCT(i)=Qf0_RFDCT;
% ------ Generation of termination admittance Yin=A+jB --------------------
    A=line_seg(WB,Ain_N,w);     AA(i)=A;
    B=line_seg(WB,Bin_N,w);     BA(i)=B;
% Generation of single matching gain --------------------------------------
% Part (b)
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            TfA(i)=TPG;
% ------ Generation of Optimized Break Points for RFLST -------------------
            Pf_RFLST=line_seg(WB,RB,w);     PAf_RFLST(i)=Pf_RFLST;
            Qf_RFLST=num_hilbert(w,WB,RB);  QAf_RFLST(i)=Qf_RFLST;
  w=w+delw;  
end
% Part (c)
figure
plot(WA,TfA,WM,T_RFLST)
title(‘Example 5.5: Comparision between RFLST and RFDCT Gains’)
xlabel(‘normalized angular frequency’)
ylabel(‘TPG-RFDCT & TPG-RFDCT’)
legend(‘TPG-RFDCT’,’TPG-RFLST’)
%
figure
plot(WA,PAf0_RFDCT,WA,PAf_RFLST,WA,QAf0_RFDCT,WA,QAf_RFLST)
title(‘Example 5.5: Comparision between RFLST and RFDCT admittances’)
xlabel(‘normalized angular frequency’)
ylabel(‘Driv. Input Pt. Min. Susc. Admt: YF=P+jQ:RFDCT vs RFLST’)
legend(‘Pf0-RFDCT’,’Pf-RFLST’,’Qf0-RFDCT’,’Qf-RFLST’)
%
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Program List 5.12: function error_RFDCT

function [ eps ] = error_RFDCT( x0,ktr,WB,RB,n,ndc,WZ,a0,wL,wH,M )
% This function generates an error for the nonlinear data fitting for
% non-negative rational even function.
% Problem is stated as: Given data points WB,RB. Find the best fit to
% equation (5.28).
%   Inputs:
%       X0: Initials for the unknowns.
%       ktr: Control flag about the use of transformers at the far end.
%        ktr=0> Design without transformer: a0 is fixed. It is not 

unknown.
%       ktr=1> Design with transformer: a0 is an unknown variable
%       WB: Break frequencies
%       RB: Break points
%       n: Degree of the denominator
%       ndc=Total number of transmission zeros at DC
%       nz: Total number of finite transmission zeros at w=wi
%       a0: Coefficient of the numerator is A0=a0*a0
%       wL: Low-end of the passband frequency
%       wH: High-end of the passband frequency
%       M: Number of sampling points for the optimization
%   Output: 
%       error eps(j) over M sampling points
% -------------------------------------------------------------------------
% Design by data fitting without transformer
if ktr==0;
    for j=1:n
        c(j)=x0(j);
    end
end
% Design by data fitting with transformer
if ktr==1
    for j=1:n
        c(j)=x0(j);
    end
        a0=x0(n+1);
end
% Generate the denominator polynomial B(w^2) of (5.28)in w-domain:
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in w-domain
        B=polarity(BB);% Now, it is transferred to p-domain
        nB=length(BB);
% Generate the numerator polynomial in w domain: 
          A=(a0*a0)*R_Num(ndc,WZ);% A is specified in p-domain
          AA=polarity(A);% This polynomial is in w domain
% Note that function RtoZ requires same length vectors A and B
% Convert A to same length of B
nA=length(A);
if (abs(nB-nA)>0)
    A=fullvector(nB,A);% This polynomial is in p-domain
end
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% Generation of analytic form of Driving Point Input Immittance 
                [a,b]=RtoZ(A,B);
% -------------------------------------------------------------------------       
NB=length(WB);
w=wL;
delw=(wH-wL)/(M-1);
for j=1:M
    Pr=line_seg(WB,RB,w);
    AAVAL=polyval(AA,w);
    BBVAL=polyval(BB,w);
    P=AAVAL/BBVAL;
    eps(j)=P-Pr;
    w=w+delw;
end
end

Program List 5.13: Function Minimum_Funtion

function [a,b]=Minimum_Function(ndc,W,a0,c)
% Generate analytic form of Fmin(p)=a(p)/b(p)
% Generate B(-p^2)
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in w-domain
        B=polarity(BB);% Now, it is transferred to p-domain        
% Generate A(-p^2) of R(-p^2)=A(-p^2)/B(-p^2)
nB=length(B);
        A=(a0*a0)*R_Num(ndc,W);% A is specified in p-domain
nA=length(A);
if (abs(nB-nA)>0)
  A=fullvector(nB,A);% work with equal length vectors
end
% Generation of minimum immitance function using Bode or Parametric 
method
        [a,b]=RtoZ(A,B);% Here A and B are specified in p-domain
        na=length(a);
        if ndc>0;a(na)=0;end;
end

Program List 5.14: function [a,b]=RtoZ(A,B)

function [a,b]=RtoZ(A,B)
% This MatLab function generates a minimum function Z(p)=a(p)/b(p)
%      from its even part specified as R(p^2)=A(p^2)/B(p^2)
%      via Bode (or Parametric)approach
% Inputs: In p-domain, enter A(p) and B(p)
% A=[A(1) A(2) A(3)...A(n+1)]; for many practical cases we set A(1)=0.
% B=[B(1) B(2) B(3)...B(n+1)]
% Output:
%        Z(p)=a(p)/b(p) such that
%        a(p)=a(1)p^n+a(2)p^(n-1)+...+a(n)p+a(n+1)
%        b(p)=b(1)p^n+b(2)p^(n-1)+...+b(n)p+a(n+1)
% Generation of an immittance Function Z by means of Parametric Approach
% In parametric approach Z(p)=Z0+k(1)/[p-p(1)]+...+k(n)/[p-p(n)]
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% R(p^2)=Even{Z(p)}=A(-p^2)/B(-p^2) where Z0=A(n+1)/B(n+1). 
%
% Given A(-p^2)>0
% Given B(-p^2)>0
% 
BP=polarity(B);%BP is in w-domain
AP=polarity(A);%AP is in w-domain
% Computational Steps
% Given A and B vectors. A(p) and B(p) vectors are in p-domain
% Compute poles p(1),p(2),...,p(n)and the residues k(i) at poles 
p(1),p(2),...,p(n)
[p,k]=residue_Z0(AP,BP);
%
% Compute numerator and denominator polynomials
Z0=abs(A(1)/B(1));
[num,errorn]=num_Z0(p,Z0,k);
[denom,errord]=denominator(p);
% 
a=num;
b=denom;

Program List 5.15: function B=polarity(A)

function B=polarity(A)
% MatLab Programs for Parameteric Approach: Program 1: sign
% This program changes the sign of the coefficients for a given 
polynomial
% Polynomial A is given as an even polynomial in w domain.
% By setting p=-w^2 we compute the coefficients of the new even 
polynomial
% in p domain.
% Polynomial A is an even polynomial in w domain
% P(w^2)=A(1)[w^(2n)]+A(2)[w^2(n-1)]+A(3)[w^2(n-2)+...+A(n)[w]+A(n+1)
% Inputs
%-------------- MatlLab Vector A=[A(1) A(2) A(3)...A(n) A(n+1)] :
%Coefficients of the even polynomial in w domain
%
% Outputs
%-------------- MatLab Vector B=[B(1) B(2) B(3) ...B(n) B(n+1)
%
sigma=-1;
NN=length(A);
n=NN-1;
for i=1:NN
    j=NN-i+1;
    B(j)=-sigma*A(j);
    sigma=-sigma;
end

Program List 5.16: function [p,k]=residue_Z0(A,B)

function [p,k]=residue_Z0(A,B)
% This function computes the residues k of a given real part R(w^2)
% R(w^2)=A(w^2)/B(w^2)
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% It should be noted the R(w^2) is given in w domain as an even function of
% w rather than complex variable p=sigma+jw. 
% Inputs:
% ------- A(w^2); full coefficient numerator polynomial
% ------- B(w^2); full coefficient denominator polynomial
%Step 1: Find p domain versions of A and B
% That means we set w^2=-p^2
AA=polarity(A);
BB=polarity(B);
% Step 2: Find the LHP poles of R(p^2)
x=roots(BB);
p=-sqrt(x);
% Step 3: Compute the product terms
prd=product(p);
n=length(p);
% Step4: Generate residues
for j=1:n
    y=p(j)*p(j);
    Aval=polyval(AA,y);
    k(j)=(-1)^n*Aval/p(j)/B(1)/prd(j);
end 
end

Program List 5.17: function [num,errorn]=num_Z0(p,Z0,k)

function [num,errorn]=num_Z0(p,Z0,k)
% This function computes the numerator polynomial of an
% immittance function: Z(p)=Z0+sum{k(1)/[p-p(i)] 
% where we assume that Z0=A(1)/B(1)which is provided as input.
% 
% Input: 
%-------- poles p(i) of the immittance function Z(p)
%         as a MatLab row vector p
%-------- Residues k(i) of poles p(i) 
% Output:
%-------- num; MatLab Row-Vector 
% which includes coefficients of numerator polynomial of an immittance 
function. 
% num=Sum{k(j)*product[p-p(i)]} which skips the term when j=i 
%  
%----- Step 1: Determine total number of poles n 
%
n=length(p);
nn=n-1;
%
%----- Step 2: Generation of numerator polynomials:
% numerator polynomial=sum of 
% sum of
% {Z0*[p-p(1)].[p-p(2)]...(p-p(n)]; n the degree-full product
% +k(1)*[p=p(2)].[p-p(3)]..[p-p(n)];degree of (n-1); the term with p(1)is 
skipped.                
% +k(2)*[p-p(1)].[p-p(3)]..[p-p(j-1)].[p-p(j+1)]..[p-p(n)];degree of(n-
1)-the term with p(2)is skipped 
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% +.............................................
% +k(j)*[p-p(1)].[p-p(2)]..[p-p(j-1)].[p-p(j+1)]..[p-p(n)];degree of 
(n-1)-the term with p(j)is skipped.       
% +.............................................
% +k(n)[p-p(1)].[p-p(2)]...[p-p(n-1)];degree of (n-1)-the term with p(n)is
% skipped.
%       
% Note that we generate the numerator polynomial within 4 steps.
% In Step 2a, product polynomial pra of k(1)is evaluated.
% In Step 2b, product polynomial prb of k(j)is evaluated by skipping the 
term when i=j.
% In Step 2c, product polynomial prc of k(n)is evaluated.
% In Step 2d, denominator of Z0 is generated.
%------------------------------------------------------------------------
% 
% Step 2a: Generate the polynomial for the residue k(1)
pra=[1];
for i=2:n
  simpA=[1 -p(i)];
% pra is a polynomial vector of degree n-1; total number of entrees are n.
  pra=conv(pra,simpA);% This is an (n-1)th degree polynomial.
end
na=length(pra);
% store first polynomial onto firs row of A i.e. A(1,:)
for r=1:na
  A(1,r)=pra(r);
end
% Step 2a: Compute the product for 2<j<(n-1)
 
for j=2:nn
    prb1=[1];
        for i=1:j-1
        simpB=[1 -p(i)];
        prb1=conv(prb1,simpB);
        end
    % Skip j th term
    prb2=[1];
        for i=(j+1):n
            simpB1=[1 -p(i)];
            prb2=conv(prb2,simpB1);
        end
        prb=conv(prb1,prb2);
        nb=length(prb);
%
% Store j polynomials on to j th row of A; i.e. A(j,:)
for r=1:nb          
A(j,r)=prb(r);
end
%       
    end
% Step 2c: Compute the product term for j=n
prc=[1];
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for i=1:nn
    simpC=[1 -p(i)];
    prc=conv(prc,simpC);
end
nc=length(prc);
% store n the polynomial onto n the row of A(n,:)
for r=1:nc   
A(n,r)=prc(r);
end
%------------------------------------------------------------------------
for i=1:n
    for j=1:n
        C(i,j)=k(i)*A(i,j);
    end
end
%
%-------- Step 4: Generate the numerator as a MatLab row vector.
for i=1:n
D(i)=0;%Perform the sum operation to compute numerator polynomial
end
for j=1:n
    for r=1:n
    D(j)=D(j)+C(r,j);
    end;% Here is the numerator polynomial of length n.
end
[denom,errord]=denominator(p);
prd_n=Z0*denom; % this is n the degree polynomial vector with length n+1
a(1)=prd_n(1);
for i=2:(n+1)
    a(i)=D(i-1)+prd_n(i);
end
%    
num=real(a);
errorn=imag(a);

Program List 5.18: function [denom,errord]=denominator(p)

function [denom,errord]=denominator(p)
% This function computes the denominator polynomial of an
% immittance function from the given poles.
% It should be noted that this form of the denominator is normalized with
% the leading coefficient b(1)=1: denom=(p-p(1))(p-p(2))....(p-p(n))
% Input: 
%-------- poles p(i) as a MatLab row vector p
%-------- Residues k(i) of poles p(i) 
% Output:
%-------- denom; MatLab Row-Vector 
% ---which includes coefficients of the denominator polynomial of an 
immittance function. 
% denom=product[p-p(i)] 
% 
% --------- Step 1: Determine n 
n=length(p);
% -------- Step 2: Form the product term.
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 pr=[1]; %Define a simple polynomial pr=1.
for j=1:n 
     simple=[1 -p(j)];%this is the simple polynomial [p-p(j)]
% Generate multiplication of polynomials starting with 1.
      pr=conv(pr,simple);
end
denom=real(pr);
errord=imag(pr);
end

Program List 5.19: function Apoly=R_allzero(ndc,nz,W)

function Apoly=R_allzero(ndc,nz,W)
% This function computes the value of the RA
% RA(-p2)=(-1)^(ndc)*(p*p)^(ndc)*{[(p^2+W(1)^2]^2}...{[p^2+W(n)^2]^2}
% Inputs
%        ndc=transmission zeros at DC
%        nz=Transmission zeros at W(i)
%        W(i)=Transmission zeros at W(i)
%        p=jw a frequency point at which RA is computed.
% Output
%        A: Even polynomial coefficients of the numerator polynomial
%        R(-p^2)
%
% Computation Steps
%
% Initialization
       Apoly=[1];
if (nz>=1)
        for i=1:nz
        Wi2=W(i)*W(i);
        Cpoly=[1 0 Wi2];
        Dpoly=conv(Cpoly,Cpoly);
        Apoly=conv(Apoly,Dpoly);
    end
end
if(ndc>0)
    D(2*ndc+1)=0.0;%in MatLab we shift all the terms by one.
    for i=1:2*ndc
        D(i)=0.0;
    end
    D(1)=(-1)^ndc;
end
        if ndc==0
            D=[1];
        end
        Apoly=conv(Apoly,D);
end

Program List 5.20: function AT=clear_oddpower(AA)

function AT=clear_oddpower(AA)
% This function clears the odd power terms in a given MatLab Polynomial AA
na=length(AA);
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r=fix(na/2);
        for j=1:r
        AT(j)=AA(na-2*j+2);
        end
        for i=1:r
            ATT(r-i+1)=AT(i);
        end
        for i=1:r
            AT(i+1)=ATT(i);
        end
        AT(1)=AA(1); 
end

Program List 5.21: Main Program Example5_6B.m

% Main Program Example5_6B.m
% December 5 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
% This program provides solution for Example 5.6 using compact functions 
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
% -------------------------------------------------------------------------
% Compact optimization functions:
%         Step 1: Execute function RFLST_SingleMatching
%         Step 2: Execute function CurveFitting_BreakPoints 
%                         (Rational curve fitting via RFDCT)
%         Step 3: Execute function FinalOptimization_Parametric 
%                         (Final optimization via Pramteric Approach)
%         Step 4: Execute function SynthesisbyTranszeros
% Inputs: 
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% 
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
% Frequency normalization on the sampling frequencies of the measurement
WA=FA/f0; 
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
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Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% -------------------------------------------------------------------------
% INPUTS FOR RFLST:
%
        T0=0.975;
        NC=19;ktr=0;KFlag=0;sign=1;
        FL=330;FH=530;f0=530;R0=50;
% -------------------------------------------------------------------------
% Step 1: Idealized solution by RFLST optimization
[ WB,RB,TB ] = RFLST_SingleMatching(NC,ktr,KFlag,sign,T0,FL,FH,FA,Rin_A,X
in_A,f0,R0 );
% -------------------------------------------------------------------------
% Step 2: Rational function Curve fitting of the break points by RFDCT
% INPUTS FOR RFDCT Curve fitting:
    n=5;ndc=0;WZ=0;
[ c0,a0,AA,BB,P,a1,b1 ] = CurveFitting_BreakPoints (ktr,n,ndc,WZ,WB,RB );
% -------------------------------------------------------------------------
% Step 3: Final optimization of TPG on c(i) via Parametric Approach      
[ a,b,c,a0,WA,PA,QA,TA ] = FinalOptimization_Parametric( KFlag,ktr,T0,
n,ndc,WZ,c0,a0, NC, FA, Rin_A, Xin_A,FL,FH,f0,R0 );
figure
plot(WA,TA,WB,TB,WB,RB,WA,PA)
legend(‘TA-Final’,’TB-RFLST’,’RB’,’Final PA=Rational’)
xlabel(‘normalized angular frequency’)
ylabel(‘Optimum solution for the TPG of Example 5.6’)
title(‘Best solution for TPG of Example 5.6’)
% -------------------------------------------------------------------------
% Step 4:Darlington Synthesis of the driving point input immittance K(p)
%       K(p)=a(p)/b(p)
%
eps_zero=1e-8;
[ CT, CV,LL1,LL2,MM ] = SynthesisbyTranszeros(KFlag,WZ,ndc,a,b,eps_zero);
F0=f0*1e6 %(in Hz)
[ CVA ] = Actual_LumpedElements( F0,R0,CT,CV )

Program List 5.22: Main Program Example5_7.m

% Main Program Example5_7.m
% This main program solves the single matching problem to construct the
% front-end matching network for the power LD MOS RD07 by Mitsubishi
% In this example far end termination of [F] is fixed as a0=1.8569 which
% yields T0=0.975
clc;clear all;close all;
% Load-pull measured input impedance of the LD MOS RD07.
FAin=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
Rin=[20 17.61 14.50 18.70 22.00 9.16 10.23 10.40 17.18 14.33 13.36 11.04 9];
Xin=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 -15.89 -04.85 -05.11 
-12.11 -14.03 -16];
% Inputs for the passband and impedance normalization
FL=330;FH=530;f0=530;R0=50;F_unit=1e6;
% -------------------------------------------------------------------------
% User selected inputs to design single matching network via RFT
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%
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    n=5;ndc=0;WZ=[0]; a0=1.8569;
%
% -------------------------------------------------------------------------
% Design of front-end matching network in single function:
%
[FF,TFdB,aF,bF,cF,CTF,CVF,CVAF]=ImmittanceBased_RealFrSingMatch(FAin,Rin,
Xin,R0,f0,FL,FH,F_unit,T0,KFlag,ktr,sign,NC,n,ndc,WZ,a0);
%
% -------------------------------------------------------------------------
figure
plot(FF,TFdB)
xlabel(‘Actual frequencies’)
ylabel(‘TPG in dB’)
title(‘TPG for the front-end matching network of power amplifier designed 
with LD MOS 07’)

Program List 5.23: Function Error_Parametric

function [ eps ] = Error_Parametric(x0,ktr,T0,n,ndc,WZ,a0,WB,Ain_N,Bin_N,
wL,wH,M )
[ a,b ] = Evaluate_Parametric(x0,ktr,n,ndc,WZ,a0 );
%
Ns=M;delw=(wH-wL)/(Ns-1);w=wL;j=sqrt(-1);
for i=1:Ns
    p=j*w;
% ------- Generation Positive Real Minimum Susceptance YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);        
    Qf0_RFDCT=imag(YFval);
% ------ Generation of termination admittance Yin=A+jB --------------------
    A=line_seg(WB,Ain_N,w); 
    B=line_seg(WB,Bin_N,w);
% Generation of single matching gain --------------------------------------
% Part (b)
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            eps(i)=TPG-T0;
  w=w+delw;  
end
end

Program List 5.24: Main program Example5_6.m

% Main Program Example5_6.m
% December 3 2014 by BS Yarman, Vanikoy, Istanbul, Turkey
% This program provides the solution for Example 5.6 given in the new book of 
% Andrei Grebennikov-Narendra Kumar B. Siddik Yarman Book 
%
% Example 5.5: Model for the break points
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%           
% Inputs:
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
clear
clc 
close all
% 
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network: Zin(jw)=Rin+jXin
% Augmented actual frequencies:
FA=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
NA=length(FA);
f0=530;% Selected normalization frequency.
R0=50; % Selected impedance normalization number.
% Frequency normalization on the sampling frequencies of the measurement
WA=FA/f0; 
% Actual large signal input impedance of the LD MOS Device RD07 MUS2B by
% Mitsubishi Zin_A=Rin_A+jXin_A
% Augmented real part:
Rin_A1=[20 17.61 14.50 18.70 22.00 9.16 10.23 ];
Rin_A2=[10.40 17.18 14.33 13.36 11.04 9];
Rin_A=[Rin_A1 Rin_A2];
%
Rin_N=Rin_A/R0;% Impedance based real part normalization.
% Augmented imaginary part:
Xin_A1=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 ];
Xin_A2=[-15.89 -04.85 -05.11 -12.11 -14.03 -16];
Xin_A=[Xin_A1 Xin_A2];
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% 
% ----------- Generation of initial guess ---------------------------------
%
% Generation of unknown initial break points using linear interpolation
% Choice for total number of unknowns in the passband is NC
% Break points must be selected depending on the choice of immittance
% If KFlag1=1>Impedance based break points will be generated.
% If KFlag1=0>Admittance based break points will be generated.
% C=A+jB is the generated immittance for the termination.
% K=P+jQ is the driving point input immittance of the matching network.
% ---------- Inputs: II ---------------------------------------------------
KFlag1=0;% Design with admittance functions
NC=19;% Total number of unknowns within the passband.
% Generation of actual termination immittance for the single matching 
problem.
FL=330;% Actual lower end of the passband frequency in MHz.
FH=530;% Actual higher end of the passband frequency in MHz
% Computation of the termination impedance for selected number of unknowns 
% -------------------------------------------------------------------------
[FC,Ain,Bin] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH );
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
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N=length(FC);% Total number of break points
% Impedance normalization number R0=50 ohm.
% R0=50;
% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Step 1: Computation of initial break points:
T0=0.975;% Initial flat gain level
sign=1; % High initial values
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
% Step 2:  Optimization of TPG on the break points RB for RFLST
%
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
ktr=0; %Design without transformer (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
[ X0 ] = InitiateRFLST_lsqnonlin( ktr,RB );
M=2*NC;
options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
% ------ END OF OPTIMIZATION ----------------------------------------------
[ RB ] = EvaluateRFLST_lsqnonlin( ktr,X,R1 );
% -------------------------------------------------------------------------
% Step 3: Model for the real part P(w) as in (5.28).
% Curve fitting for the optimized break points:
% Initilize the unknowns:
a0=sqrt(RB(1));
n=5;ndc=0; WZ=0;nz=0;
[ x0 ] = Initiate_CurveFitting( ktr,n,a0 );
%
NB=length(WB);
wL=WB(1); wH=WB(NB);
M=2*NC;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
eps=@(x0)error_RFDCT( x0,ktr,WB,RB,n,ndc,WZ,a0,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
% -------------------------------------------------------------------------
[ c,a0,a,b,AA,BB ] = Evaluate_CurveFitting(x,ktr,n,ndc,WZ,R1 );
c0=c;
% Step 4: Final optimization of TPG on c(i) via Parametric Approach      
[ x0 ] = Initiate_Parametric( ktr,n,c,a0 );
% -------------------------------------------------------------------------
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
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T0=0.97;wL=WB(2);wH=WB(N-1);
eps=@(x0)Error_Parametric(x0,ktr,T0,n,ndc,WZ,a0,WB,Ain_N,Bin_N,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
%
[ a,b,c,a0 ] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0 );
%
ws1=0; ws2=2;Ns=100;delw=(ws2-ws1)/(Ns-1);w=ws1;j=sqrt(-1);
for i=1:Ns
    WA(i)=w;
    p=j*w;
% ------- Generation Positive Real Minimum Susceptance YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);        
    Qf0_RFDCT=imag(YFval);       
% ------ Generation of termination admittance Yin=A+jB --------------------
    A=line_seg(WB,Ain_N,w);     AA(i)=A;
    B=line_seg(WB,Bin_N,w);     BA(i)=B;
% --- Result of final optimization ----------------------------------------
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            TfA(i)=TPG;
 w=w+delw;  
end
figure
plot(WA,TfA)
xlabel(‘normalized angular frequency’)
ylabel(‘Optimum solution for the TPG of Example 5.6’)
title(‘Best solution for TPG of Example 5.6’)

Program List 5.25: RFLST_SingleMatching

function [ WB,RB,TB ] = RFLST_SingleMatching(NC,ktr, KFlag1, sign, T0, 
FL, FH, FA, Rin_A, Xin_A,f0,R0 )
%   Inputs:
%           FL: Lower edge of the passband. FL=FA(1) or FL(2)
%           FH: Upper edge of the passband. FH=FA(N-1).
%           ktr: Control Flag.
%               ktr=1> RB(1) is among the unknowns
%               ktr=0> RB(1) is fixed
%           NC: total number of uknowns in the passband
%           KFlag1: Immittance type of the optimization;
%               KFlag1=1> impedance based optimization
%               KFlag1=0> admittance based optimization
%           sign: Control Flag;
%               sign=1> Start with high values of initial break points
%               sign=-1> Start with low values of initial brak points
%           T0: Flat gain leven over passband subject to optimization
%           Single matching with termination impedance Zin=Rin+jXin
%           WA: Vector Sampling frequencies of the complex terminal
%           measurement. Note that terminal is specified as a complex
%           impedance with real and imaginary parts (ZL=Zin=Rin+jXin)
%           Rin: Vector, real par of Zin
%           Xin: Vector, imaginary part of Zin
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%           f0: Normalization frequency
%           R0: Normalization resistance (Internal resistor of the
%           generator for single matching problem.
% Note: Single Matching problem is defined as: Construction of [N] 
between
% resitive generator [R0] and complex impedance termination [Zin]
%
%   Output:
%           WB: Normalized break points.
%           RB: Vector. Normalized and optimized break points
% -------------------------------------------------------------------------
% Frequency normalization on the sampling frequencies of the measurement
WA=FA/f0; 
% Impedance Normalization
Rin_N=Rin_A/R0; % Impedance based real part normalization.
Xin_N=Xin_A/50; % Impedance based imaginary part normalization.
% -------------------------------------------------------------------------
[FC,Ain,Bin] = Impedance_Termination(KFlag1, NC, FA, Rin_A, Xin_A,FL,FH);
% -------------------------------------------------------------------------
% Normalized angular break frequency array for the initial break points.
WB=FC/f0;
N=length(FC);% Total number of break points
% Impedance normalization number R0=50 ohm.
% R0=50;
% Normalized input immittance: Cin= Ain_N + jBin_N
if KFlag1==1;
Ain_N=Ain/R0;
Bin_N=Bin/R0;
end
if KFlag1==0
    Ain_N=Ain*R0;
    Bin_N=Bin*R0;
end
% -------------------------------------------------------------------------
% Step 1: Computation of initial break points:
%
RB=initials(T0,WB,Ain_N,Bin_N,sign);
RB(N)=0;
% Step 2:  Optimization of TPG on the break points RB for RFLST
% ktr=0 Case:
wL=WB(2)/WB(N-1);% Normalized lower end of the frequency band
if ktr==1
    wL=WB(1)/WB(N-1);
end
wH=WB(N-1);% Normalized upper end of the frequency band
KFlag=KFlag1;% Admittance based design (Input)
R1=RB(1);% First break point
% Preparation for the initial guess for the unknowns X:
[ X0 ] = InitiateRFLST_lsqnonlin( ktr,RB );
M=2*NC;
options=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
eps=@(X0)error_RFLST(X0,ktr,T0,KFlag,WB,R1,WA,Rin_N,Xin_N,wL,wH,M );
X=lsqnonlin(eps,X0,[],[],options);
% ------ END OF OPTIMIZATION ----------------------------------------------
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[ RB ] = EvaluateRFLST_lsqnonlin( ktr,X,R1 );
% -------------------------------------------------------------------------
% -------------------------------------------------------------------------
for i=1:N
    w=WB(i);
            P=line_seg(WB,RB,w);   
            Q=num_hilbert(w,WB,RB);
            A=line_seg(WB,Ain_N,w);
            PF(i)=P;QF(i)=Q;
            B=line_seg(WB,Bin_N,w);
            [ TPG ] = Gain(A,B,P,Q );
            TB(i)=TPG;
end
end

Program List 5.26: function CurveFitting

function [ c,a0,AA,BB,P,a,b ] = CurveFitting_BreakPoints 
(ktr,n,ndc,WZ,WB,RB )
% Curve fitting of the optimized break points RB by Equation (5.28) via
% Real Frequency Direct Computational Technique (RFDCT)
% Inputs:
%       ktr: Control Flag
%           ktr=1> a0 is unknown
%           ktr=0> a0 is fixed
%       n: Degree of denominator polynomial of (5.28)
%       ndc: Transmizzion zeros at DC
%       WZ: Vector. Finite transmission zeros on the frequency axis
%       WB: Vector. Normalized Angular Break Frequencies
%       RB: Normalized Break Points
% Output:
%       c: optimized coefficients of the auxiliary polynomial
%       c(w)=c(1)w^n+c(1)w^(n-1)++...+c(n)w+1
%       AA(p): Numerator polynomial of R(w^2)=AA((w^2)/BB(W^2)
%       BB(p): Denominator polynomial of R(w^2)
%       P: Vector. Values of R(W^2) evaluated at break frequencies.
%       K(p)=H(R(w^2))=a(p)/b(p); Driving Point Input Immittance of the
%       equalizer
%       a(p): Numerator polynomial of K(p)
%       b(p): Denominator polynomial of K(p)
% Curve fitting for the optimized break points:
% Initilize the unknowns:
a0=sqrt(RB(1));R1=RB(1);
[ x0 ] = Initiate_CurveFitting( ktr,n,a0 );
%
NB=length(WB);
wL=WB(1); wH=WB(NB);
M=3*NB;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
eps=@(x0)error_RFDCT( x0,ktr,WB,RB,n,ndc,WZ,a0,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
% -------------------------------------------------------------------------
[ c,a0,a,b,AA,BB ] = Evaluate_CurveFitting(x,ktr,n,ndc,WZ,R1 );
% -------------------------------------------------------------------------
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% Check the quality of the curve fitting at the break frequencies
NB=length(WB);
for j=1:NB
    w=WB(j);
    Pr(j)=line_seg(WB,RB,w);
    AAVAL=polyval(AA,w);
    BBVAL=polyval(BB,w);
    P(j)=AAVAL/BBVAL;
end
end

Program List 5.27: FinalOptimization_Parametric

function [ a,b,c,a0,WA,PA,QA,TA ] = FinalOptimization_Parametric( 
KFlag1,ktr,T0,n,ndc,WZ,c0,a0, NC, FA, Rin_A, Xin_A,FL,FH,f0,R0 )
% Final optimization of TPG on c(i) via Parametric Approach      
[ x0 ] = Initiate_Parametric( ktr,n,c0,a0 );
N=length(FA);M=3*N;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
wL=FL/f0;wH=FH/f0;
% T0=0.97;wL=WB(2);wH=WB(N-1);
[ WA,Ain_N,Bin_N ] = NormalizedImmittance_Termination(KFlag1, NC, FA, 
Rin_A, Xin_A,FL,FH,f0,R0 );
eps=@(x0)Error_Parametric(x0,ktr,T0,n,ndc,WZ,a0,WA,Ain_N,Bin_N,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
%
[ a,b,c,a0 ] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0 );
%
NA=length(WA);j=sqrt(-1);
for i=1:NA
    w=WA(i);
    p=j*w;
% ------- Generation Positive Real Minimum Susceptance YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);  PA(i)=Pf0_RFDCT;      
    Qf0_RFDCT=imag(YFval);  QA(i)=Qf0_RFDCT;     
% ------ Generation of termination admittance Yin=A+jB --------------------
    A=line_seg(WA,Ain_N,w);    
    B=line_seg(WA,Bin_N,w);
% --- Result of final optimization ----------------------------------------
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            TA(i)=TPG;
end
end

Program List 5.28: function Actual_LumpedElements

function [ CVA ] = Actual_LumpedElements( f0,R0,CT,CV )
% December 9, 2014
% -------------------------------------------------------------------------
% CT=1> Series Inductor
% CT=7> Shunt Inductor
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% CT=8> Shunt Capacitor
% CT=2> Series Capacitor
% CT=9> Terminating Resistor
% Series R//L//C: CT=4> Inductor, CT=5> Capacitor,CT=6> Resistor, 
% Shunt R+L+C: CT=10>Inductor,CT=11> Capacitor,CT=12>Resistor,
% -------------------------------------------------------------------------
% Actual element values of inductors
n=length(CT);
for i=1:n
% Denormalization of inductors
if CT(i)==1
    CVA(i)=CV(i)*R0/f0;
end
if CT(i)==7
    CVA(i)=CV(i)*R0/f0;
end
% Denormalization of capacitors
for i=1:n
% Denormalization of inductors
if CT(i)==8
    CVA(i)=CV(i)*R0/f0;
end
if CT(i)==2
    CVA(i)=CV(i)*R0/f0;
end
% Denormalization of Resistors
if CT(i)==9
    CVA(i)=CV(i)/R0/f0;
end
if CT(i)==6
    CVA(i)=CV(i)/R0/f0;
end
if CT(i)==12
    CVA(i)=CV(i)*R0/f0;
end
end
end

Program List 5.29: Function FinalOptimization

function [ a,b,c,a0,WA,PA,QA,TA ] = FinalOptimization_Parametric( KFlag1, 
ktr, T0, n, ndc, WZ, c0,a0, NC, FA, Rin_A, Xin_A,FL,FH,f0,R0 )
% Final optimization of TPG on c(i) via Parametric Approach      
[ x0 ] = Initiate_Parametric( ktr,n,c0,a0 );
N=length(FA);M=3*N;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
wL=FL/f0;wH=FH/f0;
% T0=0.97;wL=WB(2);wH=WB(N-1);
[ WA,Ain_N,Bin_N ] = NormalizedImmittance_Termination(KFlag1, NC, FA, 
Rin_A, Xin_A,FL,FH,f0,R0 );
eps=@(x0)Error_Parametric(x0,ktr,T0,n,ndc,WZ,a0,WA,Ain_N,Bin_N,wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
%
[ a,b,c,a0 ] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0 );
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%
NA=length(WA);j=sqrt(-1);
for i=1:NA
    w=WA(i);
    p=j*w;
% ------- Generation Positive Real Minimum Susceptance YF=PF+jQF for [F] --
    aval=polyval(a,p);
    bval=polyval(b,p);
    YFval=aval/bval;
    Pf0_RFDCT=real(YFval);  PA(i)=Pf0_RFDCT;      
    Qf0_RFDCT=imag(YFval);  QA(i)=Qf0_RFDCT;     
% ------ Generation of termination admittance Yin=A+jB --------------------
    A=line_seg(WA,Ain_N,w);    
    B=line_seg(WA,Bin_N,w);
% --- Result of final optimization ----------------------------------------
            [ TPG ] = Gain(A,B,Pf0_RFDCT,Qf0_RFDCT );
            TA(i)=TPG;
end
end

Program List 5.30: SynthesisbyTranszeros

function [CTFinal, CVFinal,LL1,LL2,MM] = SynthesisbyTranszeros(KFlag,W,nd
c,a,b,eps_zero)
% This function synthesizes general form of an input impedance
% Z(p)=a(p)/b(p).
% 
% -------------------------------------------------------------------------
aa=a;bb=b;
if norm(W)>0
if KFlag==1;
[ CTFinal, CVFinal,LL1,LL2,MM ] = ZeroShifting_AccurateImpedanceSynthesis
(1,W,ndc,a,b,eps_zero );
end
if KFlag==0,
    a=bb;b=aa; %Y(p)=aa/bb; Z(p)=bb(p)/aa(p)
    [ index ] = CheckIfab_samedegreewithnonzeroterms( a,b );
    if index==1;% Flip over the admittance function Y(p)=a(p)/b(p) to 
synthesize impedance Z(p)=b(p)/a(p)
        [ CTFinal, CVFinal,LL1,LL2,MM ] = ZeroShifting_
AccurateImpedanceSynthesis(1, W,ndc,bb,aa,eps_zero );
    end
    if index==0; % Start with admittance function to extract poles of 
Y(p)=a(p)/b(p)at infinity and DC
        [ CTFinal, CVFinal,LL1,LL2,MM ] = ZeroShifting_
AccurateImpedanceSynthesis(0, W,ndc,aa,bb,eps_zero );
    end
end
% -------------------------------------------------------------------------
end
% 
if W==0
    LL1=’ There is no finite transmission zero’
    LL2=’There is no finite transmission zero’
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    MM=’There is no finite transmission zero’
    R0=1;f0=1/2/pi;
 [CTFinal,CVFinal] = CircuitPlot_Yarman(KFlag,R0,f0,a,b,ndc);  
end
n=length(a)-1;
if n>2;%Plot_Circuitv1(CTFinal,CVFinal);end
end

Program List 5.31: ZeroShifting_AccurateImpedanceSynthesis

function [ CTFinal, CVFinal,LL1,LL2,MM ] = ZeroShifting_AccurateImpedance
Synthesis(KFlag, W,ndc,a,b,eps_zero )
% This function synthesizes the complete minimum reactance function
% Z(p)=a(p)/b(p) by extracting finite transmission zeros using zero
% shifting technique, by extracting DC transmission zeros using our high
% precision bandpass synthesis algorithm and by extracting transmission
% zeros at infinity employing our High Precision Lowpass Ladder Synthesis
% algorithm.
% -------------------------------------------------------------------------
% Inputs: 
%       KFlag=1> F(p)=a(p)/b(p) is a minimum reactance
%       KFlag=0> F(p)=a(p)/b(p) ia minimum susceptance
%       W: Finite transmission zeros on the jw axis. This is a Matlab
%       vector. if there is no finite transmission zeros then we set W=0.
%       ndc: Count for the total transmission zeros at DC.
%       a(p): Numerator polynomial of Z(p)
%       b(p): Denominator polynomial of Z(p)
%       eps_zero: Algorithmic zero of the synthesis.
% -------------------------------------------------------------------------
% Outputs:
%       CTFinal: Codes for the complete circuit elements
%       CVFinal: Element values of CTFinal
%       LL1: Inductors for the primary coils of the Brune Section
%       LL2: Inductors of the secondary coils of the Brube Sections
%       MM: Mutal inductance between primary and secondary coils.
% -------------------------------------------------------------------------
% Part (c): Synthesis using zero shifting within 5 steps
% C1: Correct the impedance to yield the specified transmission zeros
nb=length(b)-1;
if KFlag==0;
    [ a,b,CTx,CVx,ndc ] = NonminimumToMinimum( b,a,ndc );
% Here it is assumed that at the input of the above function 
%                               Z(p)=b(p)/b(p) is a nonminimum impedance. 
% At the output the resulting Zr(p)=a(p)/b(p) is a minimum function
end
%[ a,b,eps_A,eps_a,eps_b ] = ImpedanceCheck_General(W,ndc,a,b,eps_zero );
[a,b]=General_immitCheck(ndc,W,a,b);
%[a,b,LA,LB,LC,LL1,LL2,MM,CT,CV]=
SynthesiswithC_Section(KFlag,W,ndc,a,b,eps_zero)
nW=length(W);
CT=[]; CV=[];
for i=1:nW  
    wa=W(i);
[Even_Part, La ] =Zeroshifting_Step1( a,b,wa,eps_zero );
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[ Lb,Cb,kb,a2,b2, r_norm ] = Zeroshifting_Step2(wa,La,a,b,eps_zero );
[ Lc, a3,b3, L1, L2,M ] =Zeroshifting_Step3(La, Lb, a2,b2 );
% -------------------------------------------------------------------------
% Store the element values of Brune Sections
        LA(i)=La;LB(i)=Lb;LC(i)=Lc;
        LL1(i)=L1;LL2(i)=L2;MM(i)=M;
% -------------------------------------------------------------------------
n=length(b3)-1;
%
[ CT1, CV1 ] =Zeroshifting_Step4( La, Lb, Lc, Cb,nb, a3, b3 );
CT=[CT CT1]; CV=[CV CV1];
%
%
    [ WW ] = Sweep_FiniteZeros(W,i );
    if WW==0;
        [a,b,ndc]=Check_immitance(a3,b3,ndc);
    end
%
if norm(WW)>0;[a,b]=General_immitCheck(ndc,WW,a3,b3);end
end
% Plot the circuit
if nb>2
%w0=1;
f0=1/2/pi;R0=1;
[CTA,CVA] = CircuitPlot_Yarman(1,R0,f0,a3,b3,ndc);
% -------------------------------------------------------------------------
if KFlag==1;CTFinal=[CT CTA]; CVFinal=[CV CVA];end; 
end
% if KFlag=1, there is no pole at infinity extraction  at the begining of 
the synthesis.
if KFlag==0;CTFinal=[CTx CT CTA]; CVFinal=[CVx CV CVA];end; 
% if Kflag=0, firstly, we extract the pole at infinity to end up with
% a minimum reactance function then, go ahead with the zero shifting 
algorithm 
% -------------------------------------------------------------------------
% 
%Plot_Circuitv1(CTFinal,CVFinal);
if nb==2
    CTFinal=CT;
    CVFinal=CV;
end
end

Program List 5.32: InitiateRFLST_lsqnonlin

function [ X0 ] = InitiateRFLST_lsqnonlin( ktr,RB )
%
N=length(RB);
if ktr==0; % Design without transformer
    for i=1:N-2
    X0(i)=RB(i+1);
    end
end

© 2016 by Taylor & Francis Group, LLC

  



413Design of Wideband RF and Microwave Amplifiers Employing RFTs

if ktr==1; % Design with transformer
    for i=1:N-1
        X0(i)=RB(i+1);
    end
end
 
end

Program List 5.33: Initiate_Parametric

function [ x0 ] = Initiate_Parametric( ktr,n,c,a0 )
%
c0=c;
if ktr==0; % Design without transformer
    for i=1:n
    x0(i)=c0(i);% the only unknowns
    end
end
if ktr==1; % Design with transformer
    for i=1:n
        x0(i)=c0(i);
    end
    x0(n+1)=a0;
end
end

Program List 5.34: Initiate_CurveFitting

function [ x0 ] = Initiate_CurveFitting( ktr,n,a0 )
%
%ktr=0;
mu=-1;c0(1)=1;
for i=2:n
    c0(i)=mu*c0(i-1);
end
%c1=[ -0.0648   -1.3689   -0.0007    2.1483   -0.0050    0.0008    0.1666    
0.0036   -0.0127   -1.5000 ];
%c2=[-0.0695   -0.0002    0.0013    1.1124  -0.0400   -0.3829    0.0161   
-0.0154    0.0095];
%c0=[c1 c2];
if ktr==0; % Design without transformer
    for i=1:n
    x0(i)=c0(i);% the only unknowns
    end
end
if ktr==1; % Design with transformer
    for i=1:n
        x0(i)=c0(i);
    end
    x0(n+1)=a0;
end
end
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Program List 5.35: EvaluateRFLST_lsqnonlin

function [ RB ] = EvaluateRFLST_lsqnonlin( ktr,X,R1 )
%
if ktr==0
    N=length(X)+2;
end
if ktr==1
    N=length(X)+1;
end
if ktr==0
    for i=1:N-2
        RB(i+1)=X(i);
    end
    RB(1)=R1; RB(N)=0;
end
if ktr==1
    for i=1:N-1
        RB(i)=X(i);
    end
    RB(N)=0;
end
end

Program List 5.36: Evaluate_Parametric

function [ a,b,c,a0 ] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0 )
if ktr==0
    for i=1:n
        c(i)=x(i);
    end
end
if ktr==1
    for i=1:n
    c(i)=x(i);
    end
    a0=x(n+1);
end
% ------- Result of Parametric Optimization -------------------------------
% Generate the denominator polynomial B(w^2) of (5.28)in w-domain:
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in w-domain
        B=polarity(BB);% Now, it is transferred to p-domain
        nB=length(BB);
% Generate the numerator polynomial in w domain: 
          A=(a0*a0)*R_Num(ndc,WZ);% A is specified in p-domain
          AA=polarity(A);% This polynomial is in w domain
% Note that function RtoZ requires same length vectors A and B
% Convert A to same length of B
nA=length(A);
if (abs(nB-nA)>0)
    A=fullvector(nB,A);% This polynomail is in p-domain
end
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% Generation of analytic form of Driving Point Input Immittance 
                [a,b]=RtoZ(A,B);
end

Program List 5.37: Evaluate_CurveFitting

function [ c,a0,a,b,AA,BB ] = Evaluate_CurveFitting(x,ktr,n,ndc,WZ,R1 )
if ktr==0
    for i=1:n
        c(i)=x(i);
    end
end
if ktr==1
    for i=1:n
    c(i)=x(i);
    end
    a0=x(n+1);
end
if ktr==0
    a0=sqrt(R1);
end
% ------- Result of Curve Fitting -----------------------------------------
% Generate the denominator polynomial B(w^2) of (5.28)in w-domain:
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in w-domain
        B=polarity(BB);% Now, it is transferred to p-domain
        nB=length(BB);
% Generate the numerator polynomial in w domain: 
          A=(a0*a0)*R_Num(ndc,WZ);% A is specified in p-domain
          AA=polarity(A);% This polynomial is in w domain
% Note that function RtoZ requires same length vectors A and B
% Convert A to same length of B
nA=length(A);
if (abs(nB-nA)>0)
    A=fullvector(nB,A);% This polynomail is in p-domain
end
% Generation of analytic form of Driving Point Input Immittance
                [a,b]=RtoZ(A,B);
end

Program List 5.38: ImmittanceBased_RealFrSingMatch

function
[FA,TdB,a,b,c,CT,CV,CVA]=ImmittanceBased_RealFrSingMatch(FAin,RinA,XinA,R
0,f0,FL,FH,F_unit,T0,KFlag,ktr,sign,NC,n,ndc,WZ,ac)
% This function completely solves the single matching problem from the
% given measured data.
%   Inputs:
%   FA,RA,XA: Vectors of measured complex impedance termination data such 
that ZA=RA+jXA over measurement frequencies FA. In regard, FA is shorten 
by skipping its measurement scale. For example, if the frequencies are 
measured in Mega Hertz range such as 330 MHz, 340 MHz,  350 MHz etc. 
Then, vector FA contains only plain number as FA=[330 340 350 … ].
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%   R0,f0: Impedance and frequency normalization numbers respectively. It 
is noted that f0 is plain number does not have a unit as in FA.
%   FL,FH: Lower and upper edge of the passband without unit as in FA.
%   F_unit: Frequency measurement unit. For example, if the frequencies 
are measure in MHz range, then, F_unit=10^6 selected.  If we make the 
measurements in GHz range, then, ?F_unit=10?^9 etc.
%   T0: Target flat gain level for the single matching problems.
%   KFlag: Describes the type of immittance that we carry out 
computation. KFlag=1 selected for impedance based computations. KFlag=0 
selected for admittance based computation. This selection is guided by 
success of the optimization. For example, for capacitive load 
terminations, KFlag=0 may result in successful optimization. Similarly, 
for inductive load termination KFlag=1 may yield food results in gain 
optimization.
%   ktr: This control flag may be used to control the far end resistive 
termination for low pass designs. When we select ndc=0 for low pass 
designs, far end termination is either fixed to be R0 or it is left free 
to make the optimization more flexible. In this case, for low pass 
designs we use a transformer to level up the termination resistor at the 
far end to R0. For bandpass design (ndc>0) we should set ktr=1.
%   sign: This control flag determines the initial guess for RFLST if we 
start with low initials or high initial. Sign=1 corresponds to high 
initials. Sign=0 is for the low initials. Choice of signs is dictated 
with success of gain optimization. 
%   NC: This integer is the total number of unknown break points in the 
passband. 
%   n,ndc,WZ: These integers determine the complexity of the matching 
network as described before.
% ac: This slack variable is the equal to the desired values of a0. If a0 
is fixed in advance ac must be selected as ?(R_0 ). If a0 is part of the 
unknowns then it is initialized as we wish.
% 
%  Outputs of function “ImmittanceBased_RealFrSingMatch” is given as
%   F_actual: Frequency sampling vector. Actual frequencies in F_unit 
range linked to the gain computation.
%   TdB: TPF for the equalizer in dB. It is generated at the frequencies 
specified by the vector F_actual.
%   a,b: Driving point input immittance of the matching network such that 
K(p)=a(p)/b(p)
%   c: Coefficients of the auxiliary polynomial which generated 
K(p)=a(p)/b(p) using parametric approach.
%   CT,CV,CVA: These MatLab vector describes the matching network 
topology with element values at the end of the synthesis of K(p)=a(p)/
b(p). CT describes the component types like series capacitor, shunt 
inductor etc... 
% CV stores the normalized element values. Eventually, in CVA we have the 
actual element values.
% 
%
%         Step 1: Execute function RFLST_SingleMatching
[ WB,RB,TB ] = RFLST_SingleMatching(NC,ktr, KFlag,sign,T0,FL,FH,FAin,RinA
,XinA,f0,R0 );
%         Step 2: Execute function CurveFitting_BreakPoints 
%                         (Rational curve fitting via RFDCT)
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[ c0,a0,AA,BB,P,a,b ] = CurveFitting_BreakPoints (ktr,n,ndc,WZ,WB,RB );
%         Step 3: Execute function FinalOptimization_Parametric 
%                         (Final optimization via Parametric Approach)
a0=ac;
[ a,b,c,a0,WA,PA,QA,TA ] = FinalOptimization_Parametric( 
KFlag,ktr,T0,n,ndc,WZ,c0,a0, NC, FAin, RinA, XinA,FL,FH,f0,R0 );
FA=WA*f0;
%         Step 4: Execute function SynthesisbyTranszeros
TdB=10*log10(TA);
eps_zero=1e-8;
[ CT, CV,LL1,LL2,MM ] = SynthesisbyTranszeros(KFlag,WZ,ndc,a,b,eps_zero);
F0=f0*F_unit;
[ CVA ] = Actual_LumpedElements( F0,R0,CT,CV); 
end

Program List 5.39: Actual_LumpedElements

function [ CVA ] = Actual_LumpedElements( f0,R0,CT,CV )
% Th?s funct?on generates the actual element values of lumped elements
%   Inputs:
%       f0: Normalization frequency in Hz (actual value)
%       R0: Normalization resistor. It is usually 50 ohms.
%       CT: Component type comes from the synthesis package
%       CV: Normalized component values
%   Output:
%       CVA: Actual element values
% -------------------------------------------------------------------------
%       
% December 9, 2014
% -------------------------------------------------------------------------
% CT(i)=1> Series Inductor
% CT(i)=7> Shunt Inductor
% CT(i)=8> Shunt Capacitor
% CT(i)=2> Series Capacitor
% CT(i)=9> Terminating Resistor
% Series R//L//C: CT(i)=4> Inductor, CT(i)=5> Capacitor,CT(i)=6> 
Resistor, 
% Shunt R+L+C: CT(i)=10>Inductor,CT(i)=11> Capacitor,CT(i)=12>Resistor,
% -------------------------------------------------------------------------
% Computat?on of actual element values 
n=length(CT);
for i=1:n
% Denormalization of inductors
if CT(i)==1
    CVA(i)=CV(i)*R0/f0/2/pi;
end
if CT(i)==7
    CVA(i)=CV(i)*R0/f0/2/pi;
end
% Denormalization of capacitors
if CT(i)==8
    CVA(i)=CV(i)/R0/f0/2/pi;
end
if CT(i)==2
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    CVA(i)=CV(i)/R0/f0/2/pi;
end
% Denormalization of Resistors
if CT(i)==9
    CVA(i)=CV(i)*R0;
end
if CT(i)==6
    CVA(i)=CV(i)*R0;
end
if CT(i)==12
    CVA(i)=CV(i)*R0;
end
end

Program List 5.40: Main Program GKYExample5_8.m

% Main Program GKYExample5_8.m
% This main program solves the single matching problem to construct the
% front-end matching network for the power LD MOS RD07 by Mistsibushi
% In this example far end termination of [F] is fixed as a0=1 which
% yields T0=0.975
clc;clear all;close all;
% Load-pull measured input impedance of the LD MOS RD07.
FAin=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
Rin=[20 17.61 14.50 18.70 22.00 9.16 10.23 10.40 17.18 14.33 13.36 11.04 9];
Xin=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 -15.89 -04.85 -05.11 
-12.11 -14.03 -16];
% Inputs for the passband and impedance normalization
FL=330;FH=530;f0=530;R0=50;F_unit=1e6;
% -------------------------------------------------------------------------
% User selected inputs to design single matching network via RFT
%
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    n=5;ndc=0;WZ=[0]; a0=1;
%
% -------------------------------------------------------------------------
% Design of front-end matching network in single function:
%
[FF,TFdB,aF,bF,cF,CTF,CVF,CVAF]=ImmittanceBased_RealFrSingMatch(FAin,Rin,
Xin,R0,f0,FL,FH,F_unit,T0,KFlag,ktr,sign,NC,n,ndc,WZ,a0);
%
% -------------------------------------------------------------------------
figure
plot(FF,TFdB)
xlabel(‘Actual frequencies’)
ylabel(‘TPG in dB’)
title(‘TPG for the front-end matching network of power amplifier designed 
with LD MOS 07’)

Program List 5.41: Main Program GKYExample5_9.m

% Main Program GKYExample5_9.m
% This program designs the single matching equalizers within 
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% one MatLab function called
%              “ImmittanceBased_RealFrSingMatch”
% 
% December 7 2014 by BS Yarman,Vanikoy,Istanbul,Turkey
%  This program provides solution for Example 5.9 using a compact 

functions 
% Andrei Grebennikov-Narendra Kumar B.Siddik Yarman Book 
% -------------------------------------------------------------------------
%  function “ImmittanceBased_RealFrSingMatch” executes the major functions 
developed

% specifically for the book under consideration.
%
% Compact optimization functions are given as follows:
%         Step 1: Execute function RFLST_SingleMatching
%         Step 2: Execute function CurveFitting_BreakPoints 
%                         (Rational curve fitting via RFDCT)
%         Step 3: Execute function FinalOptimization_Parametric 
%                         (Final optimization via Parametric Approach)
%         Step 4: Execute function SynthesisbyTranszeros
% Inputs: 
% Load-Pull Measurement for LD MOS RD07 by Mitsubishi
% Sampling Frequencies of the actual measurements in MHz
% -------------------------------------------------------------------------
    clear
    clc 
    close all
% ------ Inputs I: --------------------------------------------------------
% Termination data for the front-end matching network:
%              Zin_A(jw)=Rin_A+jXin_A
%
    FAin=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
    Rin=[20 17.61 14.50 18.70 22.00 9.16 10.23 10.40 17.18 14.33 13.36 
11.04 9];
    Xin=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 -15.89 -04.85 -05.11 
-12.11 -14.03 -16];
%
% User selected Inputs:
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    FL=330;FH=530;f0=530;R0=50;F_unit=1e6;
    n=5;ndc=0;WZ=0;a0=1;
%
% -------------------------------------------------------------------------
% Automated design of [F]:
[FF,TFdB,aF,bF,cF,CTF,CVF,CVAF]=ImmittanceBased_RealFrSingMatch(FAin,Rin,
Xin,R0,f0,FL,FH,F_unit,T0,KFlag,ktr,sign,NC,n,ndc,WZ,a0);
% -------------------------------------------------------------------------
% Design of back-end matching network [B]
% Inputs for the termination Zout=Rout+jXout of [B]
    FAout=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
    Rout=[30 22.47 16.06 21.23 24.40 22.03 23.50 17.82 18.53 21.06 26.80 
21.50 13];
    Xout=[ 0 -7.84 -12.69 -12.32 -13.45 -12.14 -14.01 -9.52 -1.53 -4.54 
-11.06 -13.54 -10];
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% User selected inputs to design back-end MN [B]:
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    FL=330;FH=530;f0=530;R0=50;F_unit=1e6;
    n=5;ndc=0;WZ=0;a0=1;
  % Automated design of [B]
    [FB,TBdB,aB,bB,cB,CTB,CVB,CVAB]=ImmittanceBased_RealFrSingMatch(FAout,
Rout,Xout,R0,f0,FL,FH,F_unit,T0,KFlag,ktr,sign,NC,n,ndc,WZ,a0);
 % ------------------------------------------------------------------------
    % TPG plot for [F]
 figure
 plot(FF,TFdB)
 title(‘Design of front-end matching network’)
 ylabel(‘TPG for front-end matching network [F]’)
 xlabel(‘Actual frequency in MHz’)
 %
 figure
 plot(FB,TBdB)
 title(‘Design of back-end matching network’)
 ylabel(‘TPG for back-end matching network [B]’)
 xlabel(‘Actual frequency in MHz’)
 %
 plot(FAin, Rin, FAin, Xin, FAout,Rout, FAout, Xout)
legend(‘Rin’,’Xin’,’Rout’,’Xout’)
xlabel(‘frequency’)

Program List 5.42: Main Program GKYExample5_9b.m

% Main Program GKY_Example5_9b.m
% This main program solves the single matching problem to construct the
% front-end matching network for the power LD MOS RD07 by Mistsibushi
% In this example far end termination of [F] is fixed as a0=1 which
% yields T0=0.975
clc;clear all;close all;
% Load-pull measured input impedance of the LD MOS RD07.
FAin=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
Rin=[20 17.61 14.50 18.70 22.00 9.16 10.23 10.40 17.18 14.33 13.36 11.04 9];
Xin=[0 -04.63 -03.67 -11.30 -10.11 -13.96 -17.94 -15.89 -04.85 -05.11 
-12.11 -14.03 -16];
%
figure
plot(FAin,Rin,FAin,Xin)
legend(‘Rin’,’Xin’)
xlabel(‘Actual frequencies’)
ylabel(‘Zin=Rin+jXin’)
title(‘Load-Pull Measured input impedances for LD-MOS RD07’)
%
% -------------------------------------------------------------------------
% Inputs for the passband and impedance normalization
FL=330;FH=530;f0=530;R0=50;F_unit=1e6;
% -------------------------------------------------------------------------
% User selected inputs to design single matching network via RFT
%
    T0=0.975;
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    NC=19;ktr=0;KFlag=0;sign=1;
    n=5;ndc=0;WZ=[0]; a0=1;
%
Imp_input=[FAin Rin Xin];
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Input_Data=[UserSelectedInputs Imp_input];
%
% -------------------------------------------------------------------------
% Design of front-end matching network in single function:
%
[ CTF,CVF,CVAF,FAF,TAF,cF,aF,bF,a0F ] = CompactSingleMatching( Input_Data );
%
TFrontdB=10*log10(TAF);
% -------------------------------------------------------------------------
figure
plot(FAF,TFrontdB)
xlabel(‘Actual frequencies’)
ylabel(‘TPG in dB’)
title(‘TPG in dB of [F] for the power amplifier designed using 
LDMOS-RD07’)
%
% % Inputs for the termination Zout=Rout+jXout of [B]
    FAout=[0 330 350 370 390 410 430 450 470 490 510 530 1060];
    Rout=[30 22.47 16.06 21.23 24.40 22.03 23.50 17.82 18.53 21.06 26.80 
21.50 13];
    Xout=[ 0 -7.84 -12.69 -12.32 -13.45 -12.14 -14.01 -9.52 -1.53 -4.54 
-11.06 -13.54 -10];
% %
% % User selected inputs to design back-end matching network via RFT
figure
plot(FAout,Rout,FAout,Xout)
legend(‘Rout’,’Xout’)
xlabel(‘Actual frequencies’)
ylabel(‘Zout=Rout+jXout’)
title(‘Load-Pull Measured output impedances for LD-MOS RD07’)
% % RFT Inputs for the back-end matching network
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    n=5;ndc=0;WZ=[0]; a0=1;
% 
 Imp_output=[FAout Rout Xout];
 UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ 
a0];
 Output_Data=[UserSelectedInputs Imp_output];
% -------------------------------------------------------------------------
% Design of back-end matching network in single function:
%
 [ CTB,CVB,CVAB,FAB,TAB,cB,aB,bB,a0B ] = CompactSingleMatching( Output_
Data );
%
 TBackdB=10*log10(TAB);
figure
plot(FAB,TBackdB)
xlabel(‘actual frequencies’)
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ylabel(‘TPG in dB for the back-end matching network’)
title(‘TPG in dB of [B] for the power amplifier designed using LDMOS-RD07’) 

Program List 5.43: GKY_Example5_10.m

% Main Program GKY_Example5_10.m
% This main program solves the double matching problem to construct the
% Interstage Equalizer for a two-stage amplifier over 330-530 MHz.
% Design of Interstage equalizer
% Generator side is the output impedance of LD-MOS RD-01 by Mitsubishi
% -------------------------------------------------------------------------
clc;clear all;close all;
% Port-2 based design:
KPort=2;
% Load-pull measured Zout1 LD MOS RD01: ZG=RG+jXG
% 
AG=[330 22.47   -07.84
350     16.06   -12.69
370     21.23   -12.32  
390     24.40   -13.45  
410     22.03   -12.14  
430     23.50   -14.01   
450     17.82   -09.52  
470     18.53   -01.53
490     21.06   -04.54
510     26.8    -11.06
530     21.5    -13.54];
%
FAG=AG(:,1)’;RAG=AG(:,2)’;XAG=AG(:,3)’;
FAG=[0 FAG 1060]; RAG=[25 RAG 0]; XAG=[0 XAG -15];% Extrapolated 
generator
% -------------------------------------------------------------------------
% % Load-pull measured Zinput2 LD MOS RD07: ZL=RL+jXL
AL=[330 2.32   -3.97
350     3.90   -1.98
370     1.81   -3.21
390     1.93   -2.48
410     1.86   -3.87
430     1.93   -1.81
450     1.05   -1.29
470     1.30   -1.58
490     1.65   -2.98
510     1.64   -2.91
530     1.66   -3.33];
%
FAL=AL(:,1)’;RAL=AL(:,2)’;XAL=AL(:,3)’;
FAL=[0 FAL 1060]; RAL=[4 RAL 0]; XAL=[0 XAL -5];% Extrapolated load
% -------------------------------------------------------------------------
figure
plot(FAG,RAG,FAG,XAG)
legend(‘RAG’,’XAG’)
xlabel(‘Actual frequencies’)
ylabel(‘ZAG=RAG+jXAG’)
title(‘Load-Pull Measured output impedances for LD-MOS RD07’)
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% -------------------------------------------------------------------------
figure
plot(FAL,RAL,FAL,XAL)
legend(‘RAL’,’XAL’)
xlabel(‘Actual frequencies’)
ylabel(‘ZAL=RAL+jXAL’)
title(‘Load-Pull Measured input impedances for LD-MOS RD01’)
% -------------------------------------------------------------------------
% Inputs for the passband and impedance normalization
FL=310;FH=530;f0=530;R0=50;F_unit=1e6;% with extended bandwidth(310 vs 
330)
wL=FL/f0;wH=FH/f0;
% -------------------------------------------------------------------------
% Example 5.10 Part (a): Equalizer is described from Port-2
% User selected inputs to design double matching network via RFT
% Design at Port-2: Generator based double matching gain
FL=310;FH=530;f0=530;R0=50;F_unit=1e6;% with extended bandwidth(310 vs 
330)
wL=FL/f0;wH=FH/f0;
    T0=0.93;
    NC=19;ktr=0;KFlag=0;sign=1;% with high line segment initials
    n=5;ndc=0;WZ=[0]; a0=1;M=2*(NC+2);
% -------------------------------------------------------------------------
% Impedance normalization: Generator side
FAG=[0 FAG 1060]; RAG=[25 RAG 0]; XAG=[0 XAG -15];
WG=FAG/f0; RG=RAG/R0; XG=XAG/R0;
% Impedance normalization: Load side
FAL=[0 FAL 1060]; RAL=[4 RAL 0]; XAL=[0 XAL -5];
WL=FAL/f0; RL=RAL/R0; XL=XAL/R0;
% -------------------------------------------------------------------------
% 
ZAG=[FAG RAG XAG]; ZG=[RG XG];
ZAL=[FAL RAL XAL];ZL=[RL XL];
%
% Example 5.10 Part (a): Equalizer is described from Port-2
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Data_Port2=[UserSelectedInputs ZAL];% Actual load impedance data set at 
Port-2
%
[ aL,bL,cL,aL0,CTL, CVL,LL1L,LL2L,MML,CVAL,WAG,TAG ] = 
CompactDoubleMatching( Data_Port2, FAG,RAG,XAG );
% -------------------------------------------------------------------------
TG_dB=10*log10(TAG);F_actual=WAG*f0;
figure
plot(F_actual, TG_dB)
xlabel(‘Actual Frequency’)
ylabel(‘Generator Based Double Matching Gain in dB’)
title(‘Generator Based Double Matching Gain: K(p) is defined at Port-2’)
% -------------------------------------------------------------------------
% Example 5.10 Part (b): Equalizer is described from Port-1
% User selected inputs to design double matching network via RFT
% Design at Port-1: Load based double matching gain
FL=320;FH=530;f0=530;R0=50;F_unit=1e6;% with extended bandwidth(320 vs 
330)
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wL=FL/f0;wH=FH/f0;
    T0=0.93;
    NC=19;ktr=0;KFlag=0;sign=-1;% with low line segment initials
    n=5;ndc=0;WZ=[0]; a0=1;M=2*(NC+2);
%
    UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n 
ndc WZ a0];
Data_Port1=[UserSelectedInputs ZAG];% Actual load impedance data set at 
Port-2
%
[ aG,bG,cG,aG0,CTG, CVG,LL1G,LL2G,MMG,CVAG,WAL,TAL ] = 
CompactDoubleMatching( Data_Port1, FAL,RAL,XAL );
% -------------------------------------------------------------------------
TL_dB=10*log10(TAL);F_actual=WAL*f0;
figure
plot(F_actual, TL_dB)
xlabel(‘Actual Frequency’)
ylabel(‘Load Based Double Matching Gain in dB’)
title(‘Load Based Double Matching Gain: K(p) is defined at Port-1’)
% -------------------------------------------------------------------------

Program List 5.44: Gain_DoubleMatching

function [T_Double] = Gain_DoubleMatching(w,KFlag,W,RGA,XGA,RLA,XLA,a,b,ndc)
% This function generates the double matching gain.
% This function generates the input reflectance of the lossless two-port
% [EL] when it is terminated in complex impedance ZL=RL+jXL
%  In this function lossless equalizer is defined from the back-end 

(Port-2)
% immitance K(p)=a(p)/b(p). K(p)=ZB if KFlag=1, K(p)=YB if KFalg=0
% Inputs:
%       w: normalized angular frequency
%       KFlag: Control flag for immittance-based defined reflectance
%           KFlag=1> Impedance based reflectance definition
%           KFlag=0> Admittance based reflectance definition
%       a(p): Numerator polynomial of K(p)=a(p)/b(p)
%       b(p): Denominator polynomial of K(p)=a(p)/b(p)
%       ndc: # of transmission zeros at DC
%       W: Array. Normalized sampling frequencies refers to measurement 
%       of generator ZG and load ZL impedances
%       RAL: Array. Normalized real part of the impedance ZL
%       XAL: Array. Normalized imaginary part of the impedance ZL
% Output:
%       T_Double: Double matching gain evaluated at the angular frequency w
% -------------------------------------------------------------------------
% Generation of complex generator impedance ZG at Port-1:
 RG=line_seg(W,RGA,w);
 XG=line_seg(W,XGA,w);
 ZG=complex(RG,XG);
 if KFlag==0
     ZG=1/ZG;
 end
% Generate real normalized reflectance Sin:
  Sin=inputref_EL(w,KFlag,a,b,ndc,W,RLA,XLA);
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% Generate double matching gain:
            TEL=1-abs(Sin)*abs(Sin);
            G22=(ZG-1)/(ZG+1);
            if KFlag==0
                G22=-G22;
            end
            Weight=(1-abs(G22)*abs(G22))/abs((1-G22*Sin))^2;
            T_Double=Weight*TEL;
end

Program List 5.45: FinalOptimization_DoubleMatching

function [ a,b,c,a0,WA,TA ] = FinalOptimization_DoubleMatching( KFlag,ktr,
T0,n,ndc,WZ,c0,a0,WG,RG,XG,RL,XL,wL,wH )
% Final optimization of TPG on c(i) via Parametric Approach      
[ x0 ] = Initiate_Parametric( ktr,n,c0,a0 );
N=length(WG);M=3*N;
options=optimset(‘MaxFunEvals’,200000,’MaxIter’,500000);
%
eps=@(x0)Error_DoubleMatching(x0,KFlag,ktr,T0,n,ndc,WZ,a0,WG,RG,XG,RL,XL,
wL,wH,M );
x=lsqnonlin(eps,x0,[],[],options);
%
[ a,b,c,a0 ] = Evaluate_Parametric(x,ktr,n,ndc,WZ,a0 );
%
dw=(wH-wL)/(M-1);w=wL;
for i=1:M
    WA(i)=w;
[ T_Double ] = Gain_DoubleMatching(w,KFlag,WG,RG,XG,RL,XL,a,b,ndc  );
    TA(i)=T_Double;
    w=w+dw;
end
end

Program List 5.46: CompactSingleMatching

function [ CT,CV,CVA,FA,TA,c,a,b,a0 ] = CompactSingleMatching( data )
%
% This function completely solves the single matching problem from the
% given measured data.
%   Inputs:
%   FA,RA,XA: Vectors of measured complex impedance termination data such 
that ZA=RA+jXA over measurement frequencies FA. In regard, FA is shorten 
by skipping its measurement scale. For example, if the frequencies are 
measured in Mega Hertz range such as 330 MHz, 340 MHz,  350 MHz etc. 
Then, vector FA contains only plain number as FA=[330 340 350 … ].
%   R0,f0: Impedance and frequency normalization numbers respectively. It 
is noted that f0 is plain number does not have a unit as in FA.
%   FL,FH: Lower and upper edge of the passband without unit as in FA.
%   F_unit: Frequency measurement unit. For example, if the frequencies 
are measure in MHz range, then, F_unit=10^6 selected.  If we make the 
measurements in GHz range, then, ?F_unit=10?^9 etc.
%   T0: Target flat gain level for the single matching problems.

© 2016 by Taylor & Francis Group, LLC

  



426 Broadband RF and Microwave Amplifiers

%   KFlag: Describes the type of immittance that we carry out 
computation. KFlag=1 selected for impedance based computations. KFlag=0 
selected for admittance based computation. This selection is guided by 
success of the optimization. For example, for capacitive load 
terminations, KFlag=0 may result in successful optimization. Similarly, 
for inductive load termination KFlag=1 may yield food results in gain 
optimization.
%   ktr: This control flag may be used to control the far end 
resistive termination for low pass designs. When we select ndc=0 for 
low pass designs, far end termination is either fixed to be R0 or it 
is left free to make the optimization more flexible. In this case, for 
low pass designs we use a transformer to level up the termination 
resistor at the far end to R0. For bandpass design (ndc>0) we should 
set ktr=1.
%   sign: This control flag determines the initial guess for RFLST if we 
start with low initials or high initial. Sign=1 corresponds to high 
initials. Sign=0 is for the low initials. Choice of signs is dictated 
with success of gain optimization. 
%   NC: This integer is the total number of unknown break points in the 
passband. 
%   n,ndc,WZ: These integers determine the complexity of the matching 
network as described before.
% ac: This slack variable is the equal to the desired values of a0. If a0 
is fixed in advance ac must be selected as ?(R_0 ). If a0 is part of the 
unknowns then it is initialized as we wish.
% 
%  Outputs of function “ImmittanceBased_RealFrSingMatch” is given as
%   F_actual: Frequency sampling vector. Actual frequencies in F_unit 
range linked to the gain computation.
%   TdB: TPF for the equalizer in dB. It is generated at the frequencies 
specified by the vector F_actual.
%   a,b: Driving point input immittance of the matching network such that 
K(p)=a(p)/b(p)
%   c: Coefficients of the auxiliary polynomial which generated 
K(p)=a(p)/b(p) using parametric approach.
%   CT,CV,CVA: These MatLab vector describes the matching network 
topology with element values at the end of the synthesis of K(p)=a(p)/
b(p). CT describes the component types like series capacitor, shunt 
inductor etc... 
% CV stores the normalized element values. Eventually, in CVA we have the 
actual element values.
% 
T0=data(1);
NC=data(2);ktr=data(3);KFlag=data(4);sign=data(5);
FL=data(6);FH=data(7);f0=data(8);R0=data(9);F_unit=data(10);
n=data(11);ndc=data(12);WZ=data(13);a0=data(14);
ac=a0;
NI=length(data);
ND=NI-14;
Nin=ND/3;
for j=1:Nin
    FAin(j)=data(14+j);
end
for j=1:Nin
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    RinA(j)=data(14+Nin+j);
end
for j=1:Nin
    XinA(j)=data(14+Nin*2+j);
end
%
%         Step 1: Execute function RFLST_SingleMatching
%
[ WB,RB,TB ] = RFLST_SingleMatching(NC,ktr,KFlag,sign,T0,FL,FH,FAin,RinA,
XinA,f0,R0 );
%         Step 2: Execute function CurveFitting_BreakPoints 
%                         (Rational curve fitting via RFDCT)
[ c0,a0,AA,BB,P,a,b ] = CurveFitting_BreakPoints (ktr,n,ndc,WZ,WB,RB );
%         Step 3: Execute function FinalOptimization_Parametric 
%                         (Final optimization via Parametric Approach)
a0=ac;
[ a,b,c,a0,WA,PA,QA,TA ] = FinalOptimization_Parametric( 
KFlag,ktr,T0,n,ndc,WZ,c0,a0, NC, FAin, RinA, XinA,FL,FH,f0,R0 );
FA=WA*f0;
%         Step 4: Execute function SynthesisbyTranszeros
TdB=10*log10(TA);
eps_zero=1e-8;
[ CT, CV,LL1,LL2,MM ] = SynthesisbyTranszeros(KFlag,WZ,ndc,a,b,eps_zero);
F0=f0*F_unit;
[ CVA ] = Actual_LumpedElements( F0,R0,CT,CV); 
%
Plot_Circuit4(CT,CVA)
% figure
% plot(FA,TdB)
% xlabel(‘Actual frequencies’)
% ylabel(‘TPG in dB’)
% title(‘TPG for the single matching problem under consideration’)
end

Program List 5.47: Sin=inputref_EL(w,KFlag,a,b,ndc,W,RLA,XLA)

function Sin=inputref_EL(w,KFlag,a,b,ndc,W,RLA,XLA)
% This function generates the input reflectance of the lossless two-port
% [EL] when it is terminated in complex impedance ZL=RL+jXL
%  In this function lossless equalizer is defined from the back-end 

(Port-2)
% immittance KB(p)=a(p)/b(p). K(p)=ZB if KFlag=1, K(p)=YB if KFalg=0
% Inputs:
%       w: normalized angular frequency
%       KFlag: Control flag for the immittance based defined reflectance
%           KFlag=1> Impedance based reflectance definition
%           KFlag=0> Admittance based reflectance definition
%       a(p): Numerator polynomial of K(p)=a(p)/b(p)
%       b(p): Denominator polynomial of K(p)=a(p)/b(p)
%       ndc: # of transmission zeros at DC
%       W: Array. Normalized sampling frequencies to refer load ZL
%       RAL: Array. Normalized real part of the impedance ZL
%       XAL: Array. Normalized imaginary part of the impedance ZL
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% Output:
%       Sin: Real normalized-driving point input reflectance of [EL]
% -------------------------------------------------------------------------
% Define complex variable p=jw. 
p=sqrt(-1)*w;
 % Generation of complex termination (load) at Port-2. 
 RL=line_seg(W,RLA,w);
 XL=line_seg(W,XLA,w);
 ZL=complex(RL,XL);
 if KFlag==0
     ZL=1/ZL;
 end
 % Generation of the back-end driving point input impedance ZB(p)=K(p).         
    aval=polyval(a,p);
    bval=polyval(b,p);
    bval_conj=conj(bval);
% Definition of all pass function eta:
           eta=(-1)^ndc*bval_conj/bval;
% 
           ZB=aval/bval;
           ZBC=conj(ZB);
% Definition of complex input reflectance in Youla sense            
        S=(ZL-ZBC)/(ZL+ZB);
% Definiation of real normalized input reflectance of [EL] in Yarman 
sense
        Sin=eta*S;
if KFlag==0
    Sin=-Sin;
end
end

Program List 5.48: CompactDoubleMatching

function [ aL,bL,cL,aL0,WA,TA ] = CompactDoubleMatching( data, 
FAG,RAG,XAG )
% This function solves the double matching problem in a compact way
% directly from the measured impedance data from Port-2.
% Inputs:
%       data: MatLab array. Defined from Port-2 using complex load
%       termination ad also T0, KFlag, ktr,..etc
%       FAG: Sampling frequency array to measure actual complex generator 
impedance 
%       RAG: Real part of the actual generator impedance
%       XAG: imaginary part of the actual generator impedance
%   Outputs:
%       aL: Numerator polynomial of K(p)=aL(p)/bL(p) defined at Port-2
%       bL: Denominator polynomial of K(p)=aL(p)/bL(p) defined at Port-2
%       cL(w^2): Coefficients of the auxiliary polynomial
%       aL0: Leading coefficients of the numerator polynomial of P(w^2) 
%       WA: Normalized frequency array to generate Double Matching Gain TA
%       TA: MatLab array of TPG for the double matching problem
% -------------------------------------------------------------------------
T0=data(1);
NC=data(2);ktr=data(3);KFlag=data(4);sign=data(5);
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FL=data(6);FH=data(7);f0=data(8);R0=data(9);F_unit=data(10);
n=data(11);ndc=data(12);WZ=data(13);a0=data(14);
ac=a0;
NI=length(data);
ND=NI-14;
Nin=ND/3;
for j=1:Nin
    FAL(j)=data(14+j);
end
for j=1:Nin
    RAL(j)=data(14+Nin+j);
end
for j=1:Nin
    XAL(j)=data(14+Nin*2+j);
end
% Frequency normalization
wL=FL/f0; wH=FH/f0;
% Impedance normalization on the generator side
WG=FAG/f0; RG=RAG/R0; XG=XAG/R0;
% Impedance normalization: Load side
WL=FAL/f0; RL=RAL/R0; XL=XAL/R0;
% -------------------------------------------------------------------------
% 
ZAG=[FAG RAG XAG]; ZG=[RG XG];
ZAL=[FAL RAL XAL]; ZL=[RL XL];
%
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Input_Data=[UserSelectedInputs ZAL];% Actual load impedance data set at 
Port-2
%
% -------------------------------------------------------------------------
% Generation of initials for Port-2 based double matching problem:
% Port-2 based design: Generator based double matching via RFLST
%
% Here, we assume that design is carried out at Port-2.
% Initials for the double matching problem via RFLST at port-2:
%  In the function CompactSingleMatching, input_Data includes actual load
%  impedance as measured. Result is the inital K(p)=aL(p)/bL(p) at 

port-2.
[ CTL,CVL,CVAL,FLR,TLR,cL0,aL,bL,a0L ] = CompactSingleMatching( Input_
Data );% With actual measured data
% -------------------------------------------------------------------------
% in the function “FinalOptimization_DoubleMatching” WG,RG and XG are
% normalized values of the generator impedance.
[aL,bL,cL,aL0,WA,TA] = FinalOptimization_DoubleMatching( KFlag,ktr,T0,n, 
ndc,WZ,cL0,a0L,WG,RG,XG,RL,XL,wL,wH );
end

Program List 5.49: GKYExample5_11.m

% Main Program GKYExample5_11.m
% This program produces the solutions for Example 5.11
%   (a) Let q=0, k=5, a_0 and c=[1 -1  1 -1  1].  
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%       Generate R(λ ^2 )=(A(λ ^2))/(B(λ ^2)) as in (5.121)
%   (b) Generate K(λ)=(a(λ))/(b(λ)) using (5.114).
%   (c) Find the roots of a(λ) and b(λ). Comment on the result.
%   (d) Regenerate the even part of K(λ)=(a(λ))/(b(λ)) from the computed 
%       a(λ) and b(λ) and evaluate the numerical error in the course 
%       of computations.
% -------------------------------------------------------------------------
clc;clear;close all;
% Solutions:
% Part (a):
q=0; k=5; a0=1; c=[1 -1  1 -1  1];
[A,B]=EvenPart_Richard(k,q,a0,c);
% Part (b):
[a,b]=Minimum_FRichard(k,q,a0,c);
% Part (c)
pa=roots(a);
pb=roots(b);
% Part (d):
[A1,B1]=even_part(a,b)
error_a=norm(A1-A)/norm(A)
error_b=norm(B1-B)/norm(B)

Program List 5.50: EvenPart_Richard(k,q,a0,c)

function [A,B]=EvenPart_Richard(k,q,a0,c)
% Generate even rational function R(lambda)=A(lambda)/B(lambda)as the 
%   even part of F(lambda)analytic form of 
Fmin(lambda)=a(lamda)/b(lambda)
% Generate A(lambda) and B(-lambda^2)
% -------------------------------------------------------------------------
% Inputs:
%           k: Total number of Cascaded UEs
%           q: Total number of Transmission zeros at DC (q=ndc)
%           a0:Leading constant term of the numerator: A0=a0*a0
%           c(Omega): Auxiliary polynomial of the denominator B(Omega^2)
% Outputs:
%           A(lambda): Numerator polynomial in lambda domain
%           B(lambda): Denominator polynomial in lambda domain
% -------------------------------------------------------------------------
% It is important to note the following points:
% (a) Degree n=length(c) must be greater or equal to k+q
% (b) q=0 yields lowpass structure
% (c) if q=0 and if k=n then we only have n-cascaded UE
% (d) if q=0 and n>k then, we must have series short and shunt open stubs
% -------------------------------------------------------------------------
n=length(c);
if n<(q+k)
    Attention=’n<(q+k) therefore you have unrealizable demand’
end
if n>=(q+k); % then start computations
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in Omega-domain
        B=polarity(BB);% Now, it is transferred to lamda-domain        
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% Generate A(-lamda^2) of R(-lamda^2)=A(-lamda^2)/B(-lamda^2)
nB=length(B);
A=a0*a0*lambda2q_UE2k(k,q); % A is specified in lamda-domain
nA=length(A);
if (abs(nB-nA)>0)
  A=fullvector(nB,A);% work with equal length vectors
end
end

Program List 5.51: Minimum_FRichard(k,q,a0,c)

function [a,b]=Minimum_FRichard(k,q,a0,c)
% Generate analytic form of Fmin(lambda)=a(lamda)/b(lambda)
% Generate B(-lambda^2)
% -------------------------------------------------------------------------
% Inputs:
%           k: Total number of Cascaded UEs
%           q: Total number of Transmission zeros at DC (q=ndc)
%           a0:Leading constant term of the numerator: A0=a0*a0
%           c(Omega): Auxiliary polynomial of the denominator B(Omega^2)
% Outputs:
%           a(lambda): Numerator polynomial in lambda domain
%           b(lambda): Denominator polynomial in lambda domain
% -------------------------------------------------------------------------
% It is important to note the following points:
% (a) Degree n=length(c) must be greater or equal to k+q
% (b) q=0 yields lowpass structure
% (c) if q=0 and if k=n then we only have n-cascaded UE
% (d) if q=0 and n>k then, we must have series short and shunt open stubs
% -------------------------------------------------------------------------
n=length(c);
if n<(q+k)
    Attention=’n<(q+k) therefore you have unrealizable demand’
end
if n>=(q+k); % then start computations
        C=[c 1];
        BB=Poly_Positive(C);% This positive polynomial is in Omega-domain
        B=polarity(BB);% Now, it is transferred to lamda-domain        
% Generate A(-lamda^2) of R(-lamda^2)=A(-lamda^2)/B(-lamda^2)
nB=length(B);
A=a0*a0*lambda2q_UE2k(k,q); % A is specified in lamda-domain
nA=length(A);
if (abs(nB-nA)>0)
  A=fullvector(nB,A);% work with equal length vectors
end
% Generation of minimum immitance function using Bode or Parametric 
method
ndc=q;
        [a,b]=RtoZ(A,B);% Here A and B are specified in p-domain
        na=length(a);
        if ndc>0;a(na)=0;end;
end
%
end
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Program List 5.52: function [A,B]=even_part(a,b)

function [A,B]=even_part(a,b)
% Generate even part R(p^2)=A(p^2)/B(p^2) of a given immitance function 
F(p)=a(p)/b(p)
% Notice that A(p^2) and B(p^2) are specified as an even polynomials
% Computation of Numerator of Even Part
na=length(a);
nb=length(b);
    sign=-1;
    for i=1:na
        sign=-sign;
        a_(na-i+1)=sign*a(na-i+1);
    end
    sign=-1;
    for i=1:nb
        sign=-sign;
        b_(na-i+1)=sign*b(nb-i+1);
    end
    Num_Even=(conv(a,b_)+conv(a_,b))/2;
      A=clear_oddpower(Num_Even);
    n_Even=length(Num_Even);
       BB=conv(b,b_);
    B=clear_oddpower(BB);
end

Program List 5.53: NewMinimumFunction

function [a,b]=Richard_NewMinimumFunction(k,q,c,c0)
% Generate analytic form of Fmin(lambda)=a(lamda)/b(lambda)
% Generate B(-lambda^2)
% -------------------------------------------------------------------------
% In this function first A(lambda^2)=(-1)^q*(1-lambda^2)^k is generated
% with unit leading coefficient (a0=1).
% Then, B(Omega^2)=(1/2)[C(Omega)^2+C(-Omega)^2] is computed.
% where C(omega) is a full polynomial: C=[c c0].
% At the last step, a(lambda) and b(lambda) are normalized with respect 
% to norm of a(lambda).
% -------------------------------------------------------------------------
% Inputs:
%           k: Total number of Cascaded UEs
%           q: Total number of Transmission zeros at DC (q=ndc)
%           c(Omega): Auxiliary polynomial of the denominator B(Omega^2)
%           c0=last coefficient (n+1) of c(Omega) 
% Outputs:
%           a(lambda): Numerator polynomial in lambda domain
%           b(lambda): Denominator polynomial in lambda domain
% -------------------------------------------------------------------------
% It is important to note the following points:
% (a) Degree n=length(c) must be greater or equal to k+q
% (b) q=0 yields lowpass structure
% (c) if q=0 and if k=n then we only have n-cascaded UE
% (d) if q=0 and n>k then, we must have series short and shunt open stubs
% -------------------------------------------------------------------------
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n=length(c);
if n<(q+k)
    Attention=’n<(q+k) therefore you have unrealizable demand’
end
if n>=(q+k); % then start computations
        C=[c c0];
        BB=Poly_Positive(C);% This positive polynomial is in Omega-domain
        B=polarity(BB);% Now, it is transferred to lamda-domain        
% Generate A(-lamda^2) of R(-lamda^2)=A(-lamda^2)/B(-lamda^2)
nB=length(B);
A=Richard_kq(k,q); % A is specified in lambda-domain
nA=length(A);
if (abs(nB-nA)>0)
  A=fullvector(nB,A);% work with equal length vectors
end
        
% Generation of minimum immitance function using Bode or Parametric 
method
ndc=q;
        [a,b]=RtoZ(A,B);% Here A and B are specified in p-domain
        na=length(a);
        if ndc>0;a(na)=0;end;
end
%
Norm=norm(a);a=a/Norm;b=b/Norm;
end

Program List 5.54: Main Program: GKYExample5_12.m

% Main Program: GKYExample5_12.m
% -------------------------------------------------------------------------
% High Precision Synthesis of a Richards Immittance
% via Parametric Approach by B.S. Yarman
% December 19, 2014
% 
% 
% -------------------------------------------------------------------------
clc;clear;close all
q=0; k=5; a0=1; c=[1 -1  1 -1  1];
n=length(c);
nc=length(c);c0=1;
nL=n-k-q;
R0=1;f0=1/2/pi;% Normalization numbers to end up with actual elements.
% -------------------------------------------------------------------------
[a1,b1]=Richard_NewMinimumFunction(k,q,c,c0);
a=a1;b=b1;
[Z_UE,a_new,b_new,CT,CV]=Richard_CompleteImpedanceSynthesis(a,b,k,q,R0,f0);
BPrint=(‘ Characteristic impedance of the lines:Z_UE’)
Z_UE’
%
% Computation of Input Impedance over the normalized frequencies
if n>k
    w=0.1;% Initialize normalized frequency
    dw=0.01; % Frequency step size
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    j=sqrt(-1);
    tau=pi/2/1.5;% tau=pi/2/we; we=Stopband frequency
    for i=1:101
        FR(i)=w;
        Omega=tan(w*tau);
        lambda=j*Omega;
    %    
    [ ZL,YL ] = InputimmitanceLadder_viacodes( CT,CV,q,Omega );% Input 
impedance of the Richards Ladder
    if k==0; Zin=ZL;end
    if k>0
    Zin= Richard_InputImpedancekUE(lambda,Z_UE,ZL,k );%k-Cascaded UE 
terminated in Richards Ladder
    end
    Rin(i)=real(Zin);
    Xin(i)=imag(Zin);
  % Compute Original Input Impedance from the Given
  % Z(lambda)=a(lambda)/b(lambda)
    aval=polyval(a,lambda);
    bval=polyval(b,lambda);
    Z_org=aval/bval;
    R_org(i)=real(Z_org);
    X_org(i)=imag(Z_org);
    w=w+dw;
    end
end
if k==n
    ZL=a_new/b_new;
     w=-1;% Initialize normalized frequency
    dw=0.01+1e-15; % Frequency step size
    j=sqrt(-1);
    tau=pi/2/1.5;% tau=pi/2/we; we=Stopband frequency
    for i=1:501
        FR(i)=w;
        Omega=tan(w*tau);
        lambda=j*Omega;
        p=j*w;
    %    
    Zin= Richard_InputImpedancekUE(lambda,Z_UE,ZL,k );%k-Cascaded UE 
terminated in Richard Ladder
    Rin(i)=real(Zin);
    Xin(i)=imag(Zin);
     % Compute Original Input Impedance from the Given
  % Z(lambda)=a(lambda)/b(lambda)
    aval=polyval(a,lambda);
    bval=polyval(b,lambda);
    Z_org=aval/bval;
    R_org(i)=real(Z_org);
    X_org(i)=imag(Z_org);
    bval=polyval(b,p);
    %
    w=w+dw;
    end
end
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figure
plot(FR,Rin,FR,R_org)
title(‘ Real-Part of the input impedance’)
legend(‘Rin’,’R org’)
ylabel(‘ Rin(w)’)
xlabel(‘Normalized angular freuency w’)
%
figure
plot(FR,Xin,FR,X_org)
title(‘ Imaginary-Part of the input impedance’)
legend(‘Xin’,’X org’)
ylabel(‘ Xin(w)’)
xlabel(‘Normalized angular freuency w’)
%
format short e
error_R=norm(Rin-R_org);
error_X=norm(Xin-X_org);
%[FR’ Rin’ R_org’ Xin’ X_org’]
[FR’ (Rin-R_org)’ (Xin-X_org)’]
nkqnL=[n k q nL]
Error_RX=[error_R error_X]

Program List 5.55: Richard_Numerator

function [ k,q,a0,nA,A,B ] = Richard_Numerator( a,b )
% This function generates k, q and a0 of the even part F=a/b specified in
% lambda domain. Note that R=A/B in lambda domain-(Richard Domain)
% A(lambda^2)=(a0)^2*(-1)^q*(lambda)^2q*[1-(lambda)^2]^k
%  Here, in this function we count non zero terms both from bottom-up 

with
% q=x; k=nA-y-q;
% Inputs:
%       a(lambda)
%       b(lambda
% Outputs:
%       k: Total number of cascaded UEs.
%       q: Total number of transmission zeros
%       (a0)^2:Leading coefficients of A(lambda)
%--------------------------------------------------------------------------
zero=1e-4;
% Norma=norm(a);a=a/Norma;b=b/Norma;
nb=length(b);B0=b(nb)*b(nb);
[A,B]=even_part(a,b);
Norm=norm(A);A=A/B0;B=B/B0;
%
nA=length(A);
% Determine q & k: start counting the unity roots (i.e. find non zero 
A(i))
% Count from bottom-up
 [ q,nA ] = Richard_DCzeros( A );
% ----- end of bottom up counting -----------------------------------------
j=1;s=0;
% Count from top-down
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while abs(A(j))<zero;
    j=j+1;
    s=s+1;
end
    y=j;
% ----- end of top down  counting -----------------------------------------
%
        k=nA-y-q;
% -------------------------------------------------------------------------
a0=sqrt(abs(A(j)));
% Determine q
n=length(A)-1;
%
%[ q ] = Richard_DCzeros( A );
%
A=A/a0/a0;B=B/a0/a0;% Normalization of vectors A and B with respect to 
a0*a*
% This means that non-zero leading coefficient of A(lambda^2) is 1.
end

Program List 5.56: Richard_NumeratorNew

function [ a0,A,B ] = Richard_NumeratorNew( a,b,k,q )
% This function is revised on May 30,2013.
% This function generates k, q and a0 of the even part F=a/b specified in
% lambda domain. Note that R=A/B in lambda domain-(Richard Domain)
% A(lambda^2)=(a0)^2*(-1)^q*(lambda)^2q*[1-(lambda)^2]^k
% Inputs:
%       k: Total # of Cascaded Unit Elements
%       q: Total # of DC Transmission zeros
%       a(lambda)
%       b(lambda)
% Outputs:
%       k: Total number of cascaded UEs.
%       q: Total number of transmission zeros
%       (a0)^2:Leading coefficients of A(lambda)
%--------------------------------------------------------------------------
nb=length(b);nA=length(a);
a=a/b(nb);b=b/b(nb);%Normalize Z(lambda)=a/b with respect to b(nb).
%a0=sqrt(a(nb)*b(nb));
a0=1;
A=a0*a0*Richard_kq(k,q); % A is specified in lambda-domain
[ B ] = EvenpartDenom_B( b );
end

Program List 5.57: GKYExample5_13.m

% Main Program GKYExample5_13.m
% This main MatLab program solves Example 5.13
clc;clear;close all
%
% Inputs:
k=5; q=0;  a0=1; c=[1 -1   1 -1    1    -1  1 ];
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% Part (a): Generation of the minimum function in Richards domain
    [a,b]=Richard_MinimumFunction(k,q,a0,c);
n=length(c);
nL=n-k;
for i=1:k
    k1=k-i;
[ Z1,a_new,b_new,ra,rb ] = ImpedanceBasedRichard_Extraction( a,b );
j=even_odd(i);
clear a; clear b;
a=a_new;b=b_new;
Z_UE(i)=Z1;
if j==1
     [b,a]=Richard_ImmittanceCorrection(b,a,k1,q);
end
if j==0
    [a,b]=Richard_ImmittanceCorrection(a,b,k1,q);
end
CT1(i)=20; CV1(i)=Z1;
end
% Part (b): Synthesis of the remaning LC ladder
R0=1;f0=1/2/pi;
if j==1
    [CT2,CV2] = SynthesisMinimumSuseptance_Yarman(R0,f0,b,a,q);
end
if j==0
    [CT2,CV2] = SynthesisMinimumReactance_Yarman(R0,f0,a,b,ndc);
end
CT=[CT1 CT2]; CV=[CV1 CV2];
% Final result of the synthesized circuit:
[ CTD,CVD ] = RichardsLadderTo_TrLineTopology( CT2,CV2 );
CTF=[CT1 CTD];CVF=[CV1 CVD];
Plot_Circuit4(CT,CV)
Plot_Circuit4(CTF,CVF)

Program List 5.58: GKYExample5_14.m

% Main Program GKYExample5_14.m
% This main MatLab program solves Example 5.14
clc;clear;close all
%
% Inputs:
k=5; q=5;  a0=1; c=[1 -1 1 -1 1  -1 1 -1  1 -1 1 -1 1 -1 1]; c0=1; 
% Part (a): Generation of the minimum function in Richards domain
    [a,b]=Richard_MinimumFunction(k,q,a0,c);
% 
% Part (b): Complete synthesis of the Richards driving point input
% impedance
R0=1;f0=1/2/pi;
[Z_UE1,a_new,b_new,CT,CV ] = Richard_CompleteImpedanceSynthesis(a,b,k,q,R
0,f0 );
% -------------------------------------------------------------------------
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Program List 5.59: Main Program GKY_Example5_15.m

% Main Program: GKY_Example5_15.m
%  This MatLab program designs an impedance transforming filter in Richards
%  domain lambda=SIGMA+jomega between complex generator RG=12 ohm+LG//CG 

and
% RL=50 ohm+LL//CL where RG=12 ohm; LG=0.947nH; CG1=1.515 pF, CG2=3.4 pF; 
% CL=1.515 pF, LL=0.412 nH; RL=50 ohm.
% Frequency band is 850 MHz - 2100 MHz
% By Siddik Yarman
% December 25, 2014
% -------------------------------------------------------------------------
%     Double Matching in Richard Domain without Transformer
% ----------------------------------------------------------------------
% This program designs a Real Frequency Impedance Transforming Filter for
% given resistive terminations in Richards Domain
%  Design is accomplished using Real Frequency Direct Computational 
Technique

% where Parametric Approach is employed to generate ZB(p) from RB(p)
% Optimization via lsqnonlin Algorithm
% error: Error function - Output
% Inputs:
%           x0: Initialized unknowns
%           T0: Flat gain level
%           f0(MHz) : Frequency Normalization
%           fs1(MHz): Left Stop band frequency (for print purpose)
%           fs2(MHz): Right Stop band frequency (for print purpose)
%           fc1(MHz): Left Cut-off frequency (begining of optimization)
%           fc2(Mhz): Right Cut-off frequency (end of optimization)
%           wc1=2*pi*fc1/f0 Beginning of optimization
%           wc2=2*pi*fc2/f0 End of optimization
%           KFlag: =1>Work with impedance functions
%           KFlag: =0>Work with admittance functions
%           q=0 Lowpass Ladder structure
%           W=0 No finite transmission zero.
%           zero.
%           c0=1 No transformer in the Circuit,
%               (Initial for R(omega)=omega^(2q)(1+omega^2)^k/B(omega^2)
%           WNG,RNG1,XNG1: Normalized Generator Data Freq, Real Part RNG,
%           Imaginary Part XNG
%           WNL,RNL1,XNL1: Normalized Generator Data Freq, Real Part RNL,
%           Imaginary Part XNL
% 
clc
clear
close all
%
%--------------------------------------------------------------------------
% Direct Computational Technique for Double Matching Problems
% Desıgn in Richards domain lambda=SIGMA+j*OMEGA
% -------------------------------------------------------------------------
% Optimize the back-end Immitance F(lambda)=a(lambda)/b(lambda)
% Real Part of K(p)is expressed as in direct computational
% techniques R(OMEGA^2)=AA(OMEGA^2)/BB(OMEGA^2) 
%--------------------------------------------------------------------------
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% Inputs:
fs1=600;fs2=3000;NSample=50;tau=0.5;
fc1=850; fc2=2100; RN=50;
T0=1; KFlag=1;czero=1;
c0=[592 608 -229 -238 15.798 17.57 ];
k=4;q=0;ntr=0;
%--------------------------------------------------------------------------
[FA,RG,XG]=Generator_Impedance(fs1,fs2,NSample);
[FA,RL,XL]=Load_Impedance(fs1,fs2,NSample);
GEN =[FA’,RG’,XG’];% 50 ohm generator up to 50,000 MHz=50 GHz.
Load =[FA’,RL’,XL’];% 50 ohm load up to 50,000 MHz=50 GHz.
%--------------------------------------------------------------------------
% Generator Data Matrices
A1=GEN; % Data Matrix For Generator Termination
A2=Load; % Data Matrix For Load Termination
% 
% Dimensions of the Collected Data
NA1=length(A1(:,1));% This defines the first column length of A1.
NA2=length(A2(:,1));% This defines the first column length of A2.
% 
% Generator
for i=1:NA1
    FAG(i)= A1(i,1);
    RAG1(i)=A1(i,2);
    XAG1(i)=A1(i,3);
end
% Load
R0=50;
for i=1:NA2
    FAL(i)=A2(i,1);
    RAL1(i)=A2(i,2);
    XAL1(i)=A2(i,3);
    ZL=complex(RAL1(i),XAL1(i));
    SL=(ZL-R0)/(ZL+R0);
    ROL=abs(SL);
    L21(i)=10*log10(1-ROL*ROL);% Unmatched Gain
end
%
figure
plot(FAG,L21)
title(‘Gain without Matching’)
xlabel(‘Actual Frequency in MHz’)
ylabel(‘Gain in dB’)
%
% Frequency Normalization with f0=fc2.
ws1=fs1/fc2;
ws2=fs2/fc2;
wc1=fc1/fc2;
wc2=fc2/fc2;
% Generator and Load impedance Normalization 
FNG=fc2;
FNL=fc2;
% Generator Normalization
RNG1=RAG1/RN;
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XNG1=XAG1/RN;
WNG=FAG/FNG;
% Load Normalization
RNL1=RAL1/RN;
XNL1=XAL1/RN;
WNL=FAL/FNL;
%
figure
plot(FAL,RAL1)
title(‘Actual Real Part Measurement for the Load Data’);
xlabel(‘Actual Frequency in MHz for the Load Data’);
ylabel(‘Actual Real Part of the Load Impedance’);
%
figure
plot(FAL,XAL1)
title(‘Actual Imaginary Part Measurement for the Load Data’);
xlabel(‘Actual Frequency in MHz for the Load Data’);
ylabel(‘Actual Imaginary Part of the Load Impedance’);
%
%--------------------------------------------------------------------------
% Step 2: Generic form of RB(omega^2):
%      
% Input Set #2:
%       czero: Constant DC multiplier of the denominator
%       c0; Initial coefficients of BB(omega^2)
%       Design without transformer
% Output:
%       Optimized values of coefficients of c(lambda)
%       Direct form of Even Part R(lambda^2)=A(-lambda^2)/B(-lambda^2)
%       a(lambda) and b(lambda) of Driving Point Impedance 
ZB(lambda)=a(lambda)/b(lambda)
%       
%--------------------------------------------------------------------------
%
Nc=length(c0);
% Step 4: Enter extraction parameters:
x0=c0;% Transformerless Design. czero=1 is fixed at 50 ohm.
if q>0;x0=[c0 czero];end
%--------------------------------------------------------------------------
OPTIONS=optimset(‘MaxFunEvals’,50000,’MaxIter’,50000);
% x0,[],[],OPTIONS,
% Minimax Optimization
for i=1:5
%                       (x0,T0,wc1,wc2,KFlag,czero,WNG,RNG, XNG, WNL, 
RNL,XNL, k,q,tau)
f = @(x)Richard_OBJECTIVE(x,OPTIONS,T0,wc1,wc2,KFlag,czero,WNG,RNG1,XNG1,
WNL,RNL1,XNL1,k,q,tau);
%
           %[x,fval] = fminimax(f,x0);
          %  [x]=fminsearch(f,x0);
          
          x=lsqnonlin(f,x0);
          x0=x;
%--------------------------------------------------------------------------
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%
end
% After optimization separate x into coefficients
%
Nx=length(x);
    c=x;
%
% Step 5: Generate analytic form of Fmin(p)=a(p)/b(p)
         [a,b]=Richard_NewMinimumFunction(k,q,c,czero);
% Generate analytic form of Fmin(p)=a(p)/b(p)
       cmplx=sqrt(-1);
% Step 6: Print and Plot results
Nprint=10001;
DW=(ws2-ws1)/(Nprint-1);
w=ws1;
Tmax=-10000;
Tmin=0;
for j=1:Nprint
           WA(j)=w;        
%        
           [ TPG ] = Richard_DoubleMatchingGain( w,tau,q,WNG,RNG1,XNG1,WN
L,RNL1,XNL1,KFlag,a,b);
            TA(j)=10*log10(TPG);
 % Computation of reference gain in Tchebyshev form:
 eps_sq=.1;n=7;
             Tcheby=Tchebyshev_Gain(w,n,T0,eps_sq,wc1,wc2);
             dB_Tcheby(j)=10*log10(Tcheby);
%
% Compute the performance parameters:Tmax,Tmin,Tave and detT
    if max(TA(j))>Tmax
        wmax=WA(j);Tmax=TA(j);
    end
if w>=wc1
    if w<=wc2
    if min(TA(j))<Tmin
        wmin=WA(j);Tmin=TA(j);
    end
    end
end
    w=w+DW;
end
%   
FA=WA*fc2;
        figure
        plot(FA,TA,FA,dB_Tcheby)
        title(‘Impedance Transforming Filter via RFDCT Parametric 
Approach’)
        xlabel(‘Actual frequency f’)
        ylabel(‘Gain in dB’)
        legend(‘RFDCT Gain’,’Tchebyshev Gain’)
        %
        figure
        plot(FA,TA)
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        title(‘Impedance Transforming Filter via RFDCT Parametric 
Approach’)
        xlabel(‘Actual frequency f’)
        ylabel(‘Gain in dB’)
        legend(‘RFDCT Gain’)
%------- New Synthesis Package --------------------------------------------
f0=1/2/pi;% Work with normalized impedance/admittance
R0=1;% Normalized resistance
%       
if KFlag==1; [Z_UE,a_new,b_new,CT,CV ] = Richard_CompleteImpedanceSynthes
is(a,b,k,q,R0,f0 );end
if KFlag==0; [Z_UE,a_new,b_new,CT,CV ] = Richard_CompleteImpedanceSynthes
is(b,a,k,q,R0,f0 );end
  %                                                                        
  % Print Performance parameters:
[wmax*fc2, Tmax,wmin*fc2,Tmin],
T_Average=(Tmax+Tmin)/2,delT=T_Average-Tmin

Program List 5.60: Richard_OBJECTIVE

function
eps=Richard_OBJECTIVE(x0,OPTIONS,T0,wc1,wc2,KFlag,czero,WNG,RNG,XNG,WNL,R
NL,XNL,k,q,tau)
% In this function impedance is generated using Rihard_NewMinimumFunction
% ----------------------------------------------------------------------
% DESIGN IN RICHARD DOMAIN
% ----------------------------------------------------------------------
% Optimization via Direct - Parametric approach
% error: Error function - Output
% Inputs:
%           x0: Initialized unknowns
%           T0: Flat gain level
%           wc1: Beginning of optimization
%           wc2: End of optimization
%           KFlag: =1>Work with impedance functions
%           KFlag: =0>Work with admittance functions
%           czero: zero degree coefficient of vector c0[c1 c2 .. cn] and
%           czero.
%           R(omega)=nB(j*omega)nB(-j*omega)/[b(j*omega)b(-j*omega)]
%           WNG,RNG1,XNG1: Normalized Generator Data Freq, Real Part RNG,
%           Imaginary Part XNG
%           WNL,RNL1,XNL1: Normalized Generator Data Freq, Real Part RNL,
%           Imaginary Part XNL
%                 
%--------------------------------------------------------------------------   
        c=x0;
%
% Step 5: Generate analytic form of K(lambda)=a(lambda)/b(lambda)in 
Richard Domain
% 
        [a,b]=Richard_NewMinimumFunction(k,q,c,czero);
% 
       N_Opt1=150;
       %
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       w=wc1;
       del=(wc2-wc1)/(N_Opt1-1);
%
       for j=1:N_Opt1
% Compute Generator and Load immittance:
% Compute Double Matching Gain (Transducer Power Gain : TPG)   
           [ TPG ] = Richard_DoubleMatchingGain( w,tau,q,WNG,RNG,XNG,WNL,
RNL,XNL,KFlag,a,b);
            eps(j)=atan(abs(TPG))-atan(T0);
            w=w+del;
       end
%        sum=0;
%        for i=1:N_Opt1
%        error=sum+eps(i)*eps(i);   
%        end
   end

Program List 5.61: RichardsInputRef_EL

function Sin=RichardsInputRef_EL(w,tau,KFlag,eta,WLA,RLA,XLA,a,b)
% December 25, 2014
% This function generates the input reflectance of the lossless two-port
% [EL] when it is terminated in complex impedance ZL=RL+jXL
%  In this function lossless equalizer is defined from the back-end (Port-2)
%  immitance KB(lambda)=a(lambda)/b(lambda). K(lambda)=ZB if KFlag=1, 

K(lambda)=YB if KFalg=0
% Inputs:
%       w: normalized angular frequency
%       KFlag: Control flag for the immittance based defined reflectance
%           KFlag=1> Impedance based reflectance definition
%           KFlag=0> Admittance based reflectance definition
%       WLA: Array. Normalized sampling frequencies to refer load ZL
%       RAL: Array. Normalized real part of the impedance ZL
%       XAL: Array. Normalized imaginary part of the impedance ZL
% Output:
%       Sin: Real normalized-driving point input reflectance of [EL]
% -------------------------------------------------------------------------
 % Generation of complex termination (load) at Port-2. 
 omega=tan(w*tau);
 lambda=sqrt(-1)*omega;
 aval=polyval(a,lambda);
 bval=polyval(b,lambda);
 ZB=aval/bval;
 ZBC=conj(ZB);
 RL=line_seg(WLA,RLA,w);
 XL=line_seg(WLA,XLA,w);
 ZL=complex(RL,XL);
 if KFlag==0
     ZL=1/ZL;
 end
         S=(ZL-ZBC)/(ZL+ZB);
% Definiation of real normalized input reflectance of [EL] in Yarman 
sense
        Sin=eta*S;
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if KFlag==0
    Sin=-Sin;
end
end

Program List 5.62: function Richard_DoubleMatchingGain

function [ TPG ] = Richard_DoubleMatchingGain( 
w,tau,q,WGA,RGA,XGA,WLA,RLA, XLA, KFlag,a,b)
% This function computes the Double Matching Gain in Richard Domain
% -------------------------------------------------------------------------
% Inputs:
%       w: Normalized angular real frequency w=2*pi*f
%       tau: Delay length of the commensurate lines
%       Note-1: omega: Angular frequency in Richard Domain
%       Note-2: lambda=j*tan(w*tau)
%       q: Total number of DC transmission zeros in lambda domain
%       WGA: Break Frequencıes for generator immittance
%       RGA: Real part of the generator immitance
%       XGA: Imaginary part of the generator immittance
%       RLA: Real Part of the load immittance
%       XLA: Imaginary part of the load immittance
%       KFlag: KFlag>1 impedance, KFlag>0 addimittance
%       a(lambda): Numerator Polynomial of the Back-End immitance
%       K(lambda)=a(lambda)/b(lambda)
%       b(lambda): Denominator Polynomial of K(lambda)=a/b
% Output:
%       TPG(omega): Double Matching Gain
% -------------------------------------------------------------------------
%   Definition of lambda:
           cmplx=sqrt(-1);j=cmplx;
           omega=tan(w*tau);
           lambda=j*omega;
% F(lambda)=a(lambda)/b(lambda)
           bval=polyval(b,lambda);
% Generation of allpass function eta in lambda domain:
%
        bval_conj=conj(bval);
        eta=(-1)^q*bval_conj/bval;
%
% ------------------------------------------------------------------------- 
%         
          Sin=RichardsInputRef_EL(w,tau,KFlag,eta,WLA,RLA,XLA,a,b);
%
[RG,XG]=Line_Impedance(w,WGA, RGA, XGA,KFlag);
            TEL=1-abs(Sin)*abs(Sin);
            ZG=complex(RG,XG);
            G22=(ZG-1)/(ZG+1);
            if KFlag==0
                G22=-G22;
            end
            Weight=(1-abs(G22)*abs(G22))/abs((1-G22*Sin))^2;
            TPG=Weight*TEL;
end
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Program List 5.63: function Line_Impedance

function [R,X]=Line_Impedance(w,WN, RN, XN,KFlag)
%  This function generates the impedance data for a given impedance 

triplet 
% Angular Frequency Array WN, 
% Real Part Array RN 
% Imaginary Part Array XN 
% Inputs:
% w: Normalized Angular Frequency data at a single point
% WN: Angular Frequency Array 
% RG Real Part Array 
% XG: Imaginary Part Array 
% KFlag: KFlag=1 for impedance, KFlag=0 for admittance computations
% Generate the load impedance
j=sqrt(-1);
NG=length(WN);
R=line_seg(WN,RN,w);
X=line_seg(WN,XN,w);
Z=R+j*X;
Y=1/Z;
      if KFlag==1;% Work with impedances
        R=real(Z);
        X=imag(Z);
      end
        if KFlag==0;%Work with admittances
            R=real(Y);
            X=imag(Y);
        end

Program List 5.64: function Richard_CompleteImpedanceSynthesis

function [Z_UE,a_new,b_new,CTF,CVF ] = Richard_CompleteImpedanceSynthesis
(a,b,k,q,R0,f0 )
% This function carries out complete synthesis in lambda domain
% Inputs:
%       k; Total number of cascaded UEs
%       q: Total number of high-pass elements as series open-stubs, 
parallel shorted-stubs
%       Zin=a/b
%       R0: Normalization resistance 
%       f0: Normalization frequency but it must be fixed at f0=1/2/pi
% Outputs:
%       Z_UE: Chararcteristic impedances of the Unit Elements
%       a_new,b_new: Z_new=a_new/b_new is the remaning impedance after
%       extraction of k-UE.
%       CT,CV: Circuit codes and values of the ladder synthesis
%
ndc=q;
%
if k==0;a_new=a;b_new=b;
    Z_UE=’k=0. There is no UE in the synthesis’
end
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%
% ------ Definition of Algorithmic zero -----------------------------------
zero=1e-10;
zeroA=1e-10;
aux=[a b];
Kmax=max(aux);
a1=a/Kmax;b1=b/Kmax;na=length(a);
    if q>0;
    zeroA=a1(na);
    end
%
if zero<zeroA;zero=zeroA;end
% ------ End of Definition of Algorithmic zero ----------------------------
if abs(a(1))<zero;[a,b]=Richard_ImmittanceCorrection(a,b,k,q);end
if abs(b(1))<zero;[b,a]=Richard_ImmittanceCorrection(b,a,k,q);end
%--------------------------------------------------------------------------
n=length(a)-1;
if k<=n
    if k>0
%High precision-impedance based-Richard Extraction:
% [Z,a_new,b_new] = Richard_HighPrecisionUEExtraction( k,q,a,b );
% [Z,a_new,b_new] = Richard_RoughUEExtraction( k,q,a,b );
 [ Z,a_new,b_new ] = Richards_CameronExtractions( k,q,a,b );
  Z_UE=Z;
%--------------------------------------------------------------------------
    end
%--------------------------------------------------------------------------
a1=a_new;b1=b_new;
na=length(a_new);nb=length(b_new);
% a_new(na) might be zero and b_new(na) might be zero. In this case 
degree
% reduction in “q” occours.
if abs(a_new(na))<zero;
if abs(b_new(nb))<zero;
    clear a_new;clear b_new;
    for i=1:na-1
        a_new(i)=a1(i);
        b_new(i)=b1(i);
        
    end
    q=q-1;% Degree reduction in q
        Attention=(‘Degree reduction occours in q=q-1’)
        q1=q
end
end
% End of degree reduction loops
%--------------------------------------------------------------------------
end
%
nc=n;
if nc>k
%    
if abs(a_new(1))<zero;[a_new, b_new, q]=Check_immitance(a_new, b_new, q);end
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if abs(b_new(1))<zero;[b_new, a_new, q]=Check_immitance(b_new, a_new, q);end
    if abs(a_new(1))>zero;
        if abs(b_new(1))>zero;
            [a_new, b_new, q]=Check_immitance(a_new, b_new, q);
        end
    end 
    %
[ CT CV ] = Synthesis_ImpedanceBased( a_new, b_new, q,R0,f0 );
end
if k==n
    CT=(‘k=n; Therefore, synthesis is completed only with cascade 
connection of n-unit elemensts’)
    CV=CT;
end
% Plot the remainin synthesized Circuit in lambda domain
% if n>k; Plot_Circuitv1( CT, CV );end
% -------------------------------------------------------------------------
% Plot of the complete commensurate transmission line circuit 
nue=length(Z_UE);
for i=1:nue
    CT1(i)=20; CV1(i)=Z_UE(i);
end
if n>k
[ CTD, CVD ] = RichardsLadderTo_TrLineTopology( CT,CV );
CTF=[CT1 CTD];CVF=[CV1 CVD];
end
if n==k
  CTF=[CT1 9]; CVF=[CV1 a_new/b_new];  
end
Plot_Circuit4(CTF, CVF)
end

Program List 5.65: function Synthesis_ImpedanceBased

function [ CT CV ] = Synthesis_ImpedanceBased( a,b,ndc,R0,f0 )
% This function completes the impedance based synthesis
%   F(p)=a(p)/b(p) is an impedance.
n1=length(a);zero=1e-5;
norma=norm(a);
normb=norm(b);
norma=1;normb=1;
%norma=1;normb=1;
%--------------------------------------------------------------------------
% Case 1:a(1)=0,b(1)>0. Then, F(p) is a minimum
% reactance function. Therefore we set KFlag=1.
%[ ndc] = DCZeros_Evenpart( a,b )
if abs(a(1))/norma<=zero   
        if abs(b(1))/normb>zero
            if abs(b(n1))/normb>zero
                KFlag=1;
                
                [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,a,b,ndc);
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Case=’Case 1> a(1)=0,b(1)>0,b(n1)>0: Minimum Reactance Input Impedance F(p)’
            end
        end  
end
%End of Case 1
%--------------------------------------------------------------------------
% Case 2:a(1)>0, or b(1)=0, b(n1)=0. Then, F(p) is a minimum
% suseptance function. Therefore we set KFlag=0 and flip over
% F(p) as H(p)=b(p)/a(p)=1/F(p).
if abs(a(1))/norma>zero
        if abs(b(1))/normb<=zero
            if abs(b(n1))/normb<=zero
                KFlag=0;
                %[ ndc] = DCZeros_Evenpart( b,a )
                [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,b,a,ndc);
Case=’Case 2> a(1)>0,b(1)=0,b(n1)=0: Minimum Suseptance Input Impedance F(p)’
            end
        end
end
%End of Case 2
%--------------------------------------------------------------------------
% Case 3:a(1)>0, b(1)=0, b(n1)>0. Then, F(p) is not a minimum
%  reactance. It has a pole only at infinity. Therefore, we extract the
%  pole.
if abs(a(1))/norma>zero
        if abs(b(1))/normb<=zero
            if abs(b(n1))/normb>zero
                [L0,a1,b1]=removepole_atinfinity(a,b);
                L_Act=L0*R0/2/pi/f0;
                KFlag=1;
                %[ ndc] = DCZeros_Evenpart( a1,b1 )
                [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,a1,b1,ndc);
                CT=[1 CT]; CV=[L_Act CV];
Case=’Case 3> a(1)>0,b(1)=0,b(n1)>0: F(p) has a pole at infinity’
            end  
        end
end
%End of Case 3
%--------------------------------------------------------------------------
% Case 4:a(1)=0, or b(1)>0, b(n1)=0. Then, F(p) is not a minimum
%  reactance function. It has pole at p=0. Therefore, we extract the
%  pole at p=0.
if abs(a(1))/norma<=zero
        if abs(b(1))/normb>zero
            if abs(b(n1))/normb<=zero
                [C0,a1,b1]=removepole_atzero(a,b);
                C_Act=C0/R0/2/pi/f0;
                KFlag=1;
                ndc1=ndc-1;
                %[ ndc1] = DCZeros_Evenpart( a1,b1 )
                [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,a1,b1,ndc1);
                CT=[2 CT]; CV=[C_Act CV];
Case=’Case 4> a(1)=0,b(1)>0,b(n1)=0: F(p) has a pole at p=0’
            end  
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        end
end
%End of Case 4
%--------------------------------------------------------------------------
% Case 5:F(p)>Highpass Circuit Structure as a minimum suseptance function
if abs(a(1))>zero
    if abs(b(1))>zero
        if abs(b(n1))/normb<=zero
            KFlag=0;
            %[ ndc] = DCZeros_Evenpart( b,a )
            [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,b,a,ndc);                
Case=’Case 5> a(1)>0,b(1)>0,b(n1)=0: Highpass F(p) as Minimum Suseptance’
        end
    end
end
% End of Case 5
%--------------------------------------------------------------------------
% Case 6:F(p)> Highpass Circuit Structure as a minimum reactance function
if abs(a(1))>zero
    if abs(b(1))>zero
        if abs(a(n1))/norma<=zero
            KFlag=1;
            %[ ndc] = DCZeros_Evenpart( a,b )
            [CT,CV] = CircuitPlot_Yarman(KFlag,R0,f0,a,b,ndc);                
Case=’Case 6> a(1)=0,b(1)>0,a(n1)=0: Highpass F(p) as Minimum Reactance’
        end
    end
end
% End of Case 6
%--------------------------------------------------------------------------
Plot_Circuitv1(CT,CV);
end
%End of function

Program List 5.66: Main Program TSMC_amp.m

% Program TSMC_amp.m 
clc
clear
close all
%  DESIGN OF A SINGLE STAGE AMPLIFIER 
%  USING A TSMC 0.18 micron NMOS SILICON TRANSISTOR
%  via SIMPLIFIED REAL FREQUENCY TECHNIQUE (SRFT)
%--------------------------------------------------------------------------
% General Information about the device NMOS Transistor, 0.18 micron gate
%                Frequency range : 100MHz - 22.4 GHz; 
%                VDD = 1.8V; ID (drain DC current) = 200mA, 
%                NMOS size W/L = 1000u/0.18u; 
%                Simulation temperature = 50C.
%                Output power= 200mW up to 20 GHz 
%                Operaton Class: Class A amplifier.
%--------------------------------------------------------------------------
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% INPUTS:
%               FR(i): ACTUAL FREQUENCIES 
%               SIJ: SCATTERING PARAMETERS OF THE TSMC-CMOS FET.
%               THESE PARAMETERS ARE READ FROM A FILE CALLED ersad_1.txt
%               Tflat1: FLAT GAIN LEVEL OF STEP 1 in dB.
%               Tflat2: FLAT GAIN LEVEL OF STEP 2 in dB.
%               FR(nd1); nd1: BEGINING OF THE OPTIMIZATION FREQUENCY
%               (nd1=42)
%               FR(nd2); nd2: END OF OPTIMIZATION FREQENCY: nd2=48.
%
% OUTPUT: FRONT & BACK END EQUALIZERS ARE GENERATED EMPLOYING SRFT
%                   Step 1:
%                           hF: Front End Equalizer;
%                           T1: Gain of the First Step
%                             CVF:Normalized Element Values of the Front-End
%                           equalizer
%                           AEVF: Actual Element Values of the Front-End 
%                   Step 2:                   
%                           hB: Back End Equalizer
%                           T2: Gain of the Second Step
%                           CVB:Normalized Element Values of the Back-End
%                           Equalizer
%                           AEVB: Actual Element Values of the Back-End 
%                           
%
%                           DESIGN OF A MICROWAVE AMPLIFIER
% READ THE TRANSISTOR DATA ersad_1.txt
%
%--------------------------------------------------------------------------
% Special Notes: From the given data file one should obtain that
% nd=48 (Total Number of sampling points)
% For front-end Equalizer:
%     freq(48)=22.38 GHz;   freq(41)=10 GHz;     freq(35)=5.02 GHz
%      T01(48)=1.317         T01(41)=6.54         T01(35)=26.1 
%      (MSG for front-end)
%      T02(48)=5.255         T02(41)=16.53        T02(35)=58.25 
%      MSG(48)=7.2dB;      MSGdB(41)=12.1dB;    MSGdB(35)=17.65dB
%     (MSG for the back-end)
%--------------------------------------------------------------------------
load TMSC_Spar.txt; % Load cmos data to the program
nd=length(TMSC_Spar)
pi=4*atan(1);
rad=pi/180;
%
%   EXTRACTION OF SCATTERING PARAMETERS FROM THE GIVEN FILE ersad_1.txt
for i=1:nd
   % Read the Actual Frequencies from the file ersad_1.txt    
                    freq(i)=TMSC_Spar(i,1);
   % Read the magnitude and phase of the scattering parameters
   % from the data file ersad_1.txt
MS11(i)=TMSC_Spar(i,2);PS11(i)=rad*TMSC_Spar(i,3);
MS21(i)=TMSC_Spar(i,4);PS21(i)=rad*TMSC_Spar(i,5);
MS12(i)=TMSC_Spar(i,6);PS12(i)=rad*TMSC_Spar(i,7);
MS22(i)=TMSC_Spar(i,8);PS22(i)=rad*TMSC_Spar(i,9);
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% Convert magnitude and phase to real and imaginary parts.
S11R(i)=MS11(i)*cos(PS11(i));S11X(i)=MS11(i)*sin(PS11(i));
S12R(i)=MS12(i)*cos(PS12(i));S12X(i)=MS12(i)*sin(PS12(i));
S21R(i)=MS21(i)*cos(PS21(i));S21X(i)=MS21(i)*sin(PS21(i));
S22R(i)=MS22(i)*cos(PS22(i));S22X(i)=MS22(i)*sin(PS22(i));
 % Get rid off the numerical errors due to extraction of the scattering
 % paramters from cadnace...(Vdec extarction
  if S11R(i)>=1;S11R(i)=0.99999999;S11X(i)=0.0;end
 end
% 
%   CONSTRUCT THE APMLITUDE SQUARES OF THE SACTTERING PARAMETERS
  for i =1:nd
 SQS21(i)=S21R(i)*S21R(i)+S21X(i)*S21X(i);
 SQS12(i)=S12R(i)*S12R(i)+S12X(i)*S12X(i);
 SQS11(i)=S11R(i)*S11R(i)+S11X(i)*S11X(i);
 SQS22(i)=S22R(i)*S22R(i)+S22X(i)*S22X(i);
 S1(i)=1.0/(1-SQS11(i));S2(i)=1.0/(1-SQS22(i));
   end
     % COMPUTATION OF MAXIMUM STABLE GAIN “MSG’
%
  for i=1:nd;if SQS11(i)>=1;SQS11(i)=0.999999999;end
if  SQS22(i)>=1;SQS22(i)=0.999999999;end
%Ideal Flat Gain Levels
      % Step 1:
                    T01(i)=SQS21(i)/(1-SQS11(i));
                    T01dB(i)=10*log10(T01(i));
      % Step 2:
                    T02(i)=T01(i)/(1-SQS22(i));
                    T02dB(i)=10*log10(T02(i));
       % Maximim Stable Gain T02=MSG
                     MSG(i)=SQS21(i)/(1-SQS11(i))/(1-SQS22(i));
                     DB(i)=10*log10(MSG(i));
  end
%
%--------------------------------------------------------------------------
% Part I: DESIGN OF THE FRONT-END EQUALIZER
%--------------------------------------------------------------------------
 figure
 plot(freq,T01dB);
 title(‘Maximum Stable Gain of the First Part in dB’)
 ylabel(‘T01 (dB)’);xlabel(‘Actual Frequency’)
% Selection of data points from the given data 
% between the points nd1 and nd2 out of nd points.
%First Frequency given given by data file
FR1=freq(1)
%Last Frequency given by data file
FR2=freq(nd)
nd1=input(‘10GHz is at nd1=41,11.2GHz is at nd1=42 Enter start point 
nd1=’)
nd2=input(‘20GHz is at nd2=47;22.4GHz is at nd2=48;Enter end point nd2=’)
%nd1=42; %This corresponds to 11.23 GHz 
%nd2=48;% This corresponds to 22.39 GHz
Fstart=freq(nd1)
Fend=freq(nd2)
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%Define complex number j
j=sqrt(-1);
%
for k=1:(nd2-nd1+1)
            i=nd1-1+k;
% ww(i) is the normalized angular frequency indexed from k=1 to (nd2-nd1)
             ww(k)=freq(i)/Fend;
% FR(k) is the actual frequency
              FR(k)=freq(i);
%
% Scattering Parameters of CMOS Field effect transistor
f11r(k)=S11R(i); f11x(k)=S11X(i); f11(k)=f11r(k)+j*f11x(k);
f12r(k)=S12R(i); f12x(k)=S12X(i); f12(k)=f12r(k)+j*f12x(k);
f21r(k)=S21R(i); f21x(k)=S21X(i); f21(k)=f21r(k)+j*f21x(k);
f22r(k)=S22R(i); f22x(k)=S22X(i); f22(k)=f22r(k)+j*f22x(k);
 end
%                       
% Step1:
Tflat1=10*log10(T01(nd2))
Tflat1=input(‘Enter the desired targeted gain  value in dB for Step 1: 
Tflat1=’)
% For low pass case k=0    
ndc=0;h0=0;ntr=0;
xF0=input(‘hF(0)=0, enter front end equalizer;  
[xF(1)=hF(1),xF(2)=hF(2),...,XF(n)=hF(n)]=’)
OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
xF= lsqnonlin(‘levenberg_TR1’,xF0,[],[],OPTIONS,ndc,ww,f11,f12,f21,f22,Tf
lat1,ntr,h0);
 %
 % Here it assummed that there is no transformer in the circuit. That is
 % h(0)=1. This fact is used in the function xtoh(xF)
 if ntr==0
     n=length(xF);
     for i=1:n
         hF(i)=xF(i);
     end
     hF=[hF h0];
 end
 if ntr==1
     n=length(xF);
     for i=1:n
         hF(i)=xF(i);
     end
 end
[ gF,f ] = SRFT_htogLump( hF,ndc );
T1=Gain1(hF,ndc,ww,f11,f12,f21,f22);
T1dB=10*log10(T1);
%
        figure
        plot(ww*Fend,10*log10(T1))
        title(‘Step 1: Optimized Gain with Tflat1=2.1 dB’)
        xlabel(‘Actual Frequency’)
        ylabel(‘ T1(dB)’)
%
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% Computation of the actual element values of the front-end        
            aF=gF+hF;bF=gF-hF;
f0=Fend;  R0=50;
[ CTF, CVF ] = Synthesis_ImpedanceBased( aF,bF,ndc,R0,f0 );
Plot_Circuit4(CTF,CVF)
%--------------------------------------------------------------------------
% Part II: DESIGN OF THE BACK-END EQUALIZER
%--------------------------------------------------------------------------
   SF2=reflection(hF,ndc,ww,f11,f12,f21,f22);
% output reflectance of the active device when it is terminated in SF=hF/
gF
%
% Step1:
figure
plot(freq,T02dB);
 title(‘Maximum Stable Gain of the Second Part in dB’)
 ylabel(‘T02 (dB)’);xlabel(‘Actual Frequency’)
 display(‘Suggested maximum flat gain level for the second part of the 
design’)
Tflat2=10*log10(T02(nd2))
Tflat2=input(‘Enter the desired targeted gain  value in dB for Step 2: 
Tflat2=’)
    k=0;
    xB0=input(‘hB(0)=0, enter back end equalizer;  
[xB(1)=hB(1),xB(2)=hB(2),...,XB(n)=hB(n)]=’)
    OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
    xB= lsqnonlin(‘levenberg_TR2’,xB0,[],[],OPTIONS,k,ww,T1,SF2,f11,f12,
f21,f22,Tflat2,ntr,h0);
 %
 if ntr==0
     hB=xB;
     hB=[hB h0];
 end
 if ntr==1
     hB=xB;
 end
 %
 [ gB,fB ] = SRFT_htogLump( hB,ndc );
T2=Gain2(hB,ndc,ww,T1,SF2,f11,f12,f21,f22);
T2dB=10*log10(T2);
%
   figure (3);
   plot(ww*Fend,T2dB,ww*Fend,T1dB);
   title(‘Step 2: Final Gain Performance of the Amplifier’)
   ylabel(‘T2(dB)’)
   xlabel(‘Actual Frequency’)
   legend(‘Gain of Part II’,’Gain of Part I’)
%
   aB=gB+hB;bB=gB-hB;
f0=Fend;R0=50;
[ CTB, CVB ] = Synthesis_ImpedanceBased( aB,bB,ndc,R0,f0 );
figure
Plot_Circuit4(CTB,CVB)
%
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% Investigation on the stability of the amplifier:
%
% Stability Check at the output port:
        SB11=hoverg(hB,k,ww);%input ref. Cof. Back-end from hB(p)
        SL=SB11;
        ZL=stoz(SL);
        RL=real(ZL);
        Sout=SF2;
        Zout=stoz(Sout);
        Rout=real(Zout);
        StabilityCheck_output=RL+Rout;
%
%Stability Check at the input port:
        SF=hoverg(hF,k,ww);
        SG=SF;
        ZG=stoz(SG);
        RG=real(ZG);
[Sin]=INPUT_REF(SB11,f11,f12,f21,f22);
            Zin=stoz(Sin);
            Rin=real(Zin);
StabilityCheck_input=RG+Rin;

Program List 5.67: function levenberg_TR1

function Func=levenberg_TR1(x,ndc,w,f11,f12,f21,f22,TS1,ntr,h0)
%Design with no transformer. h(0)=0 case.
% This function is the error function to minimize error Func(i)
%   Inputs:
%   x: the unknown. It includes coefficients of numerator polynomial h(i)
%   in standard MatLab form.
%   ndc: total number of transmission zeroes at DC.
%   w(i): MatLab array which includes all the measurement frequencies for
%   the FET fij
%   fij: Scatering parameters for the FET under conideration
%   TS1: Target flat gain level for the front end stage [F]
%   ntr: Control flag to make design with or without transformer
%   h0: last coefficient of h(p). h0=0 corresponds transformerless design
Na=length(w);
%
       if ntr==0
           n=length(x);
     % For Lowpass case with no transformer
       h(1)=h0;
        for j=1:n
            h(j)=x(j);
        end
        h=[h h0];
       end
  if ntr==1
      n=length(x);
      h(1)=x(n);
      for j=1:n
          h(j)=x(j);
      end
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  end
        T1=Gain1(h,ndc,w,f11,f12,f21,f22);
                                for i=1:Na
                                        Func(i)=10*log10(T1(i))-TS1;
                                end
end

Program List 5.68: function levenberg_TR2

function Func=levenberg_TR2(x,ndc,w,T1,SF2,f11,f12,f21,f22,TS2,ntr,h0)
%Design with no transformer. h(0)=0 case.
% Optimization function for the second step
if ntr==0
           n=length(x);
     % For Lowpass case with no transformer
       for j=1:n
            h(j)=x(j);
       end
        h=[h h0];
end
  if ntr==1
      for j=1:n
          h(j)=x(j);
      end
  end
%--------------------------------------------------------------------------
%
T2=Gain2(h,ndc,w,T1,SF2,f11,f12,f21,f22);
Na=length(w);
                        for i=1:Na
                            Func(i)=10*log10(T2(i))-TS2;
                        end
end

Program List 5.69: function Gain1

function T1=Gain1(h,ndc,w,f11,f12,f21,f22)
%Gain1 of step 1. With front end equalizer
%       INPUTS:
                            % h: Coefficients of the h(p) polynomial for
                            % the iput equilezer
                            %ndc=0 for lowpass transformerless design
                            % w(i): Array, Normalized angular frequency
                            %fij: Scattering paramaeters of the active
                            %device. In the present case 0.18 Micron Si
                            %CMOSFET...
 %                       %
%       OUTPUT: T1; gain of the frist satge......
Na=length(w);
[ g,f ] = SRFT_htogLump( h,ndc );
%Compute the complex variable p=jw
j=sqrt(-1);
for i=1:Na
    p=j*w(i);
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    hval=polyval(h,p);
    gval=polyval(g,p);
    S22=hval/gval;
    fval=p^ndc;
    S21=fval/gval;
    MS21=abs(S21);
    MS21SQ=MS21*MS21;
    Mf21(i)=abs(f21(i));
    Mf21SQ(i)=Mf21(i)*Mf21(i);
    MD(i)=abs(1-S22*f11(i));
    MDSQ(i)=MD(i)*MD(i);
    T1(i)=MS21SQ*Mf21SQ(i)/MDSQ(i);
end
end

Program List 5.70: function Gain2

function T2=Gain2(h,ndc,w,T1,SF2,f11,f12,f21,f22)
%Gain2 of step 2. 
%With back-end equalizer
Na=length(w);
[ g,f ] = SRFT_htogLump( h,ndc );
%
%Compute the complex variable p=jw
j=sqrt(-1);
for i=1:Na
    p=j*w(i);
    hval=polyval(h,p);
    gval=polyval(g,p);
    S11=hval/gval;
    fval=p^ndc;
    S21=fval/gval;
    MS21=abs(S21);
    MS21SQ=MS21*MS21;
    MD(i)=abs(1-S11*SF2(i));
    MDSQ(i)=MD(i)*MD(i);
    T2(i)=T1(i)*MS21SQ/MDSQ(i);
end
end

Program List 5.71: function SRFT_htogLump

function [ g,f ] = SRFT_htogLump( h,ndc )
% This function generates g(p) from given h(p) and transmission zeroes at
% DC of order ndc. Hereö all the polynomials are in MatLab format.
%   Inputs: 
%           h(p)=h(1)p^n+h(2)p^(n-1)+...+h(n)p+h(n+1)
%           ndc: Total number of transmission zeros at DC
% Note that S21(p)=f(p)/g(p)=p^(ndc)/g(p)
%   Output:
%           G(p^2)=g(p)g(-p)
%           g(p) of S21(p)=f(p)/g(p), S11(p)=h(p)/g(p),
%           S22(p)=[f(p)/f(-p)]*h(-p)/g(p)
% -------------------------------------------------------------------------
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n1=length(h);
n=n1-1;
h_=paraconj(h);
H1=conv(h,h_);
H=clear_oddpower(H1);
[ f,F ] = SRFT_fFLump( n,ndc );
G=vectorsum(H,F);
r=roots(G);
z=sqrt(r);
g1=sqrt(abs(G(1)));
g=g1*real(poly(-z));
end

Program List 5.72: function SRFT_fFLump

function [ f,F ] = SRFT_fFLump( n,ndc )
%  This function generates numerator polynomial f(p) of S21(p)0f(p)/g(p) 

ın
% complex p=sigma +jw plane (Lumped element design)
%   Inputs:
%           n: Degree of f(p)
%           ndc: Total number trnasmission zeros at DC
%   Outputs:
%            f(p): Numnerator polynomial of S21(p)=f(p)/g(p) in MatLab 

form.
%           F(p^2)=f(p)f(-p) in MatLab form.
f0=1;
for i=1:ndc
    f0=conv(f0,[1 0]);
end
for i=1:n+1
    f1(i)=0;
end
f=vector_sum(f1,f0);
f_=paraconj(f);
FO=conv(f_,f);
F=clear_oddpower(FO);
end

Program List 5.73: Main Program Amplifier_Distributed.m

% Program Amplifier_Distributed.m
clc
clear
% DESIGN OF A SINGLE STAGE AMPLIFIER USING A 0.18 micron CMOS SILICON 
TRANSISTOR
% with Didstributed elements via SIMPLIFIED REAL FREQUENCY TECHNIQUE
% INPUTS:
%               FR(i): ACTUAL FREQUENCIES 
%               SIJ: SCATTERING PARAMETERS OF THE CMOS FET.
%               THESE PARAMETERS ARE READ FROM A FILE CALLED nico_1.txt
%% 
% 
%   for x = 1:10
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%       disp(x)
%   end
% 
%               Tflat1: FLAT GAIN LEVEL OF STEP 1 in dB.
%               Tflat2: FLAT GAIN LEVEL OF STEP 2 in dB.
%               nd1: BEGINING OF THE OPTIMIZATION FREQUENCY
%  (Note that f(nd1) is the begining of the passband;
%%
% 
%   for x = 1:10
%       disp(x)
%   end
% 
%   nd1 is the index of the frequency f(nd1)
%               nd2: END OF OPTIMIZATION FREQENCY
% (Note that f(nd2) is the end of the passband;
%  nd2 is the index of the frequency f(nd2)
%               q: number transmission zeros at DC for
%               k: total number of cascaded section
% Notes: f(lmbda)=(lmbda)^q(1-lmbda^2)^k/2
% In the optimization, all the frequencies are normalized with respect to
% upper  edge of the passband.In other words, wc2=1 is fixed.
% All the polynomials are in MatLab format.
% No Transformer is employed in the equlizers.
% Therefore, hF(nF+1)=0
% Front end equlizer is described by
%       hF=[hF(1) hF(2)...hF(nF) 0]; Standard MatLab form
% Back-end equalizer is described by
%       hB=[hB(1) hB(2)...hB(nB) 0]
%
% OUTPUT: FRONT & BACK END EQUALIZERS ARE GENERATED EMPLOYING SRFT
%    Step 1:
%    hF: Optimized Front End Equalizer;
%    T1: Gain of the First Step in dB
%    [ZF]:Normalized Cascaded Characteristic impedances of the Front-End
%    [ZFActual]:Actual Characteristic impedances
%    Step 2:                   
%    hB: Optimized Back End Equalizer
%    T2: Gain of the Second Step in dB
% [ZB]:Normalized Cascaded Characteristic impedances of the Back-End
% [ZFActual]:Actual Characteristic impedances 
%                              
%DESIGN OF A MICROWAVE AMPLIFIER
%   READ THE TRANSISTOR DATA from newcmos.txt
load newcmos.txt
display(‘nd=Total number of sampling points for the S-Par measurements’)
nd=length(newcmos)
%
%   EXTRACTION OF SCATTERING PARAMETERS FROM THE GIVEN FILE newcmos.txt
for i=1:nd
   % Read the Actual Frequencies from the file newcmos.txt    
                    freq(i)=newcmos(i,1);
                    % Read the real and the imaginary parts of the 
scattering parameters
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   % from the data file nico_1.txt
                        S11R(i)=newcmos(i,2);
                        S11X(i)=newcmos(i,3);
                        %
                        S12R(i)=newcmos(i,4);
                        S12X(i)=newcmos(i,5);
                        %
                        S21R(i)=newcmos(i,6);
                        S21X(i)=newcmos(i,7);
                        %
                        S22R(i)=newcmos(i,8);
                        S22X(i)=newcmos(i,9);
 %
 % Get rid off the numerical errors due to extraction of the scattering
 % paramters from cadnace...(Vdec extarction
                                               if S11R(i)>=1;
                                               S11R(i)=0.99999999;
                                               S11X(i)=0.0;
                                               end
 end
%
display(‘Begining of the frequency measurements freqn(1) for 
S-Parameters’)
freq(1),
display(‘End of frequency measurements freq(nd)’)
freq(nd),
%   CONSTRUCT THE APMLITUDE SQUARES OF THE SACTTERING PARAMETERS
            for i =1:nd
                                SQS21(i)=S21R(i)*S21R(i)+S21X(i)*S21X(i);
                                %
                                SQS12(i)=S12R(i)*S12R(i)+S12X(i)*S12X(i);
                                %
                                SQS11(i)=S11R(i)*S11R(i)+S11X(i)*S11X(i);
                                %
                                SQS22(i)=S22R(i)*S22R(i)+S22X(i)*S22X(i);
                %
                                S1(i)=1.0/(1-SQS11(i));
                                S2(i)=1.0/(1-SQS22(i));
            end
     % COMPUTATION OF MAXIMUM STABLE GAIN “MSG’
     %
                    for i=1:nd
                                        if SQS11(i)>=1
                                            SQS11(i)=0.999999999;
                                        end
                                        %
                                                    if  SQS22(i)>=1;
                                                    SQS22(i)=0.999999999;
                                                    end
%Ideal Flat Gain Levels
      % Step 1:
                    T01(i)=SQS21(i)/(1-SQS11(i));
      % Step 2:
                    T02(i)=T01(i)/(1-SQS22(i));
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       % Maximim Stable Gain T02=MSG
                     MSG(i)=SQS21(i)/(1-SQS11(i))/(1-SQS22(i));
                     DB(i)=10*log10(MSG(i));
                    end
                 %
                 figure
                 plot(freq,DB)
                 title(‘Maximum Stable Gain of the 180 nm CMOS of VDEC of 
Tokyo’)
                 xlabel(‘Actual Frequency’)
                 ylabel(‘MSG(dB)’)
                 display(‘i=51;     freq(51)= 1GHz’)
                 display(‘i=101;    freq(101)= 10GHz’)
                % COMPUTATION OF NORMALIZED INPUT (zin) OUTPUT (zout) 
IMPEDANCES
                                j=sqrt(-1);    
                                for i=1:nd
                                               if S11R(i)>=1;
                                               S11R(i)=0.999999;
                                               end
                                        zin(i)=(1+S11R(i)+j*S11X(i))/
(1-S11R(i)-j*S11X(i));
                                        zout(i)=(1+S22R(i)+j*S22X(i))/
(1-S22R(i)-j*S22X(i));
                                        rin(i)=real(zin(i));
                                        xin(i)=imag(zin(i));
                                        rout(i)=real(zout(i));
                                        xout(i)=imag(zout(i));
                                    end
        % Selection of data points from the given data between the points 
nd1and nd2 out of nd points.
                    %First Frequency given given by data file
                    FR1=freq(1)
                    %Last Frequency given by data file
                    FR2=freq(nd)
  nd1=input(‘Enter start point nd1=’)
  nd2=input(‘Enter end point nd2=’)
  display(‘Your optimization starts at ‘)
  Fstart=freq(nd1)
  display(‘ Your optimization ends at’)
  Fend=freq(nd2)
                     for ka=1:(nd2-nd1+1)
                         i=nd1-1+ka;
% ww(i) is the normalized angular frequency indexed from ka=1 to 
(nd2-nd1)
                         ww(ka)=freq(i)/Fend;
                  %
                  % FR(ka) is the actual frequency
                         FR(ka)=freq(i);
                         %
                         j=sqrt(-1);
                         % Scattering Parameters of CMOS
                                    f11r(ka)=S11R(i);
                                    f11x(ka)=S11X(i);
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                                    f11(ka)=f11r(ka)+j*f11x(ka);
                                    %
                                    f12r(ka)=S12R(i);
                                    f12x(ka)=S12X(i);
                                    f12(ka)=f12r(ka)+j*f12x(ka);
                                    %
                                    f21r(ka)=S21R(i);
                                    f21x(ka)=S21X(i);
                                    f21(ka)=f21r(ka)+j*f21x(ka);
                                    %
                                    f22r(ka)=S22R(i);
                                    f22x(ka)=S22X(i);
                                    f22(ka)=f22r(ka)+j*f22x(ka);
                      end
% 
display(‘UE has a delay tou=1/4/Fend/kLength’)
kLength=input(‘Enter kLength=’)
% Step1:
display(‘Ideal flat gain leven in dB’)
Tflat1=10*log10(T01(nd2))
display(‘ It is suggested that Tfalt1=6dB’)
Tflat1=input(‘Enter the desired targeted gain  value in dB for Step 1: 
Tflat1=’)
% For low pass case q=0; n=k total number of cascaded elements    
qF=0;%Transmission zeros at DC
    xF0=input(‘hF(0)=0, enter front end equalizer;  
[xF(1)=hF(1),xF(2)=hF(2),...,XF(n)=hF(n)]=’)
    OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
nF=length(xF0);%Total number of UE or cascaded elements
kF=nF;
% Here we assume that n=k;
% in other words, total number of cascaded elements are equal to total
% elements
% number of 
    xF= lsqnonlin(‘Distributed_TR1’,xF0,[],[],OPTIONS,kLength,qF,kF,ww,f1
1,f12,f21,f22,Tflat1);
 %
 %
 %          Here it assummed that there is no transformer in the circuit. 
 % That is q=0 and h(n+1)=0. Hence,
                          hF=[xF 0];
            qF=0.0;
            T1=Richards_Gain1(hF,kLength,qF,kF,ww,f11,f12,f21,f22);
figure
plot(Fend*ww,10*log10(T1))
title(‘ T1(db): Gain of the first step’)
xlabel(‘ Actual Frequency’)
ylabel(‘T1 (dB) ‘)
%Syntehsis By Richards extarctions
[GF,HF,FF,gF]=RichardsSRFT_htoG(hF,qF,kF);
%--------------------------------------------------------------------------
R0=50;
aF=gF+hF;bF=gF-hF;

© 2016 by Taylor & Francis Group, LLC

  



462 Broadband RF and Microwave Amplifiers

[Z_UE,a_new,b_new,CTF,CVF ] = Richard_CompleteImpedanceSynthesis(aF,bF,kF, 
qF,1,1/2/pi );
CVFActual=R0*CVF;
Plot_Circuit4(CTF,CVFActual)
%--------------------------------------------------------------------------
 SF2=Richards_reflection(hF,kLength,qF,kF,ww,f11,f12,f21,f22);
% DESIGN OF THE BACK-END EQUALIZER
%
% Step2:
qB=0;
Tflat2=10*log10(T02(nd2))
display(‘ It is suggested that Tflat2=10.5 dB’)
Tflat2=input(‘Enter the desired targeted gain  value in dB for Step 1: 
Tflat2=’)
 xB0=input(‘hB(0)=0, enter back end equalizer;  
[xB(1)=hB(1),xB(2)=hB(2),...,XB(n)=hB(n)]=’)
 nB=length(xB0);
 kB=nB;%Total number of cascaded sections
 OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
 xB= lsqnonlin(‘Distributed_TR2’,xB0,[],[],OPTIONS,kLength,qB,kB,ww,T1,SF
2,Tflat2);
 %
 %
            hB=[xB 0];
           T2=Richards_Gain2(hB,kLength,qB,kB,ww,T1,SF2);
%
figure
plot(Fend*ww,10*log10(T2))
title(‘Gain of the amplifier designed with distributed elements’)
xlabel(‘Actual Frequency’)
ylabel(‘Gain of the amplifier designed with UE s in dB’)
[GB,HB,FB,gB]=RichardsSRFT_htoG(hB,qB,kB);
%--------------------------------------------------------------------------
% Synthesis of the back-end equalizer
aB=gB+hB;bB=gB-hB;
[Z_UEB,a_new,b_new,CTB,CVB ] = Richard_CompleteImpedanceSynthesis(aB,bB,k
B,qB,1,1/2/pi );
CVBActual=R0*CVB;
Plot_Circuit4(CTB,CVBActual)
%--------------------------------------------------------------------------
% Print the result over the measured frequencies of the S-Parameters
[wprint,f11 f12 f21 f22]=Scattering_Parameters(newcmos,Fend);
 SF_Print=Richards_reflection(hF,kLength,qF,kF,wprint,f11,f12,f21,f22);
 T1_Print=Richards_Gain1(hF,kLength,qF,kF,wprint,f11,f12,f21,f22);
 T2_Print=Richards_Gain2(hB,kLength,qB,kB,wprint,T1_Print,SF_Print);
 Gain_dB=10*log10(T2_Print);
%
 figure
 plot(Fend*wprint,Gain_dB)
 title(‘Gain of the Tokyo-VDECamplifier constructed with UEs’)
 xlabel(‘Actual Frequency’)
 ylabel(‘Gain of the amplifier in dB’)
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Program List 5.74: function Distributed_TR1

function Func=Distributed_TR1(x,kLength,q,k,w,f11,f12,f21,f22,TS1)
%Design with no transformer. h(0)=0 case.
Na=length(w);
 
%Evaluate the polynomial values for h and g.
% Here use standard MatLab function Polyval. In this case change the 
order
% of the coefficients h and g
n=length(x);
       n1=n+1;
     % For Lowpass case with no transformer
       h(n1)=0;
        for j=1:n
            h(j)=x(j);
        end
        T1=Richards_Gain1(h,kLength,q,k,w,f11,f12,f21,f22);
                                for i=1:Na
                                        Func(i)=10*log10(T1(i))-TS1;
                                    end

Program List 5.75: function Richards_Gain1

function T1=Richards_Gain1(h,kLength,q,k,w,f11,f12,f21,f22)
%Gain1 of step 1. With front end equalizer in Richard domain
% This gain is computed in lmbda domain.
% lmbda=j*OMEGA
% OMEGA=tan(w*tau)
% tau=1/4/w(na)
%       INPUTS:
                            % h: Coefficients of the h(p) polynomial for
                            % the iput equilezer
                            %k=0 for lowpass transformerless design
                            % w(i): Array, Normalized angular frequency
                            %fij: Scattering paramaeters of the active
                            %device. In the present case 0.18 Micron Si
                            %CMOSFET...
%                       %
%       OUTPUT: T1; gain of the frist satge......
Na=length(w);
[G,H,F,g]=RichardsSRFT_htoG(h,q,k);%
%Compute the complex variable lmbda=j*tan(w*tau)
% Note that fe=stap band frequency=1.5*fc2; wc2=ww(nd2)
tau=1/4/1/kLength;
%
j=sqrt(-1);
for i=1:Na
    teta=w(i)*tau;
    omega=tan(teta);
    lmbda=j*omega;
    %
    fval=(-1)^q*(lmbda)^q*(1-lmbda^2)^(k/2);
  %

© 2016 by Taylor & Francis Group, LLC

  



464 Broadband RF and Microwave Amplifiers

    hval=polyval(h,lmbda);
    gval=polyval(g,lmbda);
    S22=hval/gval;
    S21=fval/gval;
    MS21=abs(S21);
    MS21SQ=MS21*MS21;
    Mf21(i)=abs(f21(i));
    Mf21SQ(i)=Mf21(i)*Mf21(i);
    MD(i)=abs(1-S22*f11(i));
    MDSQ(i)=MD(i)*MD(i);
    T1(i)=MS21SQ*Mf21SQ(i)/MDSQ(i);
end
% 
end

Program List 5.76: function RichardsSRFT_htoG

function [G,H,F,g]=RichardsSRFT_htoG(h,q,k)
%This function generates the complete scattering parameters
% from te given h and F in lambda domain
% all the functionas are given in lmbda square.
%   Inputs: 
%           given h and q,k
%           where F=(lmbd)^2q*(1-lmbd^2)^k
%   Outputs:
%           G,H,F and g
% Note that F(lmbda)=(-1)^q*(lmbda^2q)*(1-lmbda^2)^k
F=lambda2q_UE2k(k,q);% Generation of F=f(lambda)*f(-lambda)
h_=paraconj(h);
He=conv(h,h_);%Generation of h(lmbda)*h(-lambda)
H=poly_eventerms(He);%select the even terms of He to set H
G=vector_sum(H,F);% Generate G=H+F with different sizes
% Construction of g(lmbda) from h(lmbda)
r=roots(G);
z=sqrt(r);
g1=sqrt(abs(G(1)));
g=g1*real(poly(-z));
end

Program List 5.77: function lambda2q_UE2k(k,q)

function F=lambda2q_UE2k(k,q)
% This function computes F=(-1)^q(lambda)^2q(1-lambda^2)^k
Fa=cascade(k);
nf=length(Fa);
nq=nf+q;
    for i=1:nq
    F(i)=0.0;
    end
    if q==0;
        F=Fa;
    end
if(q>0)
    for i=1:nf
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        F(i)=((-1)^q)*Fa(i);
    end
    for i=1:q
        F(nf+i)=0.0;
    end
end
end

Program List 5.78: function cascade

function F=cascade(k)
% This function generates the F=f*f_ polynomial of 
% cascade connections of k UEs in Richard Domain. 
% F=(1-1ambda^2)^k
% F=F(1)(Lambda)^2n+...F(k)(lambda)^2+F(k+1)
F=[1]; %Unity Polynomial;
UE=[-1 1];% Single Unit-Element; [1-(lambda)^2]
for i=1:k
    F=conv(F,UE);
end
end

Program List 5.79: function paraconj

function h_=paraconj(h)
% This function generates the para-conjugate of a polynomial h=[]
na=length(h);
n=na-1;
sign=-1;
h_(na)=h(na);
for i=1:n
    h_(n-i+1)=sign*h(n-i+1);%Para_conjugate coefficients
    sign=-sign;
end
end 

Program List 5.80: function Richard_CompleteImpedanceSynthesis

function [Z_UE,a_new,b_new,CTF,CVF ] = Richard_CompleteImpedanceSynthesis
(a,b,k,q,R0,f0 )
% This function carries out complete synthesis in lambda domain
% Inputs:
%       k; Total number of cascaded UEs
%       q: Total number of high-pass elements as series open-stubs, 
parallel shorted-stubs
%       Zin=a/b
%       R0: Normalization resistance 
%       f0: Normalization frequency but it must be fixed at f0=1/2/pi
% Outputs:
%       Z_UE: Chararcteristic impedances of the Unit Elements
%       a_new,b_new: Z_new=a_new/b_new is the remaning impedance after
%       extraction of k-UE.
%       CT,CV: Circuit codes and values of the ladder synthesis
%
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ndc=q;
%
if k==0;a_new=a;b_new=b;
    Z_UE=’k=0. There is no UE in the synthesis’
end
%
% ------ Definition of Algorithmic zero -----------------------------------
zero=1e-10;
zeroA=1e-10;
aux=[a b];
Kmax=max(aux);
a1=a/Kmax;b1=b/Kmax;na=length(a);
    if q>0;
    zeroA=a1(na);
    end
%
if zero<zeroA;zero=zeroA;end
% ------ End of Definition of Algorithmic zero ----------------------------
if abs(a(1))<zero;[a,b]=Richard_ImmittanceCorrection(a,b,k,q);end
if abs(b(1))<zero;[b,a]=Richard_ImmittanceCorrection(b,a,k,q);end
%--------------------------------------------------------------------------
n=length(a)-1;
if k<=n
    if k>0
%High precision-impedance based-Richard Extraction:
% [Z,a_new,b_new] = Richard_HighPrecisionUEExtraction( k,q,a,b );
% [Z,a_new,b_new] = Richard_RoughUEExtraction( k,q,a,b );
  [Z,a_new,b_new] = Richards_CameronExtractions( k,q,a,b );
  Z_UE=Z;
%--------------------------------------------------------------------------
    end
%--------------------------------------------------------------------------
a1=a_new;b1=b_new;
na=length(a_new);nb=length(b_new);
% a_new(na) might be zero and b_new(na) might be zero. In this case 
degree
% reduction in “q” occours.
if abs(a_new(na))<zero;
if abs(b_new(nb))<zero;
    clear a_new;clear b_new;
    for i=1:na-1
        a_new(i)=a1(i);
        b_new(i)=b1(i);
        
    end
    q=q-1;% Degree reduction in q
        Attention=(‘Degree reduction occours in q=q-1’)
        q1=q
end
end
% End of degree reduction loops
%--------------------------------------------------------------------------
end
%
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nc=n;
if nc>k
%    
if abs(a_new(1))<zero;[a_new,b_new,q]=Check_immitance(a_new,b_new,q);end
if abs(b_new(1))<zero;[b_new,a_new,q]=Check_immitance(b_new,a_new,q);end
    if abs(a_new(1))>zero;
        if abs(b_new(1))>zero;
            [a_new,b_new,q]=Check_immitance(a_new,b_new,q);
        end
    end 
    %
[ CT CV ] = Synthesis_ImpedanceBased( a_new,b_new,q,R0,f0 );
end
if k==n
    CT=(‘k=n; Therefore, synthesis is completed only with cascade 
connection of n-unit elemensts’)
    CV=CT;
end
% Plot the remainin synthesized Circuit in lambda domain
% if n>k; Plot_Circuitv4(CT,CV);end
% -------------------------------------------------------------------------
% Plot of the complete commensurate transmission line circuit 
nue=length(Z_UE);
for i=1:nue
    CT1(i)=20; CV1(i)=Z_UE(i);
end
if n>k
[ CTD,CVD ] = RichardsLadderTo_TrLineTopology( CT,CV );
CTF=[CT1 CTD];CVF=[CV1 CVD];
end
if n==k
  CTF=[CT1 9]; CVF=[CV1 a_new/b_new];  
end
%Plot_Circuit4(CTF,CVF)
end

Program List 5.81: function Richard_ImmittanceCorrection

function [a1,b1]=Richard_ImmittanceCorrection(a,b,k,q)
% In this function original forms of a(lambda) and b(lambda) are used as
% input. Here, the last coefficients of a(lambda) and b(lambda) are not one.
% Therefore, we compute a0:
% -------------------------------------------------------------------------
% Revision on January 20, 2013
 % [a0,A,B,k1,q1] = Richard_a0ofAandB( a,b,k,q );
 
% -------------------------------------------------------------------------
% June 3, 2013 Revision
% Revision July 27, 2013
% Generate the Richard Numerator of the even part R(lambda^2)=A/B with high
% precision:
if k>0
F=Richard_kq(k,q);
% Compute the leading coefficient A0:
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[A1,B1]=even_part(a,b);
nA=length(A1);
nB=length(B1);B0=B1(nB);
B=B1/B0;A2=A1/B0;
A0=abs(A2(nA-k-q));
A=A0*F;A=fullvector(nB,A);
[a1,b1]=RtoZ(A,B);
%
b0=b1(nB);b1=b1/b0;a1=a1/b0;
end
if k==0
[a1,b1]=General_immitCheck(q,0,a,b)
    Note=’k=0. Therefore, we use immittance correction algorithm called  
General_immitCheck’
    na=length(a1);if a1(na)<1e-12;a1(na)=0;end
    
end
end

Program List 5.82: function Richard_kq(k,q)

function F=Richard_kq(k,q)
% This function computes F=(-1)^q(lambda)^2q(1-lambda^2)^k
Fa=cascade(k);
nf=length(Fa);
nq=nf+q;
    for i=1:nq
    F(i)=0.0;
    end
    if q==0;
        F=Fa;
    end
if(q>0)
    for i=1:nf
        F(i)=((-1)^q)*Fa(i);
    end
    for i=1:q
        F(nf+i)=0.0;
    end
end
end

Program List 5.83: function even_part

function [A,B]=even_part(a,b)
% Generate even part R(p^2)=A(p^2)/B(p^2) of a given immitance function 
F(p)=a(p)/b(p)
% Notice that A(p^2) and B(p^2) are specified as an even polynomials
% Computation of Numerator of Even Part
na=length(a);
nb=length(b);
    sign=-1;
    for i=1:na
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        sign=-sign;
        a_(na-i+1)=sign*a(na-i+1);
    end
    sign=-1;
    for i=1:nb
        sign=-sign;
        b_(na-i+1)=sign*b(nb-i+1);
    end
    Num_Even=(conv(a,b_)+conv(a_,b))/2;
      A=clear_oddpower(Num_Even);
    n_Even=length(Num_Even);
       BB=conv(b,b_);
    B=clear_oddpower(BB);
end

Program List 5.84: function RtoZ

function [a,b]=RtoZ(A,B)
% This MatLab function generates a minimum function Z(p)=a(p)/b(p)
%      from its even part specified as R(p^2)=A(p^2)/B(p^2)
%      via Bode (or Parametric)approach
% Inputs: In p-domain, enter A(p) and B(p)
% A=[A(1) A(2) A(3)...A(n+1)]; for many practical cases we set A(1)=0.
% B=[B(1) B(2) B(3)...B(n+1)]
% Output:
%        Z(p)=a(p)/b(p) such that
%        a(p)=a(1)p^n+a(2)p^(n-1)+...+a(n)p+a(n+1)
%        b(p)=b(1)p^n+b(2)p^(n-1)+...+b(n)p+a(n+1)
% Generation of an immitance Function Z by means of Parametric Approach
% In parametric approach Z(p)=Z0+k(1)/[p-p(1)]+...+k(n)/[p-p(n)]
% R(p^2)=Even{Z(p)}=A(-p^2)/B(-p^2) where Z0=A(n+1)/B(n+1). 
%
% Given A(-p^2)>0
% Given B(-p^2)>0
% 
BP=polarity(B);%BP is in w-domain
AP=polarity(A);%AP is in w-domain
% Computational Steps
% Given A and B vectors. A(p) and B(p) vectors are in p-domain
% Compute poles p(1),p(2),...,p(n)and the residues k(i) at poles 
p(1),p(2),...,p(n)
[p,k]=residue_Z0(AP,BP);
%
% Compute numerator and denominator polynomials
Z0=abs(A(1)/B(1));
[num,errorn]=num_Z0(p,Z0,k);
[denom,errord]=denominator(p);
% 
a=num;
b=denom;
end
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Program List 5.85: function General_immitCheck

function [a1,b1]=General_immitCheck(ndc, W,a,b)
% Given F(p)=a(p)/b(p)as a minimum function
% 
% Find zeros of transmissions at dc
% Re-compute a(p) and b(p) to make F(p) minimum reactance
%[ndc] = DCZeros_Evenpart( a,b );
eps_zero=1e-8;
[A1,B1]=even_part(a,b);% Outcome is even polynomials in p^2
na=length(a);
if norm(W)>0;nz=length(W);end
if norm(W)==0;nz=0;end
%
%for i=1:na; zero(i)=0;end
A0=A1(na-ndc-2*nz);
A=1;p=[1 0];% p^2
if ndc>0
for i=1:ndc
    A=conv(A,p);%p^2*ndc
end
end
A=A0*A;
% -------------------------------------------------------------------------
% Generate polynomial Apoly constructed by means of 
% finite transmission zeros W(i)
% 
%
       Apoly=[1];
if (nz>=1)
        for i=1:nz
        Wi2=W(i)*W(i);
        Cpoly=[1 Wi2];% (p^2+wa^2) in p^2
        Dpoly=conv(Cpoly,Cpoly);%(p^2+wa^2)^2 in p^2
        Apoly=conv(Apoly,Dpoly);
        end   
end
%
% -------------------------------------------------------------------------
A2=conv(A,Apoly);
nb=length(B1);for j=1:nb;zero(j)=0;end;A3=vector_sum(zero,A2);
[a1,b1]=RtoZ(A3,B1);
if abs(a1(na))<eps_zero;a1(na)=0;end
if abs(a1(1))<eps_zero;a1(1)=0;end
% -------------------------------------------------------------------------
%
end

Program List 5.86: function Check_immitance

function [a1,b1,ndc]=Check_immitance(a,b,ndc)
% December 12, 2012
% Upgradded version of the old Check_immittance function with fixed ndc
% Given F(p)=a(p)/b(p)as a minimum function
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% F(p) is free of finite jW zeros but it may have zeros at dc
% Find zeros of transmissions at DC (Actually, DC Tr. zeros is given at the
% input in the upgraded version of the function)
% Re-compute a(p) and b(p) to make F(p) minimum reactance
na=length(a);
if na>1
%[ndc] = DCZeros_Evenpart( a,b );
[A1,B1]=even_part(a,b);
for i=na
    A(i)=0.0;
end
A(na-ndc)=A1(na-ndc);
[a1,b1]=RtoZ(A,B1);
end
if na==1
a1=a;
b1=b;
ndc=0;
end
end

Program List 5.87: function Richards_reflection

function SF2=Richards_reflection(h,kLength,q,k,w,f11,f12,f21,f22)
% Computation of the back-end reflectance of the active in Ricahrd domain
% when it is terminated in S22F=hF/gF
%Design with no transformer. h(0)=1 case.
% INPUTS
%                        h(lmbda): Numerator polynomial (Coefficients h 

array)
%                       w: Normalized angular frequencies; array of size Na
%                       fij: Scattering paramaters of the active device
% OUTPUT:
%                       SF2: Back-end reflection Coefficients looking at
%                       the back-end of the active device.
Na=length(w);
%
n1=length(h);
%Compute the complex variable lmbda=j*tn(w*tau)
j=sqrt(-1);
Na=length(w);
[G,H,F,g]=RichardsSRFT_htoG(h,q,k);%
%Compute the complex variable lmbda=j*tan(w*tau)
% Note that fe=stap band frequency=1.5*fc2; wc2=ww(nd2)
tau=1/4/1/kLength;
%
j=sqrt(-1);
for i=1:Na
    teta=w(i)*tau;
    omega=tan(teta);
    lmbda=j*omega;
    %
    hval=polyval(h,lmbda);
    gval=polyval(g,lmbda);
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    S22=hval/gval;
        SF2(i)=f22(i)+f12(i)*f21(i)*S22/(1-f11(i)*S22);
end

Program List 5.88: function Distributed_TR2
function Func=Distributed_TR2(x,kLength,q,k,w,T1,SF2,TS2)
%Design with no transformer. h(0)=0 case.
% Inputs:
%        x: The unknown vector which includes h(i) of the back-end 

matching
%       network.
%       q: Count of the DC transmision zeros in lambda domain.
%       k: Count of the cascade connected tUEs.
%        w: Normalized angular frequency array vector subject to 

optımızatıon.
%       T1: Gain of the input match (Front-end) as an array over w
%        SF2:Unit normalized reflection coefficient of the FET when 

from-end
%       matching is present.
%       TS2: Traget flat gain level of the overall amplifier.
% Output:
%       Func: Error function
% -------------------------------------------------------------------------
% Optimization function for the second step
n=length(x);
       n1=n+1;
        h(n1)=0;
        for j=1:n
            h(j)=x(j);
        end
%
T2=Richards_Gain2(h,kLength,q,k,w,T1,SF2);
Na=length(w);
                        for i=1:Na
                            Func(i)=10*log10(T2(i))-TS2;
                        end
end

Program List 5.89: function Richards_Gain2

function T2=Richards_Gain2(h,kLength,q,k,w,T1,SF2)
%Gain2 of step 2 in Richard domain. 
%With back-end equalizer
Na=length(w);
%Na=length(w);
[G,H,F,g]=RichardsSRFT_htoG(h,q,k);%
%Compute the complex variable lmbda=i*tan(w*tau)
tau=1/4/1/kLength;
j=sqrt(-1);
for i=1:Na
    teta=w(i)*tau;
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    omega=tan(teta);
    lmbda=j*omega;
    %
    fval=(-1)^q*(lmbda)^q*(1-lmbda^2)^(k/2);
  %
    hval=polyval(h,lmbda);
    gval=polyval(g,lmbda);
    S11=hval/gval;
    S21=fval/gval;
    MS21=abs(S21);
    MS21SQ=MS21*MS21;
    MD(i)=abs(1-S11*SF2(i));
    MDSQ(i)=MD(i)*MD(i);
    T2(i)=T1(i)*MS21SQ/MDSQ(i);
end
end

Program List 5.90: Microstrip_CharateristicImpedance.m

% Main Program Microstrip_CharateristicImpedance.m
clear
% Inputs:
% er : relative dielectric constant
% W : width of track
% h : thickness of the substrate
%
er=input(‘Enter relative permittivity: ‘);
W=input(‘Enter width of the substrate (mm): ‘);
h=input(‘Enter thickness of the substrate (mm): ‘);
if (W/h<1)
e_eff=(er+1)/2+((er-1)/2)*((1/(sqrt(1+(12*h/W))))+0.04*(1-W/h)^2);
else
    e_eff=((er+1)/2)+((er-1)/2)*(1/sqrt(1+12*h/W));
end
%
if (W/h<1)
    Z_0=60/sqrt(e_eff)*log(8*h/W+W/4*h);
else
 Z_0=(120*pi/sqrt(e_eff))*(1/(W/h+1.393+0.677*log((W/h)+1.444)));
end
%
[s,errmsg]=sprintf(‘Z_0 = %d’,Z_0);
disp(s);

Program List 5.91: Design of a Microstrip Line for a specified 
Characteristic Impedance Z0, substrate thickness h and relative 
di-electric constant (or permittivity) εr

% Main program Microstrip_design.m
% Inputs:
%        Z0: Fixed Characteristic Impedance of the Microstrip Line
%        epsr: Relative permittivity of the substrate
%        h:Thickness of the substrate
% For a Given Microstrip characteristic impedance Z0, find w/h
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close all
clc
clear
%
Z0=input(‘Characteristic Impedance of the Microstrip Line in ohm  Z0=’);
epsr=input(‘Relative permittivity of the substrate epsr=’);
hmm=input(‘Enter substrate thickness in millimeter h=’);
h=hmm/1000;
% Initialize x=W/h
x0=1.0;
% Optimization via Minimax Algorithm
 f=@(x)Microstrip(x,epsr,Z0)
[x,fval] = fminimax(f,x0);
%  Computation of a microstrip Characteristic impedance for given width 

and epsr
%  See the book Fields and Waves in Communication Electronics by Simon Ramo,
% John R. Whinnery, Theodore Van Duzer, Third Edition, John Wiley,1994,
% pp.412
width=x*h
woverh=x;
if woverh>0.06
Z00=120*pi/(x+1.98*(x)^0.172);
epseff=1+((epsr-1)/2)*(1+1/sqrt(1+10/x))
Z_Microstrip=Z00/sqrt(epseff)
end
if woverh<0.06
    ‘Microstrip impedance can not to be realized’
End

Program List 5.92: Error function to compute the actual x=(W/h) ratio of a 
microstrip line for a specified characteristic impedance Z0 and 
permittivity ((epsilon) r in subscript)see symbol for author original file

function error=Microstrip(x,epsr,Z0)
% Inputs
%       epsr: relative permittivity of the substrate
%       Z0: Desired characteristic impedance to be realized
%       x:the unknown the ratio of x=w/h
%         where (w) is the width and (h) is the thickness
%-------------------------------------------------------------------------
Z00=120*pi/(x+1.98*(x)^0.172);
epseff=1+((epsr-1)/2)*(1+1/sqrt(1+10/x));
Z_Microstrip=Z00/sqrt(epseff);
error=abs(Z0-Z_Microstrip);
end

Program List 5.93: Main Program INDviaTRL

% Main Program: INDviaTRL
% Inputs:
%       LA: actual impedance to be realized by a single transmission line 
%       f0: actual operating frequency  
%       h: substrate thickness
%       epsr: Relative permittivity
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%       m: pass band multiplier
% Outputs:
%       l: find physical length (meter)
%       Z0: Characteristic impedance (ohm)
%       W: Actual line width (meter)
%       Cp: Parasitic capacitance of the given actual inductor LA
%
close all
clc
clear
%
% Inputs:
LA= 1.2694e-008;f0=530e6;epsr=3.66;h=2e-3;m=4
%
% Outputs
tau=1/4/m/f0;
c=3*1e8;
mu0=4*pi*1e-7;
eps0=1e-9/36/pi;
v0=1/sqrt(mu0*eps0)
vsub=v0/sqrt(epsr);
length=vsub/4/m/f0;
width=mu0*(h/LA)*length;
W=30*pi*h/sqrt(epsr)/m/f0/LA;
Z0=4*m*f0*LA;
Chr_imp=120*pi*h/W/sqrt(epsr)
Cp=epsr*eps0*W*length/2/h
Cap_Parasitic=LA/2/Z0/Z0
Cpt=1/32/m/f0/m/f0/LA
% Generate input impedance of the transmission line as it is terminated 
in
% 50 ohms:
fs1=330e6;fs2=10060e6;
N=10000;
df=(fs2-fs1)/N;DW=2*pi*df;
f=fs1;w=2*pi*f;
RN=50;
j=sqrt(-1);
for i=1:N
    FA(i)=f/1e6;
    p=j*w;
    YN=1/RN;Y1=p*Cp+YN;
    Z2=p*LA+1/Y1;Y3=p*Cp+1/Z2;
    ZinLump=1/Y3;
    RinLump(i)=real(ZinLump);
    XinLump(i)=imag(ZinLump);
    ZinTRL=Z0*(RN+Z0*j*tan(w*tau))/(Z0+RN*j*tan(w*tau));
    RinTRL(i)=real(ZinTRL);
    XinTRL(i)=imag(ZinTRL);
    w=w+DW;
    f=f+df;
end
figure (1)
plot(FA,RinLump,FA,RinTRL)
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title(‘Comparison of real parts’);xlabel(‘Actual Frequency (MHz)’)
ylabel(‘RinLump & RinTRL’);legend(‘RinLump’,’RinTRL’)
%
figure (2)
plot(FA,RinLump,FA,RinTRL)
title(‘Comparison of imaginary parts’);xlabel(‘Actual Frequency (MHz)’)
ylabel(‘XinLump & XinTRL’);legend(‘XinLump’,’XinTRL’)

Program List 5.94: Based on the lumped proto-type, matching network 
design with mixed elements

% Main Program Mixed_Design.m
% Inputs:
% Element Values:
close all
clc
clear
%
RGEN =[
   0       50     0
   330     50     0
   350     50     0
   370     50     0
   390     50     0
   410     50     0
   430     50     0
   450     50     0
   470     50     0
   490     50     0
   510     50     0
   530     50     0
   2000    50     0];
%
Load =[
000     19.00   -0.000   
330     17.61   -04.63  
350     14.50   -03.67 
370     18.70   -11.30   
390     22.00   -10.11  
410     09.16   -13.96  
430     10.23   -17.94  
450     10.40   -15.89
470     17.18   -04.85   
490     14.33   -05.11   
510     13.36   -12.11
530     11.04   -14.03
2000    7.00    -17.00];
%
A1=RGEN; % Data Matrix For Gen_Data1
A2=Load; % Data Matrix Load_Dat1
%
NA1=length(A1);
NA2=length(A2);
%
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% Resistive Generator Data for Single Matching Problem
for i=1:NA1
    FAG(i)=A1(i,1)*1e6;WAG(i)=2*pi*FAG(i);
    RAG1(i)=A1(i,2);
    XAG1(i)=A1(i,3);
end
% Actual Measurement for the Input Load Data 3; Single Matching
for i=1:NA2
    FAL(i)=A2(i,1)*1e6;WAL(i)=2*pi*FAL(i);
    RAL1(i)=A2(i,2);
    XAL1(i)=A2(i,3);
end
%
figure
plot(FAL,RAL1)
figure
plot(FAL,XAL1)
%
%
m=2;
f0=530e6;fs1=06;fs2=3*f0;epsr=3.66
ws1=2*pi*fs1;ws2=2*pi*fs2;KFlag=1;
%-------------------------------------------------------------------------
CAk=2.4115e-012;LAk=9.3483e-009;%Lumped Element Prototype Resonance 
Circuit
CA1=2.3916e-011;CA3= 1.4731e-011;LA2=1.2694e-008;% Lumped element CLC
CA=2.1725e-011;CB=1.2540e-011;Z0=53.8226;tau= 2.3585e-010%Physical TRL 
Model
%CA=2.1839e-011;CB=1.2649e-011;Z0=59.763;tau= 2.3585e-010;%Parameters of
%almost equivalent circuit
%-------------------------------------------------------------------------
%
%Z_fixed=0.0;
%[Z0,tau,length,C,Ca,CT,CA,CB]=CLCPItoTRL(f0,m,CA1,LA2,CA3,epsr,Z_fixed);
Nprint=1001;
cmplx=sqrt(-1);
DW=(ws2-ws1)/(Nprint-1);
w=ws1;
for j=1:Nprint
           WA(j)=w;        
           p=cmplx*w;
           [RG,XG]=Line_Impedance(w,WAG, RAG1, XAG1,KFlag);
           [RL,XL]=Line_Impedance(w,WAL, RAL1, XAL1,KFlag);
           ZL=complex(RL,XL);
           ZG=complex(RG,XG);
% Impedance of the resonance circuit:
           YRes=p*CAk+1/p/LAk;
           ZRes=1/YRes;
% Transmission Line input impedance
        %  Load impedance of the Line: CB//ZL
           ZLoad=ZRes+ZL;
           YLA=p*CA+1/ZLoad;% Line load: CB//ZL
           ZLA=1/YLA;% TRL Load
           Num=ZLA+cmplx*Z0*tan(w*tau);
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           Den=Z0+cmplx*ZLA*tan(w*tau);
           ZTRL=Z0*Num/Den;% Input impedance of the loaded line in ZLB
           Yin=1/ZTRL+p*CB;
           Zin=1/Yin;
           SinTrl=(Zin-conj(ZG))/(Zin+ZG);
           GainTrl=1-abs(SinTrl)*abs(SinTrl);
            T_Double=GainTrl;
            TATrl(j)=10*log10(T_Double);
            % Computation of gain with lumped elements
            YC1=p*CA1+1/(ZLoad);
            ZL2=p*LA2+1/YC1;
            YC3=p*CA3+1/ZL2;
            ZinLmp=1/YC3;
            SinLmp=(ZinLmp-conj(ZG))/(ZinLmp+ZG);
            GainLmp=1-abs(SinLmp)*abs(SinLmp);
            TALmp(j)=10*log10(GainLmp);
    w=w+DW;
end
  %
  FA=WA/2/pi/1e6;
        
  %
        figure
        plot(FA,TATrl,FA,TALmp)
        title(‘Test Mixed Element Design’)
        xlabel(‘Actual Frequency’)
        ylabel(‘Topology Gain in dB’)
        legend(‘TRL’,’Lumped’)

Program List 5.95: function CLCPItoTRL

function [ Z0,tau,length,C,Ca,CT,CA,CB] = CLCPItoTRL(f0,m,CA1,LA2,CA3,eps
ilonr,Z_fixed)
%Generate almost equivalent CT-TRL-CT from the given C1-L2-C3 PI section
% -------------------------------------------------------------------------
%   Inputs: Element values of the lumped PI Section
%           f0: Actual normalization frequency
%            m: Integer which specifies the stop-band frequency as 

fs2=m*f0
%              Note m cannot be less 2. Perhaps it is chosen as 2, 3 or 4
%           RN: Normalization Resistance. It may be 50 ohm.
%           CA1: Input Capacitor
%           LA2: Mid Inductor
%           CA3: Output Capacitor
%           epsilon_r: Di-electric constant of the substrate
%           Z_fixed: fixed characteristic impedance of the line.
% Note: if Z_fixed==0, characteristic impedance Z0 is computed as a
% function of tau.
% If Z_fixed>0 then, tau is adjusted to yield the desired characteristic
% impedance Z_fixed.
%   Output:
%           Z0: Characteristic Impedance of the transmission Line
%           tau: Delay length of the transmission line
%           length: Physical length of the transmission line
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%           C=min(C1,C3)
%           Ca: Residual Capacitor for the PI section to make it
%           symmetrical
%           CT: Symmetrical loading capacitor of the transmission line
%           (CT_TRL_CT)
%           CA: Equivalent left loading capacitance of the line
%           CB: Equivalent left loading capacitance 
% -------------------------------------------------------------------------
% Normalization:
fs2=m*f0;
if Z_fixed==0
    C=min(CA1,CA3);% find symmetrical Capacitors C
    Ca=max(CA1,CA3)-C;% Generate residual capacitor Ca
    tau=1/4/fs2;% Compute delay length tau
    Z0=2*pi*f0*LA2/sin(2*pi*f0*tau);
     CT=(cos(2*pi*f0*tau)+(2*pi*f0)*(2*pi*f0)*LA2*C-1)/(2*pi*f0)/

(2*pi*f0)/LA2;
    if CA1>CA3;CA=Ca+CT;CB=CT;end
    if CA3>CA1; CA=CT;CB=Ca+CT;end
end
if Z_fixed>0
    Z0=Z_fixed;
    C=min(CA1,CA3);% find symmetrical Capacitors C
    Ca=max(CA1,CA3)-C;% Generate residual capacitor Ca
    Q=2*pi*f0*LA2/Z0;
    teta=asin(2*pi*f0*LA2/Z0);
    tau=(1/2/pi/f0)*teta;
     CT=(cos(2*pi*f0*tau)+(2*pi*f0)*(2*pi*f0)*LA2*C-1)/(2*pi*f0)/

(2*pi*f0)/LA2;
    if CA1>CA3;CA=Ca+CT;CB=CT;end
    if CA3>CA1; CA=CT;CB=Ca+CT;end
end
v0=3*1e8; vr=v0/sqrt(epsilonr);
length=vr*tau;
end; % end for the function

Program List 5.96: Main Program “GKYSRFTLumpedAmplDesignSec5_14.m

% Main Program GKYSRFTLumpedAmplDesignSec5_14.m 
clc
clear
close all
%  DESIGN OF A SINGLE STAGE AMPLIFIER 
%  USING A TSMC 0.18 micron NMOS SILICON TRANSISTOR
%  via SIMPLIFIED REAL FREQUENCY TECHNIQUE (SRFT)
% -------------------------------------------------------------------------
% General Information about the device NMOS Transistor, 0.18 micron gate
%                Frequency range: 100MHz - 22.4 GHz; 
%                VDD = 1.8V; ID (drain DC current) = 200mA, 
%                NMOS size W/L = 1000u/0.18u; 
%                Simulation temperature = 50C.
%                Output power= 200mW up to 20 GHz 
%                Operaton Class: Class A amplifier.
% -------------------------------------------------------------------------
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% INPUTS:
%               FR(i): ACTUAL FREQUENCIES 
%               SIJ: SCATTERING PARAMETERS OF THE TSMC-CMOS FET.
%               THESE PARAMETERS ARE READ FROM A FILE CALLED ersad_1.txt
%               Tflat1: FLAT GAIN LEVEL OF STEP 1 in dB.
%               Tflat2: FLAT GAIN LEVEL OF STEP 2 in dB.
%               FR(nd1); nd1: BEGINING OF THE OPTIMIZATION FREQUENCY
%               (nd1=42)
%               FR(nd2); nd2: END OF OPTIMIZATION FREQENCY: nd2=48.
%
% OUTPUT: FRONT & BACK END EQUALIZERS ARE GENERATED EMPLOYING SRFT
%                   Step 1:
%                           hF: Front End Equalizer;
%                           T1: Gain of the First Step
%                            CVF:Normalized Element Values of the 

Front-End
%                           equalizer
%                           AEVF: Actual Element Values of the Front-End 
%                   Step 2:                   
%                           hB: Back End Equalizer
%                           T2: Gain of the Second Step
%                           CVB:Normalized Element Values of the Back-End
%                           Equalizer
%                           AEVB: Actual Element Values of the Back-End 
%                           
%
%                           DESIGN OF A MICROWAVE AMPLIFIER
% READ THE TRANSISTOR DATA ersad_1.txt
%
% -------------------------------------------------------------------------
% Special Notes: From the given data file one should obtain that
% nd=48 (Total Number of sampling points)
% For front-end Equalizer:
%     freq(48)=22.38 GHz;   freq(41)=10 GHz;     freq(35)=5.02 GHz
%      T01(48)=1.317         T01(41)=6.54         T01(35)=26.1 
%      (MSG for front-end)
%      T02(48)=5.255         T02(41)=16.53        T02(35)=58.25 
%      MSG(48)=7.2dB;      MSGdB(41)=12.1dB;    MSGdB(35)=17.65dB
%     (MSG for the back-end)
% -------------------------------------------------------------------------
load TMSC_Spar.txt; % Load cmos data to the program
nd=length(TMSC_Spar)
pi=4*atan(1);
rad=pi/180;
%
%   EXTRACTION OF SCATTERING PARAMETERS FROM THE GIVEN FILE ersad_1.txt
for i=1:nd
   % Read the Actual Frequencies from the file ersad_1.txt    
                    freq(i)=TMSC_Spar(i,1);
   % Read the magnitude and phase of the scattering parameters
   % from the data file ersad_1.txt
MS11(i)=TMSC_Spar(i,2);PS11(i)=rad*TMSC_Spar(i,3);
MS21(i)=TMSC_Spar(i,4);PS21(i)=rad*TMSC_Spar(i,5);
MS12(i)=TMSC_Spar(i,6);PS12(i)=rad*TMSC_Spar(i,7);
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MS22(i)=TMSC_Spar(i,8);PS22(i)=rad*TMSC_Spar(i,9);
% Convert magnitude and phase to real and imaginary parts.
S11R(i)=MS11(i)*cos(PS11(i));S11X(i)=MS11(i)*sin(PS11(i));
S12R(i)=MS12(i)*cos(PS12(i));S12X(i)=MS12(i)*sin(PS12(i));
S21R(i)=MS21(i)*cos(PS21(i));S21X(i)=MS21(i)*sin(PS21(i));
S22R(i)=MS22(i)*cos(PS22(i));S22X(i)=MS22(i)*sin(PS22(i));
%
 % Get rid off the numerical errors due to extraction of the scattering
 % paramters from cadnace...(Vdec extarction
  if S11R(i)>=1;S11R(i)=0.99999999;S11X(i)=0.0;end
 end
% 
%   CONSTRUCT THE APMLITUDE SQUARES OF THE SACTTERING PARAMETERS
  for i =1:nd
 SQS21(i)=S21R(i)*S21R(i)+S21X(i)*S21X(i);
 SQS12(i)=S12R(i)*S12R(i)+S12X(i)*S12X(i);
 SQS11(i)=S11R(i)*S11R(i)+S11X(i)*S11X(i);
 SQS22(i)=S22R(i)*S22R(i)+S22X(i)*S22X(i);
 S1(i)=1.0/(1-SQS11(i));S2(i)=1.0/(1-SQS22(i));
   end
     % COMPUTATION OF MAXIMUM STABLE GAIN “MSG’
%
  for i=1:nd;if SQS11(i)>=1;SQS11(i)=0.999999999;end
if  SQS22(i)>=1;SQS22(i)=0.999999999;end
%Ideal Flat Gain Levels
      % Step 1:
                    T01(i)=SQS21(i)/(1-SQS11(i));
                    T01dB(i)=10*log10(T01(i));
      % Step 2:
                    T02(i)=T01(i)/(1-SQS22(i));
                    T02dB(i)=10*log10(T02(i));
       % Maximim Stable Gain T02=MSG
                     MSG(i)=SQS21(i)/(1-SQS11(i))/(1-SQS22(i));
                     DB(i)=10*log10(MSG(i));
  end
%
%-------------------------------------------------------------------------
% Part I: DESIGN OF THE FRONT-END EQUALIZER
%-------------------------------------------------------------------------
 figure
 plot(freq,T01dB);
 title(‘Maximum Stable Gain of the First Part in dB’)
 ylabel(‘T01 (dB)’);xlabel(‘Actual Frequency’)
% Selection of data points from the given data 
% between the points nd1 and nd2 out of nd points.
%First Frequency given given by data file
FR1=freq(1)
%Last Frequency given by data file
FR2=freq(nd)
%nd1=input(‘10GHz is at nd1=41,11.2GHz is at nd1=42 Enter start point 
nd1=’)
%nd2=input(‘20GHz is at nd2=47;22.4GHz is at nd2=48;Enter end point 
nd2=’)
nd1=41; %This corresponds to 11.23 GHz 
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nd2=47;% This corresponds to 22.39 GHz
Fstart=freq(nd1)
Fend=freq(nd2)
%Define complex number j
j=sqrt(-1);
%
for k=1:(nd2-nd1+1)
            i=nd1-1+k;
% ww(i) is the normalized angular frequency indexed from k=1 to (nd2-nd1)
             ww(k)=freq(i)/Fend;
% FR(k) is the actual frequency
              FR(k)=freq(i);
%
% Scattering Parameters of CMOS Field effect transistor
f11r(k)=S11R(i); f11x(k)=S11X(i); f11(k)=f11r(k)+j*f11x(k);
f12r(k)=S12R(i); f12x(k)=S12X(i); f12(k)=f12r(k)+j*f12x(k);
f21r(k)=S21R(i); f21x(k)=S21X(i); f21(k)=f21r(k)+j*f21x(k);
f22r(k)=S22R(i); f22x(k)=S22X(i); f22(k)=f22r(k)+j*f22x(k);
 end
%                       
% Step1:
Tflat1=10*log10(T01(nd2))
Tflat1=input(‘Enter the desired targeted gain  value in dB for Step 1: 
Tflat1=’)
% For low pass case k=0
% -------------------------------------------------------------------------
%  AUTOMATIC INITIALIZATION OF THE FRONT-END MATCHING NETWORK
% Generation of the termination impedance for the front-end matching 
network
NA=length(freq);j=sqrt(-1);
for i=1:NA
    FAin(i)=freq(i)/1e9;
    Zin(i)=(1+S11R(i)+j*S11X(i))/(1-S11R(i)-j*S11X(i));
    Rin(i)=real(Zin(i));
    Xin(i)=imag(Zin(i));
end
%              Initial Guess for SRFT Amplifier for front-end matching
%              network
% User selected Inputs:
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    FL=FAin(42);FH=FAin(48);f0=FAin(47);R0=50;F_unit=1e9;
    n=4;ndc=0;WZ=0;a0=1;
%
Imp_input=[FAin Rin Xin];
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Input_Data=[UserSelectedInputs Imp_input];
%
% -------------------------------------------------------------------------
% Design of front-end matching network in single function:
%
[ CTF,CVF,CVAF,FAF,TAF,cF,aF,bF,a0F ] = CompactSingleMatching( Input_Data );
hF0=aF-bF;
for i=1:n
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    xF0(i)=hF0(i);
end
% 
% -------------------------------------------------------------------------
ndc=0;h0=0;ntr=0;
% xF0=input(‘hF(0)=0, enter front end equalizer;  
[xF(1)=hF(1),xF(2)=hF(2),...,XF(n)=hF(n)]=’)
OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
xF= lsqnonlin(‘levenberg_TR1’,xF0,[],[],OPTIONS,ndc,ww,f11,f12,f21,f22,Tf
lat1,ntr,h0);
 %
 % Here it assummed that there is no transformer in the circuit. That is
 % h(0)=1. This fact is used in the function xtoh(xF)
 if ntr==0
     n=length(xF);
     for i=1:n
         hF(i)=xF(i);
     end
     hF=[hF h0];
 end
 if ntr==1
     n=length(xF);
     for i=1:n
         hF(i)=xF(i);
     end
 end
[ gF,f_s21 ] = SRFT_htogLump( hF,ndc );
T1=Gain1(hF,ndc,ww,f11,f12,f21,f22);
T1dB=10*log10(T1);
%
        figure
        plot(ww*Fend,10*log10(T1))
        title(‘Step 1: Optimized Gain with Tflat1=2.1 dB’)
        xlabel(‘Actual Frequency’)
        ylabel(‘ T1(dB)’)
%
% Computation of the actual element values of the front-end        
            aF=gF+hF;bF=gF-hF;
f0=Fend;  R0=50;
[ CTF, CVF ] = Synthesis_ImpedanceBased( aF,bF,ndc,R0,f0 );
Plot_Circuit4(CTF,CVF)
%-------------------------------------------------------------------------
% Part II: DESIGN OF THE BACK-END EQUALIZER
%-------------------------------------------------------------------------
   SF2=reflection(hF,ndc,ww,f11,f12,f21,f22);
% output reflectance of the active device when it is terminated in SF=hF/gF
%
% Step2:
figure
plot(freq,T02dB);
 title(‘Maximum Stable Gain of the Second Part in dB’)
 ylabel(‘T02 (dB)’);xlabel(‘Actual Frequency’)
 display(‘Suggested maximum flat gain level for the second part of the 
design’)
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Tflat2=10*log10(T02(nd2))
Tflat2=input(‘Enter the desired targeted gain  value in dB for Step 2: 
Tflat2=’)
% -------------------------------------------------------------------------
%  AUTOMATIC INITIALIZATION OF THE BACK-END MATCHING NETWORK
% Generation of the termination impedance for the back-end matching 
network
NA=length(freq);j=sqrt(-1);
for i=1:NA
    FAout(i)=freq(i)/1e9;
    Zout(i)=(1+S22R(i)+j*S22X(i))/(1-S22R(i)-j*S22X(i));
    Rout(i)=real(Zout(i));
    Xout(i)=imag(Zout(i));
end
 
%              Initial Guess for SRFT Amplifier for back-end matching
%              network
% User selected Inputs:
    T0=0.975;
    NC=19;ktr=0;KFlag=0;sign=1;
    FL=FAout(42);FH=FAout(48);f0=FAout(47);R0=50;F_unit=1e9;
    n=6;ndc=0;WZ=0;a0=1;
%
Imp_input=[FAout Rout Xout];
UserSelectedInputs=[T0 NC ktr KFlag sign FL FH f0 R0 F_unit n ndc WZ a0];
Output_Data=[UserSelectedInputs Imp_input];
%
% -------------------------------------------------------------------------
% Design of back-end matching network in single function:
%
[CTB,CVB,CVAB,FAB,TAB,cB,aB,bB,a0B] = CompactSingleMatching(Output_Data);
hB0=aB-bB;
for i=1:n
    xB0(i)=hB0(i);
end
% 
% -------------------------------------------------------------------------
    k=0;
  % xB0=input(‘hB(0)=0, enter back end equalizer;  
[xB(1)=hB(1),xB(2)=hB (2),...,XB(n)=hB(n)]=’)
    OPTIONS=optimset(‘MaxFunEvals’,20000,’MaxIter’,50000);
    xB= lsqnonlin(‘levenberg_TR2’,xB0,[],[],OPTIONS,k,ww,T1,SF2,f11,f12,f
21,f22,Tflat2,ntr,h0);
 %
 if ntr==0
     hB=xB;
     hB=[hB h0];
 end
 if ntr==1
     hB=xB;
 end
 %
 [ gB,fB ] = SRFT_htogLump( hB,ndc );
T2=Gain2(hB,ndc,ww,T1,SF2,f11,f12,f21,f22);
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T2dB=10*log10(T2);
%
   figure;
   plot(ww*Fend,T2dB,ww*Fend,T1dB);
   title(‘Step 2: Final Gain Performance of the Amplifier’)
   ylabel(‘T2(dB)’)
   xlabel(‘Actual Frequency’)
   legend(‘Gain of Part II’,’Gain of Part I’)
%
   aB=gB+hB;bB=gB-hB;
f0=Fend;R0=50;
[ CTB, CVB ] = Synthesis_ImpedanceBased( aB,bB,ndc,R0,f0 );
 
Plot_Circuit4(CTB,CVB)
%
% Investigation on the stability of the amplifier:
%
% Stability Check at the output port:
        SB11=hoverg(hB,k,ww);%input ref. Cof. Back-end from hB(p)
        SL=SB11;
        ZL=stoz(SL);
        RL=real(ZL);
        Sout=SF2;
        Zout=stoz(Sout);
        Rout=real(Zout);
        StabilityCheck_output=RL+Rout;
%
%Stability Check at the input port:
        SF=hoverg(hF,k,ww);
        SG=SF;
        ZG=stoz(SG);
        RG=real(ZG);
[Sin]=INPUT_REF(SB11,f11,f12,f21,f22);
            Zin=stoz(Sin);
            Rin=real(Zin);
StabilityCheck_input=RG+Rin;
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6
High-Efficiency Broadband Class-E Power Amplifiers

In modern wireless communication systems, it is required that the power amplifier 
operates with high efficiency over a wide frequency range to simultaneously provide 
multiband and multistandard signal transmission. The conventional design of a high-
efficiency switchmode Class-E power amplifier requires a high value of the loaded qual-
ity factor QL to satisfy the necessary harmonic impedance conditions at the output device 
terminal. However, if a sufficiently small value of QL is selected, a high-efficiency broad-
band operation of the Class-E power amplifier can be realized by applying the reactance 
compensation technique. Usually, the bandwidth limitation in power amplifiers comes 
from the device’s low-transition frequency and large output capacitance; therefore, silicon 
LDMOSFET technology has been the preferred choice up to 2.2 GHz. As an alternative, 
GaN HEMT technology enables high efficiency, large breakdown voltage, high-power 
density, and significantly higher broadband performance due to higher transition fre-
quency and smaller periphery, resulting in the smaller input and output capacitances and 
less parasitics.

6.1 Reactance Compensation Technique

The high-efficiency broadband operation of a switchmode Class-E power amplifier using 
the reactance compensation technique can be realized if a simple network consisting of 
a series resonant LC circuit tuned to the fundamental frequency and a parallel inductor 
provides a constant load phase angle of 50° in a frequency range of about 50% [1]. From 
theoretical considerations, it was found in the mid-1960s that the bandwidth response of 
a parametric amplifier can be improved using multiple-resonant bandpass filters for the 
signal and idling circuits rather than simple resonant circuits [2,3]. At the same time, it 
was analytically calculated that the added resonant circuits should have an appropriate 
QL-factor to optimally reduce the rate of change of reactance of both the signal and idling 
circuits [4]. Adding more resonators can increase the potential amplifier bandwidth even 
further, but the amount of improvement per additional resonator will decrease rapidly as 
the number of resonators is increased. Such a reactance compensation technique using a 
single-resonant circuit had also been applied to the varactor-tuned Gunn oscillator [5,6]. 
Moreover, it became possible to increase the tuning range of an oscillator by adding more 
stages of reactance compensation. For instance, for a resonant circuit having a 50-Ω load, 
an improvement of 4% in the tuning range can theoretically be achieved as a result of 
applying a double-resonant circuit reactance compensation, whereas an increase in the 
tuning range can reach 17% for a resonant circuit operating into a 100-Ω load [7].
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6.1.1 Load Networks with Lumped Elements

To describe reactance compensation circuit technique, let us consider the simplified equiv-
alent load networks, one with a shunt resonant LpCp circuit followed by a series resonant 
LsCs circuit shown in Figure 6.1a and the other with a series resonant LsCs circuit followed 
by a shunt resonant LpCp circuit shown in Figure 6.1b. In this case, all resonant circuits are 
tuned to the fundamental frequency and R is the load resistance. The reactances of the 
series and shunt resonant circuits vary with frequency, increasing in the case of a series 
resonant circuit and reducing in the case of a loaded parallel resonant circuit near the 
resonant frequency. As a result, near the resonant frequency of the series circuit with posi-
tive slope of its reactance, the slope of a shunt circuit reactance is negative and that reduces 
the overall reactance slope of the load network. By correct choice of the components in the 
shunt circuit, the rate of change of reactance with frequency can be made exactly opposite 
to that of the series circuit, thus producing a zero total variation over a wide frequency 
bandwidth.

Consider the load-network admittance Ynet corresponding to a single-reactance compen-
sation circuit shown in Figure 6.1a, which can be written as
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j L R j L
net p

p s
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ω ω
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1 1

 
(6.1)

where

 
′ = −







ω ω ω
ω

1 0
2

2

 
(6.2)

and ω0 1 1= =/ /s s p pL C L C  is the radian resonant frequency.
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FIGURE 6.1
Single-susceptance (a) and single-reactance (b) compensation circuits.
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At the resonant frequency when ω′ = 0, the load-network admittance Ynet(ω) reduces to
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(6.3)

where G = 1/R is the load conductance.
The frequency bandwidth with zero susceptance will be maximized if, at a resonant 

radian frequency ω0,
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is the load-network susceptance.
As a result, an additional equation can be written as
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based on which the values of the series components Ls and Cs can respectively be obtained 
through the values of the shunt components Lp and Cp by

 L C Rs p= 2
 (6.7)

 
C

L
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p= 2  

(6.8)

In a similar manner, it may be shown that, for the load network with a series resonant 
LsCs circuit followed by a shunt resonant LpCp circuit shown in Figure 6.1b, the maximum 
bandwidth with zero reactance can be achieved if
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is the load-network reactance, resulting in Equations 6.7 and 6.8. From Equation 6.7, it fol-
lows that the loaded quality factor of the shunt circuit QL = ωCpR is equal to the loaded 
quality factor of the series compensating circuit QL = ωLs/R.
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Figure 6.2a shows the example of a susceptance compensation load network, whose con-
ductance ReYnet is almost constant across the frequency range of 40% (from 4 to 6 MHz), as 
shown in Figure 6.2b. The susceptance ImYnet of a shunt circuit varies with frequency, as 
shown in Figure 6.2c by curve 1, with the gradient at ω0 being equal to 2Cp. The addition of 
a series circuit with the same resonant frequency of 5 MHz between the shunt circuit and 
the load of the shunt circuit gives an additional susceptance term with a negative slope, as 
shown in Figure 6.2c by curve 2. Proper selection of the components of the series circuit 
enables the magnitude of the two slopes to be made identical so that the total susceptance 
slope around resonance is zero in an octave frequency range from 3.5 to 7 MHz, as shown 
in Figure 6.2c by curve 3.

The load network that provides reactance compensation is shown in Figure 6.3a, where 
the shunt resonant circuit is connected between the series resonant circuit and the load. 
In this case, the resistance and reactance curves, the frequency behavior of which is simi-
lar to that for the conductance and susceptance curves characterizing the behavior of a 
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FIGURE 6.2
Single-susceptance compensation circuit (a) with its conductance (b) and susceptance (c) vs. frequency.

© 2016 by Taylor & Francis Group, LLC

  



493High-Efficiency Broadband Class-E Power Amplifiers

susceptance compensation load network, are shown in Figure 6.3b and c, respectively. 
Here, the reactance of a series resonant circuit with a positive slope is shown by curve 1, 
the reactance of a shunt resonant circuit with a negative slope is shown by curve 2, and the 
total reactance slope shown by curve 3 is zero from 3.5 to 7 MHz.

Wider frequency bandwidth can be achieved using a double-susceptance compensation 
circuit shown in Figure 6.4a, where LsCs and L1C1 are the series and parallel compensating 
circuits, respectively. In this case, a system of two additional equations to maximize the 
frequency bandwidth can be used, where the first and the third derivatives are set to zero 
according to
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d B
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0 0

3
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(6.11)

as the second derivative cannot provide an appropriate analytical expression.
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Single-reactance compensation circuit (a) with its resistance (b) and reactance (c) vs. frequency.
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To determine the load-network parameters for a double-susceptance compensation cir-
cuit with the load-network susceptance
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where Bnet = ImYnet, it is necessary to solve simultaneously the two following equations at 
the resonant frequency ω0:
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As a result, the parameters of the series and shunt compensating resonant circuits 
with the corresponding loaded quality factors Qs = ω0Ls/R and Q1 = ω0C1R, which are 
close to unity and greater, can be calculated as a starting point for circuit optimization 
from
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Similarly, the elements for the double-reactance compensation load network shown in 
Figure 6.4b can be calculated from

 
 1 s 1 sL L C C= − =
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(6.17)
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where an inductance Ls and a capacitance Cs are known in advance [7]. An example of 
the load network that provides double-reactance compensation is shown in Figure 6.5a, 

10

50

40

10

20

30

0
1 32 4 5 6 87 9

Frequency (MHz)

101 32 4 5 6 87 9
Frequency (MHz)

(b)

Re
(Z

_n
et

) (
Ω

)

50 Ω50 Ω

0.5 μH 0.31 μH

0.32 μH3.1 nF

2 nF 3.2 nF(a)

Znet

(c)

10

15

5

0

–5

–10

–15

1

1

2

2

Im
(Z

_n
et

) (
Ω

)

FIGURE 6.5
Double-reactance compensation circuit (a) with its resistance (b) and reactance (c) vs. frequency.

© 2016 by Taylor & Francis Group, LLC

  



496 Broadband RF and Microwave Amplifiers

whose resistance ReZnet shown in Figure 6.5b by curve 1 provides less deviation from 50 Ω 
in a slightly wider frequency bandwidth compared to the single-resonance load network 
(curve 2) with Ls = 0.5 µH, Cs = 2 nH, Lp = 5 µH, and Cp = 0.2 nF. The reactance ImZnet of 
a double-reactance compensation circuit shown in Figure 6.5c by curve 1 is close to zero 
near resonance across the frequency range from 3 to 8 MHz, which is wider than that for 
a single-resonance compensation circuit (curve 2).

6.1.2 Load Networks with Transmission Lines

The reactance compensation circuit technique can also be used for bandwidth improve-
ment of microwave transistor amplifiers because the input and output transistor imped-
ances generally can be represented by series or shunt RLC circuits. For compensating the 
reactive part and transforming the real part of the equivalent output transistor imped-
ance to the conventional load impedance at the fundamental frequency, the quarter- and 
half-wavelength transmission lines can be used. For the first time, a quarter-wavelength 
transmission-line transformer was used for active reactance compensation when, by con-
necting two identical active devices together with a quarter-wavelength transformer, the 
inverted impedance of one device compensates the impedance of the other by reducing 
the total circuit reactance [8].

Let us consider the characteristics of the transmission line as an element of a suscep-
tance compensation circuit shown in Figure 6.6. For a parallel equivalent circuit, which 
represents the device output, the load-network input susceptance Bnet = ImYnet can be 
defined as
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where
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is the transmission-line electrical length, Z0 is the transmission-line characteristic imped-
ance, f0 = ω0/2π is the transmission-line resonant frequency, and k = 1, 2, … , ∞.

RLRYnet Cp Lp
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FIGURE 6.6
Transmission-line susceptance compensation circuit.
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Applying the zero susceptance-derivative condition given by Equation 6.4 allows us to 
obtain the susceptance-compensation circuit parameters for different electrical lengths of 
a transmission line in accordance with
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For a quarter-wavelength transmission line when k = 1 and θ = π/2, the susceptance com-
pensation will be performed under the condition Z0 < RL with the characteristic imped-
ance Z0 defined from a quadratic equation
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where Q = ω0CpR and R Z R= 0
2/ L .

As a result, the required value of the characteristic impedance Z0 is obtained by
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By using the quarter- and half-wavelength transformers, the reactance- or susceptance-
compensation load network generally can be realized differently for shunt and series 
equivalent output transistor circuits, as shown in Table 6.1 along with respective design 
equations [9,10]. The two most important device parameters in the equations are the loaded 
quality factor Q and the real part R of the equivalent device output impedance. Depending 
on the values of the transmission-line characteristic impedances Z1 and Z2, each circuit 
provides either positive or negative parallel-resonant slope-reactance compensation.

Figure 6.7a shows the example of a single-susceptance compensation load network with a 
series quarterwave transmission line having a characteristic impedance of 61.2 Ω to match 
a 50-Ω real part of the device equivalent output admittance to a 75-Ω load and an electrical 
length of 90° at 50 MHz. The combination of the resistances of a shunt LC circuit (curve 
1) and a series quarterwave transmission line (curve 2) provides minimum variations of 
the total resistance ReZnet shown in Figure 6.7b by curve 3 around 50 Ω in a very wide 
frequency range. The susceptance ImYnet of a shunt circuit having a resonant frequency of 
50 MHz varies with frequency with a positive slope, as shown in Figure 6.7c by curve 1. 
The addition of a series quarter-wavelength transmission-line transformer between the 
shunt circuit and the load results in a negative slope provided by an additional suscep-
tance, as shown in Figure 6.7c by curve 2. Selection of the proper characteristic impedance 
of the series quarterwave transmission line and the load resistance enables the magnitude 
of two slopes to be made identical, so that the total susceptance slope around resonance is 
zero in a frequency range from 45 to 65 MHz, as shown in Figure 6.7c by curve 3.
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From Equation 6.23, it follows that the maximum value of the characteristic impedance 
Z0 is limited by the load resistance RL, and its value in some cases, especially for high 
value of Q, can be substantially smaller than 50 Ω, which causes a problem in the practical 
implementation of a transmission line. In this case, it is best to apply a single-frequency 
equivalence technique when a quarterwave transmission line can be replaced by a sym-
metrical π-type low-pass transmission-line section with two equal shunt capacitances at a 
frequency ω0, as shown in Figure 6.8.

The transmission A-matrix (or ABCD-matrix) for a quarterwave transmission line can 
be written as
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whereas, for a π-type low-pass transmission-line section, we can write

TABLE 6.1

Transmission-Line Reactance Compensation Circuits and Design Equations

Output Circuit Type Matching Network Design Equation
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Hence, equating A and B elements from each matrix yields
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As a result, the electrical length of the transmission line can be reduced significantly 
with the increase of its characteristic impedance. Also, such a transformation is very 
important when the value of the device output capacitance exceeds the required optimum 
value for the optimum Class-E operation. In this case, the excess capacitance can be used 
as a part or entire shunt capacitance in the π-type low-pass section, and the optimum 
switching Class-E conditions will be completely satisfied at the fundamental frequency.

6.2 High-Efficiency Switching Class-E Modes

The single-ended switchmode power amplifier with a shunt capacitance as a Class-E power 
amplifier was introduced by Sokals in 1975 and has found widespread application due 
to its design simplicity and high-operation efficiency [11,12]. This type of high-efficiency 
power amplifier is widely used in different frequency ranges and output power levels 
ranging from several kilowatts at low-RF frequencies up to about 1 W at microwaves [13]. 
The reasons for the high efficiencies is that, due to a proper choice of transistor and circuit 
parameters, the transistor operates in a switching mode, and the voltage across the transis-
tor and the current flowing through it can both be made equal to zero during the switch-
ing transient interval. To satisfy this condition, the current and voltage must be zero at the 
time just prior to the conduction interval when the transistor goes into the saturation mode 
and the series-tuned circuit must appear inductive at the operating frequency. In this case, 
a loaded quality factor of the series-tuned circuit of about 10 will give a good sinusoidal 
shape to the load current. The characteristics of a switchmode Class-E power amplifier 
can be obtained by determining its steady-state collector voltage and current waveforms.

6.2.1 Class E with Shunt Capacitance

The basic circuit of a Class-E power amplifier with shunt capacitance is shown in Figure 
6.9a, where the load network consists of a capacitance C shunting the transistor, a series 
inductance L, a series fundamentally tuned L0C0 circuit, and a load resistance R. In a 
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common case, a shunt capacitance C can represent the intrinsic device output capacitance 
and external circuit capacitance added by the load network. The collector of the transistor 
is connected to the supply voltage by an RF choke with high reactance at the fundamental 
frequency. The active device is considered an ideal switch that is driven in such a way as 
to provide the device switching between its on-state and off-state operation conditions. As 
a result, the collector voltage waveform is determined by the switch when it is turned on 
and by the transient response of the load network when the switch is turned off.

To simplify an analysis of the Class-E power amplifier, a simple equivalent circuit of 
which is shown in Figure 6.9b, the following several assumptions are introduced:

• The transistor has zero saturation voltage, zero saturation resistance, and infinite 
off-resistance, and its switching action is instantaneous and lossless.

• The total shunt capacitance is independent of the collector and is assumed linear.
• The RF choke allows only a constant DC current and has no resistance.
• The loaded quality factor QL = ωL0/R = 1/ωC0R of the series resonant L0C0 circuit 

tuned to the fundamental frequency is high enough for the output current to be 
sinusoidal at the switching frequency.

• There are no losses in the circuit except only in the load R.
• For an optimum operation mode, a 50% duty cycle is used.

For a lossless operation mode, it is necessary to provide the following idealized opti-
mum (or nominal) conditions for voltage across the switch (just prior to the start of switch 
on) at the moment ωt = 2π, when the transistor is saturated:

 v t t( )|ω ω π= =2 0  (6.29)
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FIGURE 6.9
Basic circuits of Class-E power amplifier with shunt capacitance.
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where v(ωt) is the voltage across the switch.
The detailed theoretical analysis of a Class-E power amplifier with shunt capacitance for 

any duty cycle is given in Reference 14, where the load current is assumed to be sinusoidal,

 i t I tR R( ) sin( )ω ω= + ϕ  (6.31)

where φ is the initial phase shift.
When the switch is turned on for 0 ≤ ωt < π, the current through the capacitance
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(6.32)

and, consequently,

 i t I I t( ) sin( )ω ω= + +0 R ϕ  (6.33)

under the initial on-state condition i(0) = 0. Hence, the DC current can be defined as

 I I0 R= − sinϕ  (6.34)

and the current through the switch can be rewritten by

 i t I t( ) [sin( ) sin ]ω ω= + −R ϕ ϕ  (6.35)

When the switch is turned off for π ≤ ωt < 2π, the current through the switch i(ωt) = 0, 
and the current flowing through the capacitor C can be written as

 i t I I tC( ) sin( )ω ω= + +0 R ϕ  (6.36)

producing the voltage across the switch by the charging of this capacitor according to

 

v t
C

i t d t

I
C

t t

t

( ) ( )

[cos( ) cos ( )sin ]

ω
ω

ω ω

ω
ω ω π

π

ω

=

= − + + + −

∫1

R

C

ϕ ϕ ϕ
 

(6.37)

Applying the first idealized optimum (or nominal) condition given by Equation 6.29 
enables the phase angle φ to be determined as

 
ϕ = −



 = − °−tan .1 2

32 482
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(6.38)

Consideration of trigonometric relationships shows that

© 2016 by Taylor & Francis Group, LLC

  



503High-Efficiency Broadband Class-E Power Amplifiers

 
sin cosϕ ϕ= −

+
=

+
2

4 4π
π

π2 2
 

(6.39)

By using Fourier series expansion and Equations 6.34 and 6.39, the expression to deter-
mine the supply voltage Vcc can be written as

 

V v t d t
I

C
cc

1
2

= =∫π
ω ω

πω

π

( ) 0

0

2

 

(6.40)

As a result, the normalized steady-state collector voltage waveform for π ≤ ωt < 2π and 
current waveform for period of 0 ≤ ωt < π are

 

v t
V

t t t
( )

cos sin
ω π ω π π ω ω
cc

 = − − −





3
2 2  

(6.41)

 

i t
I

t t
( )

sin cos
ω π ω ω

0 2
1= − +

 
(6.42)

Figure 6.10 shows the normalized (a) load current, (b) collector voltage waveform, and (c) 
collector current waveforms for an idealized optimum Class E with shunt capacitance. From 
collector voltage and current waveforms, it follows that, when the transistor is turned on, 
there is no voltage across the switch and the current i(ωt) consisting of the load sinusoidal 
current and DC current flows through the device. However, when the transistor is turned 
off, this current flows through the shunt capacitance C. The jump in the collector current 
waveform at the instant of switching off is necessary to obtain nonzero output power at the 
fundamental frequency delivered to the load, which can be defined as an integration of the 
product of the collector voltage and current derivatives over the entire period [15].

As a result, there is no nonzero voltage and current simultaneously, which means a lack 
of the power losses and gives an idealized collector efficiency of 100%. This implies that 
the DC power and fundamental-frequency output power delivered to the load are equal:

 
I V

I
R0 cc

R
2

2
=

 
(6.43)

Consequently, the value of DC supply current I0 can be determined using Equations 6.34 
and 6.39 by

 
I

V
R

V
R

0 2

8
4

0 577=
+

=cc cc

π
.

 
(6.44)

Then, the amplitude of the output voltage VR = IRR can be obtained from

 
V

V
VR

cc
cc=

+
=4

4
1 074

2π
.

 
(6.45)
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FIGURE 6.10
Normalized (a) load current and collector, (b) voltage, and (c) current waveforms for idealized optimum Class E 
with shunt capacitance.
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The peak collector voltage Vmax and current Imax can be determined by differentiating 
the appropriate waveforms given by Equations 6.41 and 6.42, respectively, and setting the 
results equal to zero, which gives

 V V Vmax cc cc2 3.562= − =πϕ  (6.46)

and

 

I I Imax

2

2
2.8621= + +









 =π 4

1 0 0

 

(6.47)

The fundamental-frequency voltage v1(ωt) across the switch consists of the two quadra-
ture components, as shown in Figure 6.11, whose amplitudes can be found using Fourier 
formulas and Equation 6.41 as

 

V v t t d t
I

C
R

R= + = +



∫1

2
2 2 2

0

2

π
ω ω ω

πω
π

π

( )sin( ) sin cosϕ ϕ ϕ
 

(6.48)

 

V v t t d t
I

C
L

R  = + = − + +



∫1

2
2 22

0

2

π
ω ω ω

πω
π π

π

( )cos( ) sin sinϕ ϕ ϕ
 

(6.49)

As a result, the idealized optimum series inductance L and shunt capacitance C can be 
calculated from

 

ωL
R

V
V

= =L

R
1.1525

 
(6.50)

 
ω ω

CR
C

I
V= =

R
R .18360

 
(6.51)
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FIGURE 6.11
Equivalent Class-E load network at fundamental frequency.
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The idealized optimum load resistance R can be obtained using Equations 6.43 and 6.45 
for the supply voltage Vcc and fundamental-frequency output power Pout delivered to the 
load as

 
R

V
P

V
P

=
+

=8
0.57682

cc
2

out

cc
2

outπ 4  
(6.52)

Finally, the phase angle of the load network seen by the switch at the fundamental fre-
quency and required for an idealized optimum Class E with shunt capacitance can be 
determined through the load network parameters using Equations 6.50 and 6.51 by

 
φ ω ω

ω ω
= 



 −

−






= °− −tan tan .1 1

1
35 945

L
R

CR
L R CR( / )  

(6.53)

When realizing the optimum Class-E operation mode, it is very important to know up to 
which maximum frequency such an idealized efficient operation mode can be extended. 
In this case, it is possible to establish a relationship between the maximum frequency fmax, 
shunt capacitance C, and supply voltage Vcc. As a result, substituting Equation 6.51 into 
Equation 6.44 results in

 I CV0 = πω cc  (6.54)

Then, by taking into account the relationship between I0 and Imax given in Equation 6.47, 
the maximum frequency of a nominal Class-E power amplifier with shunt capacitance can 
be evaluated from

 
f

I
C V

I
C V

max 2
max

out cc

max

out cc

1=
+ +

=1

4 2 56 52π π .  
(6.55)

where C = Cout is the device output capacitance limiting the maximum operation frequency 
of an ideal Class-E circuit [16].

The high-QL assumption for the series resonant L0C0 circuit can lead to considerable 
errors if its value is substantially small in real circuits [17]. For example, for a 50% duty 
cycle, the values of the circuit parameters for the loaded quality factor less than unity can 
differ by several tens of percents. At the same time, for QL ≥ 7, the errors are found to be 
less than 10% and become less than 5% for QL ≥ 10. To match the optimum Class-E load 
network resistance R with standard load impedance RL = 50 Ω, the series resonant L0C0 cir-
cuit should be followed or fully replaced by the matching circuit, in which the first element 
must represent the series inductor to provide high impedance at harmonics [18].

6.2.2 Class E with Finite DC-Feed Inductance

In real practice, it is impossible to realize an RF choke with infinite impedance at the 
fundamental frequency and its harmonic components. Moreover, using a finite DC-feed 
inductance has an advantage of minimizing size, cost, and complexity of the overall cir-
cuit. The detailed approach to analyze the effect of a finite DC-feed inductance on the 
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idealized Class-E mode with shunt capacitance and series filter was firstly described in 
Reference 19. It was based on Laplace-transform technique to solve a second-order dif-
ferential equation describing the behavior of a Class-E load network with finite DC-feed 
inductance. However, since the results of numerical calculations are given only for a few 
particular cases, it is difficult to figure out the basic behavior of the load network elements 
and define simple equations for their parameters. Analytically, it was shown for a duty 
cycle of 50% based on the idealized optimum Class-E conditions that the series excessive 
reactance can be either inductive or capacitive depending on the values of the DC-feed 
inductance and shunt capacitance [20]. Based on the certain numbers of cases, a Lagrange 
polynomial interpolation was used to obtain explicit and directly usable design equations 
for an idealized Class E with finite DC-feed inductance and series inductive reactance [21].

The generalized second-order load network of a switchmode Class-E power amplifier 
with finite DC-feed inductance is shown in Figure 6.12a [18,22]. The load network consists 
of a shunt capacitance C, a parallel inductance L, a series reactance X, a series resonant 
L0C0 circuit tuned to the fundamental frequency, and a load resistance R. In a common 
case, a shunt capacitance C can represent the intrinsic device output capacitance and exter-
nal circuit capacitance added by the load network, a parallel inductance L represents the 
finite DC-feed inductance, and a series reactance X can be positive (inductance), negative 
(capacitance), or zero depending on the Class-E mode. The active device is considered an 
ideal switch that is driven to provide the device switching between its on-state and off-
state operation conditions. To simplify an analysis of the general-circuit Class-E power 
amplifier, a simplified equivalent circuit of which is shown in Figure 6.12b, it makes sense 
to introduce the preliminary assumptions similar to those for the Class-E power amplifier 
with shunt capacitance. The moments of switch-on is ωt = 0 and switch-off is ωt = π with 
period of repeatability of input driving signal ωT = 2π determined by the input drive to the 
power amplifier. Assume the losses in the reactive circuit elements are negligible and the 
loaded quality factor of the series L0C0 circuit is sufficiently high. For lossless operation, it 
is necessary to provide the optimum zero-voltage and zero voltage-derivative conditions 
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FIGURE 6.12
Equivalent circuits of the Class-E power amplifiers with generalized load network.
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for voltage v(ωt) across the switch (just prior to the start of switch-on at the moment ωt = 2π 
when the transistor is saturated) given by Equations 6.29 and 6.30.

The output current flowing through the load is written as sinusoidal by

 i t I tR R  ( ) sin( )ω ω= + ϕ  (6.56)

where IR is the load current amplitude and φ is the initial phase shift.
When the switch is turned on for 0 ≤ ωt < π, the voltage on the switch v(ωt) = Vcc − vL(ωt) = 0, 

the current flowing through the capacitance iC(ωt) = ωC(diL/dωt) = 0, and

 

i t i t i t
L

V d t i I t

V
L

t

( ) ( ) ( ) sin( )ω ω ω
ω

ω ω

ω
ω

ω

= + = + + +

=

∫L R cc L R

cc

( )
1

0
0

ϕ

tt I t+ + −R[sin( ) sin ]ω ϕ ϕ
 

(6.57)

where the initial value for the current iL(ωt) flowing through the DC-feed inductance L at 
ωt = 0 can be found using Equation 6.56 for i(0) = 0 as iL(0) = −IR sin φ.

When the switch is turned off for π ≤ ωt < 2π, the switch current i(ωt) = 0, and the current 
iC(ωt) = iL(ωt) + iR(ωt) flowing through the capacitance C can be rewritten as

 

ω ω
ω ω

ω ω π ω
π

ω

C
dv t

d t L
V v t d t i I t

t
( )

[ ( )] sin( )= − + + +∫1
( )cc L R ϕ

 

(6.58)

under the initial off-state conditions v(π) = 0 and

 
i i i

V
L

LIL R
cc 

R( ) ( ) ( ) sinπ π π π
ω

ω= − = − ϕ
 

(6.59)

Equation 6.58 can be represented in the form of the linear nonhomogeneous second-
order differential equation as

 
ω ω

ω
ω ω ω2

2

2 0LC
d v t
d t

v t V LI t
( )

( )
( ) cos( )+ − − + =cc R ϕ

 
(6.60)

the general solution of which can be obtained in the normalized form of

 

v t
V

C q t C q t
q p

q
t

( )
1

cc

ω ω ω ω= + + −
−

+1 2

2

21
cos( ) sin( ) cos( )ϕ

 
(6.61)

where

 
q

LC
= 1

ω  
(6.62)
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p

LI
V

= ω R

cc  
(6.63)

and the coefficients C1 and C2 are determined from the initial off-state conditions by

 

C q q q

qp
q

q q q q
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(6.65)

The DC supply current I0 can be found using Fourier formula and Equation 6.57 by

 

I i t d t
I

p
0

R
21

2 2
2= = + −





∫2

0

2

π
ω ω

π
π π

π

( ) cos sinϕ ϕ
 

(6.66)

In an idealized Class-E operation mode, there is no nonzero voltage and current simul-
taneously that means a lack of the power losses and gives an idealized collector effi-
ciency of 100%. This implies that the DC power P0 and fundamental output power Pout are 
equal, which can be written similarly to that given in Equation 6.43. As a result, by using 
Equations 6.43 and 6.66 and taking into account that R V P= R out/2 2 , the idealized optimum 
load resistance R for the specified values of a supply voltage Vcc and fundamental output 
power Pout can be obtained by

 
R

V
V

V
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2
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cc

2
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2

out  
(6.67)

where

 

V
V p

R

cc
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2
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π

π πcos sinϕ ϕ
 

(6.68)

The normalized load-network inductance L and capacitance C can be appropriately 
defined using Equations 6.62, 6.63, and 6.66 by

 

ω
π π

L
R

p
p

=
+ −(( ) ( )cos sin )/ /2 2 ϕ ϕ  

(6.69)

 
ω

ω
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q L R
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The series reactance X, which may generally have an inductive, capacitive, or zero reac-
tance, depending on the load network parameters, can be calculated using the two quadra-
ture fundamental-frequency voltage Fourier components

 

V v t t d tR = − +∫1

0

2

π
ω ω ω

π

( )sin( )ϕ
 

(6.71)
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(6.72)

The fundamental-frequency current flowing through the switch consists of the two 
quadrature components, the amplitudes of which can be found using Fourier formulas 
and Equation 6.57 by
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(6.73)
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(6.74)

Generally, Equation 6.61 for a normalized collector voltage contains three unknown 
parameters q, p, and φ, which must be analytically or numerically determined. In a com-
mon case, the parameter q can be considered a variable, and the other two parameters p 
and φ are calculated from a system of the two equations by applying the two optimum 
zero-voltage and zero-voltage-derivative conditions given by Equations 6.29 and 6.30 into 
Equation 6.61. Figure 6.13 shows the dependences of the optimum parameters p and φ ver-
sus q for a Class E with finite DC-feed inductance.

Based on the calculated optimum parameters p and φ as the functions of q, the idealized 
optimum parameters of the Class-E load network with finite DC-feed inductance can be 
determined using Equations 6.67 through 6.70. The series reactance X can be calculated 
through the ratio of the two quadrature fundamental-frequency voltage Fourier compo-
nents given in Equations 6.71 and 6.72 as

 

X
R

V
V

= X

R  
(6.75)

The dependences of the normalized optimum DC-feed inductance ωL/R and series reac-
tance X/R are shown in Figure 6.14a, while the dependences of the normalized optimum 
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shunt capacitance ωCR and load resistance RP Vout cc/ 2  are plotted in Figure 6.14b. Here, we 
can see that the subharmonic case of q = 0.5 is very close to a Class-E mode with shunt 
capacitance, since the value of the normalized inductance ωL/R is sufficiently high and the 
variations of normalized values of ωCR and RP Vout cc/ 2  are insignificant. The value of the 
series reactance X changes its sign from positive to negative, which means that the induc-
tive reactance is followed by the capacitive reactance. As a result, there is a special case of 
the load network with a parallel circuit and a load resistance only when X = 0 at q = 1.412. 
In this case, the maximum value of the optimum load resistance R is provided for the same 
supply voltage and output power, thus simplifying the matching with the standard load 
of 50 Ω. Also, the values of a DC-feed inductance L become sufficiently small, thus making 
a parallel-circuit Class E very attractive for monolithic applications. The maximum opera-
tion frequency fmax is realized at q = 1.468, where the normalized optimum shunt capaci-
tance ωCR reaches its maximum.

The graphical solutions for the optimum load-network parameters can be replaced by 
the analytical design equations represented in terms of the simple second-order and third-
order polynomial functions given by Tables 6.2 and 6.3 for different ranges of the param-
eter q [23]. The maximum difference between the polynomial approximations and exact 
numerical solutions given in the graphic form is of about 2%.

6.2.3 Parallel-Circuit Class E

The theoretical analysis of a switchmode parallel-circuit Class-E power amplifier using a 
series filter, whose basic circuit is shown in Figure 6.15a, was first done by Kozyrev with 
the calculation of the voltage and current waveforms and some graphical results [24,25]. 
The load network consists of a finite DC-feed inductance L, a shunt capacitance C, a series 
L0C0 resonant circuit tuned to the fundamental frequency, and a load resistor R. In this 
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FIGURE 6.13
Optimum Class-E parameters p and φ vs. q.
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TABLE 6.2

Load Network Parameters for 0.6 < q < 1.0

Parameter Design Equation

ωL/R 44.93q2 − 94.32q + 52.46
ωCR 0.426q2 − 0.379q + 0.3
X/R −0.73q2 + 0.411q + 1.03

P R Vout cc
2/ 0.74q2 − 0.6q + 0.76
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case, the switch sees a parallel connection of the load resistor R and parallel LC circuit at 
the fundamental frequency, as shown in Figure 6.15b, where the real and imaginary collec-
tor fundamental-frequency current components IX and IR and real collector fundamental-
frequency voltage component VR are also indicated.

In the case of a parallel-circuit Class-E load network without series phase-shifting reac-
tance, since the parameter q is unknown a priori, generally it is necessary to solve a system 
of three equations to define the three unknown parameters q, p, and φ. The two equations 
are the result of applying two optimum zero voltage and zero voltage-derivative conditions 
given by Equations 6.29 and 6.30 into Equation 6.61. Since the fundamental-frequency col-
lector voltage is fully applied to the load, this means that its reactive part must have zero 
value, resulting in an additional equation

 

V v t t d tX = − + =∫1
0

0

2

π
ω ω ω

π

( )cos( )ϕ
 

(6.76)
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FIGURE 6.15
Equivalent circuits of parallel-circuit Class-E power amplifier.

TABLE 6.3

Load Network Parameters for 1.0 < q < 1.65

Parameter Design Equation

ωL/R 8.085q2 − 24.53q + 19.23
ωCR −6.97q3 + 25.93q2 − 31.071q + 12.48
X/R −2.9q3 + 8.8q2 − 10.2q + 5.02

P R Vout cc
2/ −11.9q3 + 42.753q2 − 49.63q + 19.7
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Solving the system of three equations with three unknown parameters numerically 
gives the following values [18,26,27]:

 q = 1 412.  (6.77)

 p = 1 210.  (6.78)

 ϕ = °15 155.  (6.79)

Figure 6.16 shows the normalized (a) load current and collector, (b) voltage, and (c) cur-
rent waveforms for an idealized optimum parallel-circuit Class-E operation. From collec-
tor voltage and current waveforms, it follows that there is no nonzero voltage and current 
simultaneously. When this happens, no power loss occurs and an ideal collector efficiency 
of 100% is achieved.

By using Equations 6.67 through 6.70, the optimum load resistance R, parallel induc-
tance L, and parallel capacitance C can be appropriately obtained by

 
R

V
P

= 1.365 cc
2

out  
(6.80)

 
L

R= 0.732
ω  

(6.81)

 
C

R
= 0 685.

ω  
(6.82)

The DC supply current I0 can be calculated from Equation 6.66 as

 I I0 R0.826=  (6.83)

The phase angle ϕ seen from the device collector at the fundamental frequency can be 
represented either through the two quadrature fundamental-frequency current Fourier 
components IX and IR or as a function of load network elements by

 
φ = −



 = °−tan .1 34 244

R
L

RC
ω

ω
 

(6.84)

If the calculated value of the optimum Class-E resistance R is too small or differs sig-
nificantly from the required load impedance, it is necessary to use an additional matching 
circuit to deliver maximum output power to the load. It should be noted that, among a 
family of the Class-E load networks, a parallel-circuit Class-E load network offers the larg-
est value of R, thus simplifying the final matching design procedure. In this case, the first 
series element of such matching circuits should be the inductor to provide high-imped-
ance conditions for harmonics, as shown in Figure 6.17.
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Normalized (a) load current and collector, (b) voltage, and (c) current waveforms for idealized optimum 
 parallel-circuit Class E.
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The peak collector current Imax and peak collector voltage Vmax can be determined from 
Equations 6.57, 6.61, and 6.83 as

 I Imax 02.647=  (6.85)

 V Vmax cc3.647=  (6.86)

The maximum frequency fmax can be calculated using Equations 6.80 and 6.82 when 
C = Cout, where Cout is the device output capacitance, as

 
f

P
C V

max
out

out cc
0.0798= 2

 
(6.87)

which is 1.4 times higher than maximum operation frequency for an idealized optimum 
Class-E power amplifier with shunt capacitance [28].

At microwave frequencies, the parallel inductance L can be replaced by a short-length 
short-circuited transmission line TL according to

 Z L 0 tanθ ω=  (6.88)

where Z0 and θ are the characteristic impedance and electrical length of such a trans-
mission line, respectively [29]. By using Equation 6.81 determining the optimum parallel 
inductance L for a parallel-circuit Class-E mode, Equation 6.88 can be rewritten as

 
tanθ = 0.732

R
Z0  

(6.89)

6.3 Broadband Class E with Shunt Capacitance

In the basic circuit of a Class-E power amplifier with shunt capacitance shown in Figure 
6.18a, the harmonic impedance of the series fundamentally tuned L0C0 circuit is assumed 
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FIGURE 6.17
Parallel-circuit Class-E power amplifier with lumped matching circuit.

© 2016 by Taylor & Francis Group, LLC

  



517High-Efficiency Broadband Class-E Power Amplifiers

to be high due to its high loaded quality factor. The value of the shunt capacitor C must also 
be correct to produce the correct voltage when the switch is turned off to satisfy the steady-
state switching conditions. In this case, the load phase angle of the series-tuned circuit 
composed of the total inductor (L + L0) and capacitor C0, which determines the optimum 
angle for producing the correct voltage waveform, can be obtained according to Equation 
6.50 at the resonant radian frequency ω0 0 01= / L C  as

 
θ ω= 



 = = °− −tan 1.15251 0 1 49 052

L
R

tan .
 

(6.90)

If the load network is designed without incorporating the shunt capacitance, a simple 
broadband network with an optimum load angle θ = 49.052° given in Equation 6.90 can 
be designed. Then, this phase angle reduces to the required angle ϕ = 35.945° given by 
Equation 6.53 when a shunt capacitance is added. The circuit schematic of a simple load 
network capable of presenting a constant load angle over a very large bandwidth is shown 
in Figure 6.18b [1]. The load network consists of a low-Q series L0C0 circuit connected in 
parallel with an inductance L that allows a constant susceptance to be maintained over a 
wide bandwidth. The frequency behavior of the conductance ReYnet and susceptance ImYnet 
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FIGURE 6.18
Load networks of Class E with shunt capacitance.

© 2016 by Taylor & Francis Group, LLC
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of this load network with parameters L = 42 nH, L0 = 30 nH, and C0 = 35 pF are shown in 
Figure 6.19a and b, respectively, where combining of the susceptance of the series resonant 
circuit with negative slope (curve 1) and the susceptance of the shunt inductance with 
positive slope (curve 2) provides a constant total susceptance over a very wide frequency 
range (curve 3).

In order to maintain the load angle constant in a wide frequency range, the slope of the 
susceptance provided by the inductance L should be canceled by the slope provided by 
the resonant L0C0 circuit. The load-network admittance of Figure 6.18b can be written as

 
 

/netY
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L R j L C

= − +
+ −ω ω ω

1
10 0( ( ))  

(6.91)

which reduces at the resonant frequency to
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For slope cancellation, it is necessary to apply a zero-derivative condition of Equation 
6.4 to Equation 6.91 for the load-network susceptance Bnet = ImYnet at the radian resonant 
frequency ω0. As a result

 

1 2

0
2

0
2

0
2ω ωL C R

=
  

(6.93)

Thus, the design equations to calculate the parameters of a broadband Class-E load net-
work providing maximum flatness can be calculated from

 
L

R=
ω θ0 tan  

(6.94)
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To reduce the output power at the harmonics, such a simple load network can be com-
bined with a broadband matching network and a bandpass filter. As an example, a com-
plete circuit based on a low-pass L-type matching section and a third-order Chebyshev 
bandpass filter, as shown in Figure 6.20a, was designed to deliver 12 W into a 50-Ω load 
across the frequency bandwidth from 130 to 180 MHz using a 12-V power supply [1]. 
From Figure 6.20b, it follows that this load network presents a constant magnitude of 
input impedance of 12 Ω (curve 1) and a load phase angle of around 36° (curve 2) over the 
required wide frequency range. As a result, the broadband MOSFET Class-E power ampli-
fier was capable of providing a fairly constant efficiency at approximately 60% with sup-
pression of the second, third, and fourth harmonics better than 45 dB below fundamental. 
The drain efficiency of a GaN HEMT power amplifier with a Butterworth bandpass filter 
in the load network can be increased to more than 80% in a frequency bandwidth from 
600 to 800 MHz with an output power more than 45 dBm [30,31]. To provide the frequency 
bandwidth of 30% around the center bandwidth frequency of 1 GHz, the load network can 
be composed of a series transmission line and a shunt open-circuit stub [32].

Figure 6.21a shows the example of a reactance compensation load network for a Class-E 
power amplifier with shunt capacitance including a series transmission line and a parallel 
resonant circuit. In this case, the reactance of a Class-E load network with shunt capaci-
tance and series inductance varies similarly to that of the series resonant circuit with posi-
tive slope, whereas the required negative slope is provided by the parallel resonant circuit. 
Selection of the proper characteristic impedance and electrical length of the series trans-
mission line enables the magnitude of two slopes to be made identical, so as to achieve a 
constant total reactance and phase of the load network impedance Znet over a wide fre-
quency range. The simulation results at the fundamental frequency show that the resis-
tance ReZnet varies from 35 Ω at 30 MHz to 68 Ω at 70 MHz, as shown in Figure 6.21b by 
curve 1, whereas the load-network phase varies between 27° and 40° in more than octave 
bandwidth from 33 to 80 MHz (curve 2).

Generally, the design of a practical multisection LC filter is based on some approxi-
mate equivalence between lumped and distributed elements, which can be established 
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by applying a Richards’s transformation [33]. This implies that the distributed circuits 
composed of equal-length open- and short-circuited transmission lines can be treated as 
lumped elements under the transformation

 
s j= tan

πω
ω2 0  

(6.97)

where s = jω/ωc is the conventional normalized complex frequency variable, ωc is the cutoff 
radian frequency, and ω0 is the radian frequency, for which the transmission lines are a 
quarter wavelength [34].

As a result, for a unity characteristic impedance and cutoff frequency, the one-port 
impedance of a short-circuited transmission line corresponds to the reactive impedance of 
a lumped inductor ZL as
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Z sL jLL = = tan

πω
ω2 0  

(6.98)

Similarly, the one-port admittance of an open-circuited transmission line corresponds to 
the reactive admittance of a lumped capacitor YC as

 
Y sC jCC = = tan

πω
ω2 0  

(6.99)

The results obtained by Equations 6.98 and 6.99 show that an inductor L can be replaced 
with a short-circuit stub of electrical length θ = πω/2ω0 and characteristic impedance 
Z0 = L, while a capacitor C can be replaced with an open-circuit stub of electrical length 
θ = πω/2ω0 and characteristic impedance Z0 = 1/C.

From Equation 6.97, it follows that the cutoff occurs when ω = ωc, resulting in

 
tan

πω
ω

c 1
2 0

=
 

(6.100)

which gives a stub length θ = 45° (or π/4) with ωc = ω0/2. Hence, the inductors and capaci-
tors of a lumped-element filter can be replaced with short-circuit and open-circuit stubs, 
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as shown in Figure 6.22. Since the lengths of all stubs are the same and equal to λ/8 at 
the cutoff frequency ωc, these lines are called the commensurate lines. At the frequency 
ω = ω0, the transmission lines will be a quarter-wavelength long, resulting in an attenu-
ation pole. However, at any frequency away from ωc, the impedance of each stub will no 
longer match the original lumped-element impedances, and the filter response will differ 
from the desired filter prototype response. Note that the response will be periodic in fre-
quency, repeating every 4ωc.

Figure 6.23a shows the idealized simulation setup of a 10-W 28-V broadband Class-E 
power-amplifier circuit designed to operate over a frequency bandwidth from 1.7 to 
2.7 GHz and based on a GaN HEMT CGH40010 device, where both the input matching 
circuit and load network are composed of ideal transmission lines. To provide an input 
broadband matching, it is possible to use a multisection matching transformer consist-
ing of the stepped transmission-line sections with different characteristic impedances 
and electrical lengths [35,36]. Such an input matching structure is convenient in practical 
implementation since there is no need to use any tuning capacitors. The nominal Class-E 
load resistance can be calculated for Pout = 15 W, Vdd = 28 V, and Vsat = 2.5 V according to 
Equation 6.52 as

 
R

V V
P

= − =0.5768 dd sat

out

( )2

25 Ω
 

(6.101)

where Pout is the output power at the fundamental frequency, Vdd is the drain supply volt-
age, and Vsat is the saturation voltage defined from the device output current–voltage 
characteristics. In this case, the parallel resonant circuit in the broadband Class-E load 
network connected in parallel to a 25-Ω load is represented by the open- and short-circuit 
stubs, each having a characteristic impedance of 50 Ω and electrical length of 45° at 2 GHz. 
Simulation results show that drain efficiencies of 75% and greater can be achieved over 
whole required frequency bandwidth with a power gain of about 11 dB and an output 
power more than 42 dBm.

Figure 6.23b shows the implementation of an idealized circuit of a broadband GaN 
HEMT Class-E power amplifier shown in Figure 6.23a into a RO4360 substrate, where an 
additional series transmission line with low-characteristic impedance is used to match 
an idealized 25-Ω load with a standard 50-Ω load. As a result, an output power around 
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42 dBm with a power gain of more than 10 dB was simulated for an input power of 31 dBm, 
as shown in Figure 6.24a. In this case, the drain efficiency over 72% was achieved across 
the required frequency range from 1.7 to 2.7 GHz, as shown in Figure 6.24b. Previously, a 
PAE above 60% was achieved between 1.87 and 2.11 GHz with an output power varying 
from 20 to 23 dBm for a medium-power broadband pHEMT Class-E power amplifier using 
a transmission-line parallel resonant circuit with short- and open-circuit stubs [37]. For a 
harmonically tuned GaN HEMT broadband power amplifier using open-circuit stubs in 
the load network incorporating a three-section bandpass filter, an output power of around 
100 W with a drain efficiency of more than 65% in a frequency bandwidth from 1.55 to 
2.25 GHz was achieved [38].

Ideally, the requirements to the output matching network for a broadband Class-E 
power amplifier should include not only achieving the inductive fundamental-frequency 
impedance across the desired bandwidth, but it is also necessary to provide high reactance 
at harmonics. In this case, to provide an impedance matching with high-transformation 
ratio and satisfy Class-E requirements over octave bandwidth with minimum in-band rip-
ple, at least three stages for the low-pass ladder-type matching network are needed. Here, 
the series inductor as a first matching element can provide high-impedance condition 
at harmonics and the device output capacitance should provide the required capacitive 
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harmonic reactances. By using a three-stage six-order low-pass filter-matching load net-
work in a GaN HEMT Class-E power amplifier where the series inductors are replaced by 
the short-length high-impedance transmission-line sections and the shunt capacitors are 
replaced by the open-circuit low-impedance stubs, a drain efficiency of 63%–89% with 
an output power of 10–20 W and a power gain of 10–13 dB was measured in a frequency 
bandwidth from 0.9 to 2.2 GHz at a supply voltage of 26 V [39].

6.4 Broadband Parallel-Circuit Class E

The susceptance compensation technique can be directly applied to the switchmode paral-
lel-circuit Class-E power amplifier because its load-network configuration has exactly the 
same structure with shunt and series resonant circuits, as shown in Figure 6.25a [40,41]. In 
this case, the nominal load resistance R and phase angle ϕ of the parallel-circuit Class-E 
load network can be obtained from Equations 6.80 and 6.84, respectively. The parallel 
inductance L and shunt capacitance C required for an idealized optimum parallel-circuit 
Class-E operation are calculated as functions of the load resistance R at the operating fre-
quency from Equations 6.81 and 6.82, respectively. The parameters of the series resonant 
L0C0 circuit must be chosen to provide a constant phase angle of the load network over a 
required wide frequency bandwidth.
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As a result, by substituting Equations 6.81 and 6.82 into Equation 6.6, the series capaci-
tance C0 and inductance L0 can be calculated at the center bandwidth frequency ω0 by

 
L

R
0 1.026=

ω0  
(6.102)

 
C

L
0

1=
ω0

2
0  

(6.103)

Wider frequency bandwidth with high-efficiency performance can be achieved using 
a double-susceptance compensation circuit shown in Figure 6.25b, where L0C0 and L1C1 
are the series and parallel resonant circuits, respectively [42]. In this case, similarly to the 
broadband design in a Class-E mode with shunt capacitance using a double-susceptance 
compensation, the parameters of the series and shunt resonant circuits for the broadband 
design in a parallel-circuit Class-E mode with the corresponding loaded quality factors 
Q0 = ω0L0/R and Q1 = ω0C1R, which are close to unity and greater, can approximately 
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be calculated from Equations 6.15 and 6.16, where the load angle θ = tan−1(R/ω0L) using 
Equation 6.81 is taken into account. Such a load network can be considered as a broadband 
matching-forming circuit, which provides simultaneously the Class-E switching condi-
tions and matching with a standard 50-Ω load over wide frequency bandwidth [43].

The circuit simulations for these two types of susceptance compensation load networks 
were performed at a center bandwidth frequency f0 = 150 MHz for a standard load resis-
tance R = 50 Ω. Figure 6.25c shows the frequency dependences of the load-network phase 
angle ϕ for the single-susceptance (curve 1) and double-susceptance (curve 2) compensa-
tion circuits, demonstrating their very broadband operation capability. Using just a sin-
gle-susceptance load network yields a significant widening of the operating frequency 
bandwidth with a minimum deviation of the magnitude and phase of the load-network 
impedance. A double-susceptance compensation load network obtains a maximum devia-
tion from the optimum value of about 34° by only 3° in a frequency range from 120 to 
180 MHz.

To achieve the high-efficiency broadband operation mode with a high-power gain in the 
VHF frequency band, it is best to design the power amplifier based on silicon LDMOSFET 
devices. It is easy to provide a very good broadband input matching using lossy-matching 
circuit, especially at operating frequencies about 10 times lower than the device transition 
frequency fT. Figure 6.26 shows the circuit schematic of an LDMOSFET power amplifier 
designed for operation in a 2:1 frequency bandwidth from 100 to 200 MHz using a double-
susceptance compensation load network with broadband matching properties at the fun-
damental frequency [36]. The input lossy-matching circuit includes a simple L-transformer 
connected in parallel with a series circuit consisting of an inductor of 20 nH and a resistor 
of 50 Ω. This provides a minimum input return loss at 200 MHz of about 15 dB and an 
input VSWR less than 1.4 over the entire frequency bandwidth from 100 to 200 MHz.

From Figure 6.27a, it follows that, for such an octave-band VHF Class-E power amplifier 
with an input power of 1 W using a 1.25-µm LDMOSFET device with a total gate width 
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FIGURE 6.26
Simulated broadband Class-E LDMOSFET power amplifier.
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of 28 × 1.44 mm, a power gain of 10 dB with deviation of only ±0.5 dB (curve 2) can be 
achieved with a drain efficiency of about 70% and higher (curve 1). An analysis of the 
simulated drain voltage and current waveforms at the center bandwidth frequency of 
150 MHz shown in Figure 6.27b demonstrates that the broadband operating mode is very 
close to a nominal parallel-circuit Class-E operation mode, although the impedance con-
ditions at higher harmonics are not controlled properly. As seen from the plots when the 
transistor is turned on, high values of drain current (up to 1.3 A) are achieved with small 
saturation voltages of 0 to 4 V. On the other hand, when the transistor is turned off, the 
drain current continues to flow, but now through the device gate–drain capacitance Cgd 
and drain–source capacitance Cds but not through the active channel. A drain efficiency 
of 74% with an output power of 8 W across the frequency range from 136 to 174 MHz 
with a power flatness of 0.7 dB was measured for a parallel-circuit Class-E LDMOSFET 
power amplifier with a low-supply voltage of 7.2 V [44]. A power-added efficiency can be 
increased to 80% and more in a frequency range of 140–180 MHz with an output power of 
34.4 ± 1.5 dBm using a GaN HEMT device [45].

Similarly, the transmission-line susceptance compensation technique can also be 
applied to a parallel-circuit Class-E power amplifier where the series transmission line of 
a quarter wavelength at the center bandwidth frequency can be used instead of a series 
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L0C0 resonant circuit, as shown in Figure 6.28a. In some practical cases, the series quarter-
wave line can be replaced by an equivalent low-pass π-type circuit consisting of a series 
transmission line with higher characteristic impedance and electrical length much less 
than 90°, and two shunt capacitors when the capacitance adjacent to the device output 
can be counted within the total shunt capacitance required for a nominal parallel-circuit 
Class-E mode. If it is necessary to additionally provide an output matching between the 
nominal Class-E resistance R and standard load RL = 50 Ω, a series quarterwave line can be 
replaced by a low-pass L-type matching circuit with a series transmission line and a shunt 
capacitor, as shown in Figure 6.28b.

Figure 6.29a shows the example of a transmission-line broadband Class-E load network, 
where the parallel inductor is replaced by a short-length short-circuited transmission 
line, which can be easily implemented on a printed-circuit board to minimize insertion 
losses. The electrical lengths of the transmission lines are given at the center bandwidth 
frequency of 300 MHz. In this case, the input load-network resistance varies from 17 Ω at 
225 MHz to 47.5 Ω at 400 MHz, as shown in Figure 6.29b by curve 1, with much less varia-
tion from 18.5 to 27 Ω in a frequency range from 250 to 350 Ω. The phase stays almost con-
stant around 33° in a frequency range from 250 to 350 Ω and varies from 22.5° at 225 MHz 
to 39.5° at 400 MHz (curve 2).

Figure 6.30a shows the circuit schematic of a broadband high-efficiency microstrip 
LDMOSFET power amplifier with an output power of around 20 W and a power gain of 
more than 12 dB in a frequency range from 225 to 400 MHz at a DC supply voltage of 28 V. 
Here, to approximate the parallel-circuit Class-E mode in a wide frequency range, the load 
network was designed to realize a single-susceptance compensation technique using a 
parallel short-length transmission line in conjunction with a single L-type transmission-
line transformer, since a ratio between the device equivalent output resistance required for 
an optimum Class-E operation and the standard load of 50 Ω is not significant. The input 
matching circuit includes the two low-pass L-type matching sections to compensate for the 
device input capacitance over the entire frequency range. A lossy parallel resistance of 75 Ω 
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is necessary to simplify the matching procedure and improve the input return loss. As a first 
step, each matching network structure is calculated at the center-band frequency based on 
the technical requirements and device equivalent circuit parameters. Then, to optimize the 
power amplifier performance over the entire frequency band, the simplest and fastest way 
is to apply an optimization procedure using computer simulators to satisfy certain criteria. 
For such a broadband power amplifier, the minimum output power ripple and input return 
loss with maximum power gain and efficiency can be chosen as the criteria. Generally, by 
applying a nonlinear broadband optimization technique and setting the ranges of electri-
cal length of the transmission lines between 0° and 90° and parallel capacitances from 0 to 
100 pF, we can obtain the parameters of the input matching circuit and output load network.

However, to speed up this procedure, it is best to optimize circuit parameters separately 
for the input and output circuits. In this case, the input matching circuit is loaded by the 
device equivalent input series RC circuit, consisting of its gate resistance and gate–source 
capacitance. The load network must include at its input the device equivalent output shunt 
RC circuit consisting of an optimum Class-E load resistance required for a specified out-
put power and supply voltage and drain–source capacitance. In this case, it is sufficient to 
use a fast linear optimization process, which will take only a few minutes to complete the 
circuit design procedure. Finally, the resulting optimized values are incorporated into the 
overall power amplifier circuit for each element and final optimization is performed using 
a nonlinear active device model. The optimization process is finalized by choosing the 
nominal level of input power with optimizing elements in narrower ranges of their values 
of about 10%–20% for most critical elements. For practical convenience, it is advisable to 
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choose the characteristic impedances of all transmission lines of 50 Ω. Figure 6.30b shows 
the simulated broadband high-efficiency power amplifier performance achieving an out-
put power of 42.5–44.5 dBm, a power gain of 13.5 ± 1 dB, and a drain efficiency of 64 ± 10% 
in a frequency bandwidth from 225 to 400 MHz.

The circuit schematic of a broadband two-stage InGaP/GaAs HBT power amplifier 
intended to operate in the WCDMA handset transmitters is shown in Figure 6.31 [40,41]. 
The MMIC part of this power amplifier contains the transistors with emitter areas of the 
first and second stage as large as 540 and 3600 µm2, input matching circuit, interstage 
matching circuit, and bias circuits on a die with dimensions of less than 1 mm2. The MMIC 
packaged in a 3 × 3 mm2 package was mounted on an FR4 substrate, which contains the 
output matching circuit and microstrip lines. Standard ceramic chip capacitors were used 
in the output matching circuit, and no further additional tuning was necessary. In this 
case, a very short microstrip line operating as a DC-feed inductance is required to approxi-
mate parallel-circuit Class-E switching conditions.

Figure 6.32a shows that the small-signal gain varies within 22.5 ± 0.5 dB and the input 
return loss is greater than 13 dB in a frequency range from 1.6 GHz to more than 2 GHz, 
thus confirming the broadband operation of the amplifier. Without any tuning of the out-
put matching circuit, a saturated output power greater than 30 dBm and a PAE greater 
than 50% were obtained. These single-tone measurements shown in Figure 6.32b were per-
formed at the respective center-band frequencies 1.75 and 1.88 GHz. Using high-Q capaci-
tors in output matching circuit can improve the power-added efficiency by about 8%, 
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531High-Efficiency Broadband Class-E Power Amplifiers

resulting in close to 60% being obtained. At the same time, the power amplifier provides 
high-linearity performance in a handset WCDMA band (1920–1980 MHz) at a 3.5-dB back-
off output power of 27 dBm with a power gain of 22.6 dB and a sufficiently high efficiency. 
The measured PAE reached value of 38.3% at center bandwidth frequency of 1.95 GHz 
with an ACLR of −37 dBc at a 5-MHz offset and an ACLR of −56 dBc at a 10-MHz offset.

6.5 High-Power RF Class-E Power Amplifiers

The load network of a high-power broadband VHF Class-E power amplifier can be based 
on lumped low-pass LC matching sections to match the nominal Class-E load with the 
standard 50-Ω load. When the frequency bandwidth is not very wide, of about 50%, it is 
possible to use the simplest single-section low-pass π-transformer to provide a drain effi-
ciency greater than 60% over a frequency bandwidth from 80 to 135 MHz with an average 
output power of 20 W using a 28-V 60-W SiC MESFET device [46]. However, variation of 
both the output power (more than 3 dB) and drain efficiency (more than 15%) across this 
frequency bandwidth is significant, since such a simple load network cannot maintain the 
required real and imaginary part of the Class-E load network constant enough over the 
entire frequency range. In this case, the imaginary part of the load network increases from 
a low-band frequency to a high-band frequency, characterized by the positive slope.

Figure 6.33a shows the circuit schematic of a push–pull Class-E power amplifier using 
a 50-V balanced MOSFET device, producing an output power up to 200 W and operat-
ing in a frequency range from 1.8 to 128 MHz [47]. The circuit incorporates a broadband 
input matching circuit so that the frequency changes require only retuning or switching 
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532 Broadband RF and Microwave Amplifiers

of the output filter. In this case, the drain efficiency varies from 90% at 1.8 MHz to 70% at 
128 MHz. The input signal is transformed and split by a broadband 4:1 Guanella trans-
former, whose outputs represent two 10-W, 6.25-Ω resistors shunting the MOSFET gates 
and providing the required resistive loads for the input transformer. Such an input circuit 
is operated in a broadband mode until the reactances of the MOSFET gates become less 
than 6.25 Ω. Operation at higher frequencies requires the addition of inductors to cancel 
the MOSFET gate capacitances. The drain loads of 3.125 Ω in a Class-E mode with shunt 
capacitance allow about 100 W to be produced in each side of the MOSFET with a peak 
drain voltage below the breakdown voltage. The total drain capacitance is approximately 
correct for optimum Class-E operation at about 85 MHz. At lower frequencies, the drain-
shunt capacitors are therefore added to achieve optimum Class-E operation. The broad-
band output transformer represents a balun that splits its 6.25-Ω load into two 3.125-Ω 
drain loads. The output impedance-transforming filter is a low-pass two-section ladder-
type network where the shunt variable capacitors are responsible for load control and 
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533High-Efficiency Broadband Class-E Power Amplifiers

efficiency adjustment and the first series inductor provides sufficient reactance to ensure 
adequate suppression of the third harmonic. The drain-voltage waveforms for operation 
at 10, 42.6, and 128 MHz are shown in Figure 6.33b, where the ideal optimum Class-E 
waveform is satisfied at 10 MHz and close at 42.6 MHz. At 128 MHz, the power amplifier 
is operating in a suboptimum Class-E mode.

The third-order bandpass broadband Class-E load network can be optimized not only 
to provide required optimum inductive impedance at the fundamental frequency, but also 
purely capacitive optimized reactances at the second and third harmonics. Figure 6.34a 
shows such a third-order parallel-circuit Class-E load network, where the impedance-
transforming network is used to transform the standard resistive 50-Ω load to the load 
required for proper termination of the Class-E load network [48]. As a result, the drain 
efficiency near 70% and better can be achieved over the frequency bandwidth from 95 
to 135 MHz for a 12-W, 12-V MOSFET power amplifier with a 4:1 Ruthroff transmission-
line transformer in an impedance-transforming network providing 12.5 Ω to the Class-E 
load network at the fundamental frequency and several harmonics. Figure 6.34b shows 
the output circuit of a high-power broadband 28-V LDMOSFET power amplifier with a 
broadband low-loss impedance transformer located right at the output port of the power 
transistor [49]. The transformer is made of three rings of low impedance 15-Ω semirigid 
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534 Broadband RF and Microwave Amplifiers

coaxial cable, where the cable outer jackets are connected in parallel to form the primary of 
the transformer and the inner conductors are connected series to form the secondary of the 
transformer. In order to reduce losses to a minimum, no magnetic core is used. A lumped 
network is located after the transformer to provide both proper loads at the harmonics and 
at the fundamental frequency for a nominal Class-E with shunt capacitance. In this case, 
high drain efficiencies up to 86% with output powers of greater than 120 W were measured 
in a frequency bandwidth of VHF broadcasting from 88 to 114 MHz.

6.6 Microwave Monolithic Class-E Power Amplifiers

Generally, by providing an open-circuit termination for the second- and third-harmonic 
components, the collector efficiency of a microwave Class-E power amplifier can be 
increased by 10% [50]. In this case, the second-harmonic termination has the most impact on 
the collector efficiency, while effect of an open-circuit termination for the fourth harmonic 
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535High-Efficiency Broadband Class-E Power Amplifiers

is negligible. Moreover, the variation of the second-harmonic load reflection coefficient 
by 10% in magnitude from 1 to 0.9 and ±20° in phase angle results in an insignificant effi-
ciency variation within 1% only. Figure 6.35a shows the circuit schematic of a monolithic 
broadband Class-E power amplifier with a chip size of 2 mm × 2.2 mm. The load network 
is a compromise solution between having a low-insertion loss and meeting the necessary 
requirements for the optimum Class-E operation with nonzero voltage and voltage-deriv-
ative switching conditions [51]. This is accomplished by using two open-circuit stubs in 
conjunction with a shunt capacitor, where the first open-circuit stub in combination with 
the series transmission line presents broadband high-impedance terminations for the 
second harmonics within 18–22 GHz, while the combination of the second open-circuit 
stub and the shunt capacitor presents broadband low impedances at the third harmonics 
within 27–33 GHz and also transforms the optimum load impedances at the fundamental 
frequencies. The simulated loading conditions presented to the output of the device at 
the fundamental (inductive impedance), second (high impedance), and third harmonic 
(low impedance) frequencies are shown in Figure 6.35b, which are proved to be adequate 
for broadband Class-E power amplifiers. As a result, using an indium phosphide (InP) 
double HBT (DHBT) technology, a PAE of 49%–65% with an output power of 18–22 dBm 
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536 Broadband RF and Microwave Amplifiers

was achieved over the frequency bandwidth from 9 to 11 GHz [50]. Based on an InP DHBT 
technology, a single-stage broadband X-band Class-E power amplifier can also achieve a 
PAE of 45%–60% with an output power of 19–21.5 dBm and a power gain of 9–11.5 dB over 
a 34% bandwidth, from 8.2 to 11.6 GHz [52].

To increase the overall efficiency of a two-stage power amplifier, it may be assumed 
that it is worthwhile to optimize both amplifying stages to operate in a Class-E mode. For 
example, for a hybrid microwave GaAs MESFET Class-E power amplifier using the same 
devices in both stages, the maximum two-stage power-added efficiency was achieved as 
high as 52% (including connector loss) with a corresponding power gain of 16 dB and an 
output power of 20 dBm at a carrier frequency of 10 GHz and a supply voltage of 4.2 V 
[53]. However, owing to Class-E operation mode of the driver stage, the overall power gain 
is sufficiently small, thus affecting the overall efficiency. Therefore, by using a Class-AB 
driver stage, similar efficiency can be achieved with substantially higher power gain. As 
a result, for a monolithic microwave two-stage high-efficiency InP DHBT power amplifier 
shown in Figure 6.36a where the driver stage is operated in a Class-AB mode and the out-
put stage is operated in a Class-E mode, a PAE of 52% with an output power of 24.6 dBm 
and a power gain of 24.6 dB was achieved at a carrier frequency of 8 GHz and a supply 
voltage of 4 V. The total emitter area of the driver-stage device was chosen to be 90 µm2, 
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providing a PAE of the driver stage above 40% and an adequate power to push the output 
stage deep into compression, as required for a switchmode Class-E operation. The output 
stage consists of two active devices with a total emitter area of 360 µm2 combined in paral-
lel reactively, taking care to provide odd-mode instability suppression resistors between 
the base and collector of each transistor. The power-added efficiency is maintained greater 
than 40% over a frequency bandwidth from 7.7 to 10.5 GHz, as shown in Figure 6.36b [53].

Figure 6.37 shows the circuit schematic of a two-stage broadband Class-E power ampli-
fier implemented in a 0.5-µm enhancement/depletion pHEMT process with a chip size of 
2 × 2 mm2, which is intended to operate in a frequency range from 1.5 to 3.8 GHz with a 
PAE better than 62% and an output power of more than 27 dBm at Vdd = 6 V [54]. In this 
case, to provide high operation efficiency in a wide frequency range, the Class-E load net-
work with reactance compensation technique followed by the low-pass matching network 
is used. The driver stage is designed to operate in a Class-AB mode with a small quiescent 
current for high gain and high efficiency when both input and interstage matching circuits 
are conjugately matched. For a 0.5-µm pHEMT two-stage broadband Class-E power ampli-
fier with a chip size of 5.25 × 2.8 mm2, a PAE above 50% with an output power over 36 dBm 
at a drain supply voltage of 6 V was obtained in a frequency range of 3.0–3.75 GHz [55].

Figure 6.38 shows the circuit schematic of a compact single-stage broadband Class-E 
GaN HEMT power amplifier, where the load network is based on reactance compensation 
technique with a parallel circuit followed by the low-Q series resonant circuit [56]. The 
use of a finite DC-feed inductance has advantages in terms of the output power and maxi-
mum frequency of operation and results in a higher load resistance than in the classical 
Class-E configuration with infinite RF choke. To shape the gate voltage waveform, the sec-
ond-harmonic signal is short-circuited at the gate by the series resonant circuit represent-
ing a second-harmonic trap. The high- and low-pass matching sections form a bandpass 
input matching circuit, where a 300-Ω parallel resistor with a 37-Ω bias resistor provide 
an unconditional stability of the power amplifier both at low and high frequencies. The 
actual size of a broadband Class-E power amplifier with the input matching circuit and 
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load network implemented in a two-layer Rogers laminate with a dielectric permittivity 
of 3.5 is only 1.1 × 1.6 cm2. As a result, a drain efficiency above 74% and an output power 
more than 7 W with an input power of 600 mW at Vdd = 40 V can be achieved across the 
bandwidth of 2.0–2.5 GHz. Wider frequency bandwidth of 2.1–2.7 GHz with a drain effi-
ciency exceeding 63% and an output power above 9.3 W can be provided without input 
second-harmonic trap and retuning the finite DC-feed inductance. By using a two-section 
LC ladder output matching circuit in a GaN HEMT Class-E power amplifier, a drain effi-
ciency over 68% with an output power of 42–65 W in a frequency bandwidth from 1.7 to 
2.3 GHz at a supply voltage of 35 V was achieved for a compact hybrid implementation of 
the power amplifier with an effective area of 2 × 2 cm2, where the bondwire inductors and 
MIM capacitors are used [57].

6.7 CMOS Class-E Power Amplifiers

The use of cascode topologies is extremely attractive for CMOS power amplifiers, espe-
cially at high-output powers and DC supply voltages. Optimizing the cascode topology 
requires setting the bias voltage Vg of the common-gate transistor shown in Figure 6.39a 
to minimize the voltage drop across the oxide of each transistor M1 and M2 when these 
voltage drops become equal allowing the use of approximately twice the supply voltage 
[58,59]. However, there is an additional power loss mechanism as a specific property of a 
cascode configuration in a switching Class-E mode when the common-source device M1 is 
turned off, which is associated with the charging and discharging processes of the shunt 
parasitic capacitor Cp consisting of the drain-bulk capacitance of the device M1 and gate–
source and source–bulk capacitances of the device M2. This results in a finite switching 
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time of a common gate device M2 when it cannot be instantly switched from the satura-
tion mode to the pinch-off mode and operates in the active region when simultaneously 
output current and output voltage are positive with the output power dissipation within 
the device. The parasitic capacitance Cp can be 3–4 times larger than the drain-bulk capaci-
tance of the device M2, resulting in a power loss as large as 20% of the output power. A sim-
ple and effective way to minimize this power loss contribution is to use a parallel inductor 
Lp resonating the parasitic capacitor Cp at the operating frequency, as shown in Figure 
6.39b, where Cb is the blocking capacitor. The series resonant circuit required to provide 
a sinusoidal current flowing to the load is replaced by the series inductor Lm and shunt 
capacitor Cm forming an L-type lumped transformer to match the optimum Class-E load 
resistance with a standard resistance of 50 Ω. As a result, the two-stage cascode Class-E 
power amplifier with a compensating inductor implemented in a 0.13-µm CMOS process 
achieved a drain efficiency of 71% and a PAE of 67% when delivering an output power of 
23 dBm at an operating frequency of 1.7 GHz with a supply voltage of 2.5 V. The driving 
stage with a supply voltage of 1.2 V is biased in a Class C. The value of an inductor Ld is 
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chosen to compensate for the gate–source capacitance of the device M1. The power-added 
efficiency higher than 60% was measured over the frequency bandwidth of 1.4–2.0 GHz.

To realize a broadband high-efficiency operation of the fully integrated CMOS Class-E 
power amplifier, a broadband and low-loss 1:4 Ruthroff-type transmission-line transformer 
based on the broadside-coupled transmission lines can provide an impedance transfor-
mation from 12.2 ± 0.1 to 50 Ω [60]. In a six-layer 0.18-µm CMOS process, the thickest top 
metal 6 is used as the primary winding, the identical thick metal stacked from metal 1 to 
metal 4 is used as the secondary winding to improve insertion loss, and both windings 
are wound in loops keeping the 1:1 turns ratio to reduce the transformer size. Figure 6.40a 
shows the circuit schematic of a 0.18-µm CMOS Class-E power amplifier composed of the 
two nMOS transistors in a cascode configuration and one shunt capacitor in the load net-
work required for optimum Class-E operation. Here, the series LC resonant circuit at the 
fundamental frequency of the Class-E power amplifier is replaced by the 1:4 transmission-
line transformer operating as a broadband bandpass filter. To enhance the reliability of 
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the transistors, the thick-oxide transistor M2 is used for the common-gate stage, and the 
thin-oxide transistor M1 is used for the common-source stage. The fully integrated CMOS 
Class-E power amplifier with a 1:4 transmission-line transformer exhibits a broadband 
output power level of 24 ± 0.2 dBm from 2.4 to 3.5 GHz at a supply voltage of 3.6 V, with a 
maximum PAE of 33.2% at 2.6 GHz.

Figure 6.40b shows the circuit schematic of a two-stage broadband Class-E CMOS 
power amplifier, where the power output stage is formed by a high-voltage, extended-
drain, thick-oxide nMOS device implemented in a standard 65-nm CMOS technology 
[61]. The total gate width of the transistor is 3.84 mm and the channel length is 0.28 µm, 
realizing an on-resistance of 0.7 Ω, an off-resistance of 10 kΩ, and a drain–source capaci-
tance of approximately 4.14 pF. To drive the output stage as a switch, a square-wave signal 
is generated by an inverter-based driver implemented using standard thick-oxide MOS 
devices with a gate length of 0.28 µm. To reduce the peak drain voltage and improve reli-
able operation, a suboptimum Class-E operation is applied. The broadband load network 
represents an off-chip two-section LC ladder circuit. As a result, a measured output power 
of 30.5 ± 0.5 dBm, a power gain of 16.5 ± 0.5 dB, a drain efficiency above 67%, and a PAE 
above 52% are achieved across the frequency bandwidth from 550 to 1050 MHz.
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7
Broadband and Multiband Doherty Amplifiers

This chapter describes the historical aspect of the Doherty approach to power amplifier 
design and modern trends in Doherty amplifier design techniques using broadband and 
multiband Doherty architectures. To increase efficiency over the power-backoff range, the 
switchmode broadband Class-E mode can be used in the load network.

7.1 Historical Aspect and Conventional Doherty Architectures

A new power amplifier technique for amplitude-modulated (AM) radio-frequency signals 
was introduced by William H. Doherty in broadcasting in the mid-1930s as a more efficient 
alternative to both conventional amplitude-modulation techniques and Chireix outphas-
ing [1,2]. This new technique achieves plate circuit efficiencies of up to 60%–65% indepen-
dent of modulation by means of a combined action of the variation of load distribution of 
the vacuum tubes, and the variation of the circuit impedance over the modulation cycle. 
When Doherty joined the radio development department of Bell Telephone Laboratories 
in June 1929, he was engaged in the development of high-power radio transmitters for 
transoceanic radiotelephony and broadcasting. As a result, in 1936, he invented a means 
to greatly improve the efficiency of radio-frequency power amplifiers, quickly termed the 
“Doherty amplifier.” It was first used in a 50-kW transmitter with audio-frequency feed-
back providing a resulting distortion level from less than 1% at lower frequencies to a 
few percent at high-audio frequencies. In this case, the power amplifier was operated at 
an efficiency of 60% representing a reduction of nearly one half in the all-day power con-
sumption as compared with the power required in the conventional type of linear power 
amplifier operating at 33% efficiency [3]. The IRE Morris Liebmann Memorial Award was 
voted to Doherty in May 1937 for his improvement in the efficiency of radio-frequency 
power amplifiers [4]. By 1940, Doherty amplifiers were incorporated in 35 commercial 
radio stations worldwide, at powers up to 50 kW.

In subsequent years, Doherty amplifiers continued to be used in a number of medium- 
and high-power low-frequency (LF) and medium-frequency (MF) vacuum-tube AM 
transmitters [5,6]. In August 1953, a 1-MW vacuum-tube transmitter where the outputs 
of two 500-kW Doherty amplifiers were joined in a bridge-type combiner began regu-
lar operation in the long-wave band in Europe. Doherty amplifiers had also been consid-
ered for use in solid-state MF and high-frequency (HF) systems, as well as in high-power 
ultra-high-frequency (UHF) transmitters [7–9]. The practical implementation of a classical 
 triode-based Doherty scheme was restricted by its substantial nonlinearity for both linear 
amplification of AM signals and grid-type signal modulation that required complicated 
envelope correction and feedback linearization circuits. At the same time, Doherty ampli-
fiers employing tetrode transmitting tubes could improve their overall performance when 
the modulation was applied to the screen grids of both the carrier and peaking tubes, 
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while the control grids of both tubes are fed by an essentially constant level of RF excita-
tion [10]. This resulted in the peaking tube being modulated upward during the positive 
half of the modulating cycle and the carrier tube being modulated downward during the 
negative half of the modulating cycle.

The Doherty amplifier still remains in use in very high-power AM transmitters, but for 
lower-power AM transmitters, vacuum-tube amplifiers in general were eclipsed in the 
1980s by solid-state power amplifiers due to their advantages of smaller size and cost, 
lower operating voltages, higher reliability and greater physical ruggedness, insensitivity 
to mechanical shock and vibration, and the possibility to use fully automated manufactur-
ing processes and a high level of integration. However, the transistor (bipolar or field-effect) 
as a three-electrode solid-state device is characterized by the significant  nonlinearity of 
its transfer characteristic and intrinsic capacitances that require complicated linearization 
schemes that were difficult to realize in the analog domain at that time. Interest in the 
Doherty configuration has been later revived due to significant progress in radio com-
munication systems based on complex digital modulation schemes such as WiMAX in 
OFDM (orthogonal frequency division multiplexing) systems, CDMA2000, WCDMA, or 
LTE (long-term evolution) enhancement to the UMTS wireless standard, where the sum 
of several constant-envelope signals creates an aggregate AM signal with high peak-
to-average ratio (PAR) and digital linearization techniques can be applied to reduce the 
Doherty amplifier distortion. Recently, Doherty amplifiers of different architectures have 
found widespread application in cellular base station transmitters operating at gigahertz 
frequencies.

7.1.1 Basic Structures

Generally, a Doherty amplifier system combines the outputs of two (or more) linear RF 
power amplifiers (PAs) through an impedance-inverting network composed of lumped 
elements or represented by a quarterwave transmission line. The two fundamental forms 
of the Doherty amplifier are shown in Figure 7.1, with a shunt-connected load in Figure 
7.1a and with a series-connected load in Figure 7.1b [2]. In the former case, the load imped-
ance used is RL = R/2, which is the same as would be employed if the tubes were to be 
connected in parallel in the conventional type of power amplifier, where R is the load 
impedance seen by each tube at maximum output power. In the latter case, as long as the 
right-hand or peaking tube does not conduct, the impedance-inverting network provides 
zero impedance being terminated as an open circuit, and the left-hand or carrier tube oper-
ates into a load impedance RL = 2R. However, when the peaking tube is permitted to con-
duct, each tube is operating into the impedance R at the peak of modulation and delivering 
twice the carrier power (or power of the transmitted unmodulated signal), so that the 
total instantaneous output is the required value of four times the carrier power. The shunt 
connection appears to be more advantageous for most practical applications because the 
load circuit is grounded, while the load is neither grounded nor balanced to ground in the 
series arrangement.

The ideal anode voltage and current behavior in the carrier and peaking tubes as the 
amplitude of the grid excitation is varied is shown in Figure 7.1c. Here, for the classical 
Doherty amplifier with equal-power tubes, the transition voltage is half the peak-envelope 
point (PEP), and the total output power of the amplifier comes from the carrier tube for 
input amplitudes less than or equal to the transition point. The region between the tran-
sition-point and PEP values represents the load modulation region and the voltage on the 
carrier tube remains constant at the PEP level. At the same time, the voltage across the 
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peaking tube continues to rise linearly, with its current commencing and rising twice as 
fast as the current in the carrier tube in order to reach its PEP value at maximum output 
power. Thus, at low-output power levels, the carrier amplifier operates linearly, reaching 
saturation that corresponds to maximum efficiency at some transition voltage below the 
system peak-output voltage. However, at higher output power levels, the carrier amplifier 
remains saturated, whereas the peaking amplifier operates linearly.

The corresponding shapes of the envelopes of anode current and voltages during com-
plete load variation are shown in Figure 7.2 [2]. In a simple case of a sinusoidal modulating 
signal vm(t) = Vm cos Ωt, where Vm is the modulating amplitude and Ω is the modulating 
frequency, the average output power Pavr for the modulated signal with a time-varying 
amplitude V = V0 + vm(t) = V0(1 + m cos Ωt), where V0 is the carrier amplitude and m = Vm/
V0 is the modulation index, can be found as
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where P V R0 0
2= /2 L is the carrier power without modulation and m denotes the ratio of 

the variation of the modulated carrier amplitude to the unmodulated carrier amplitude. 
Since the average anode current in the carrier amplifier remains constant for all cycles 
of load variation but the duration of anode current in the peaking amplifier increases 

Tube 2

R/2

2R

Tube 1
(a)

(b)

(c)

Impedance
inverting
network

Impedance
inverting
network

Anode voltages

Input voltage Input voltage

Carrier
tube Carrier

tube
Peaking

tube

Peaking
tube

Anode currents

FIGURE 7.1
Doherty fundamental load-network structures and their ideal voltage and current behavior.
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gradually with the amplitude, the average efficiency through the modulation cycle is then 
found to be

 
η η

πavr 0
/

( / )
=

+
1 2
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2+ ( )m
mq2  

(7.2)

where η0 is the efficiency for zero modulation and q is the variable factor that ranges from 
about 0.7 for zero modulation to 0.93 for full modulation [1].
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FIGURE 7.2
Envelopes of anode currents and voltages during load variation.
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Figure 7.3a shows the Doherty amplifier schematic, where the anodes of the carrier and 
peaking tubes are connected together by a π-type 90° lumped network, which introduces 
a lagging phase shift of 90° from the anode of the carrier tube to the anode of the peaking 
tube [2,10]. Such a 90° lumped network is used due to its impedance-inverting characteris-
tics. This means that, if the terminating impedance at the point in the network where the 
peaking tube is located is reduced, the impedance seen by the carrier tube will increase. 
In this case, since the load network of the high-power transmitter was approximately 
of 35 Ω, the 90° lumped network was set to provide an impedance at the carrier tube of 
about 140 Ω. As a result, the series inductance and two shunt capacitors are each selected 
to have a reactance equal to  735 140 0× = Ω. To compensate for the output phase shift 
of 90°, the input to the grid of the peaking tube is delayed by 90° by similar means. If 
the input excitation is applied to the grid of the peaking tube, a π-type lumped network 
consisting of the series capacitor and two shunt inductances is added between the grids 
of the carrier and peaking tubes to compensate for the output phase shift of 90°, as shown 
in Figure 7.3b.

The simplified two-stage transmission-line Doherty power-amplifier architecture 
shown in Figure 7.4a incorporates the carrier and peaking power amplifiers, separated 
by a quarterwave transmission line in the carrier amplifier path [11,12]. Such a section of 
line, known as a quarterwave transformer, has the ability to invert impedances accord-
ing to

 Z Z0 in out = Z  (7.3)

(a)

(b)
+90°

–90°

RF input

RF
input

RL

RL

+90°
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FIGURE 7.3
Doherty amplifier basic schematics with lumped elements.
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where Z0 is the characteristic impedance of the transmission line. This property can be 
seen more clearly by rewriting Equation 7.3 as

 
Z

Z
Z

out
0
2

in
=

 
(7.4)

from which it follows that the output impedance Zout increases inversely with the input 
impedance Zin for constant Z0. The quarterwave transmission line at the input of the peak-
ing amplifier is required to compensate for the 90° phase shift caused by the quarterwave 
transmission line at the output of the carrier amplifier. The output quarterwave line with 
Z0 2 50= =5 35× Ω is required to match the standard load impedance of 50 Ω when 
both carrier and peaking amplifiers deliver maximum power, each of which designed in 
a 50-Ω environment.

An input drive controller is used to turn on the peaking amplifier (bias control) when 
the carrier amplifier starts to saturate since it is assumed that the carrier and peaking 
amplifiers are biased in Class B for idealized system analysis. However, in practice, the 
carrier amplifier is biased in a Class-B mode, whereas the peaking amplifier is biased in a 
Class-C mode. At a backoff power level of −6 dB, the saturated output power of the carrier 
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amplifier is four times lower than the peak output power PPEP. This indicates that its col-
lector (or drain) efficiency when operated in an ideal Class-B mode is twice than that of a 
conventional Class-B power amplifier, achieving a maximum efficiency of 78.5%, as shown 
in Figure 7.4b.

7.1.2 Operation Principle

The basic operation principle of a conventional Doherty power-amplifier architecture 
shown in Figure 7.5a can be analyzed for low, medium, and peak output power regions 
separately [12]. Figure 7.5b shows the current and voltage behavior for ideal transistors 
and lossless matching circuits, where VL is the load voltage and IL is the load current. The 
condition of power conservation for a lossless output transmission line results in
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whereas the current division ratio β is defined by

 
β = I

I
3

32 + I  
(7.6)

As a result, the overall output power Pout is the sum of the carrier (main) amplifier out-
put power P1 = βPout and peaking (auxiliary) amplifier output power P2 = (1 − β)Pout. The 
impedance seen at the output of the transmission line in the carrier amplifier path is
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and the impedance seen by the peaking power amplifier is
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At peak output power PPEP, when both carrier and peaking amplifiers are saturated, the 
resultant collector efficiency is equal to the maximum achievable efficiency η = π/4 ≈ 78.5% 
for an ideal Class-B operation. For the conventional Doherty power-amplifier architecture 
shown in Figure 7.5a with the current and power division ratios β = α = 0.5, respectively, 
when both carrier and peaking amplifiers produce equal output powers, their load imped-
ances are equal to R R R Z Z1 3 2 2 L/= = = = 2 1

2 R . If the characteristic impedance of the out-
put transmission line is chosen to be Z1 = 35 Ω, then R1 = R3 = R2 = Z2 = RL = 50 Ω.

At lower power levels in a low-drive region, the peaking amplifier is turned off because 
the instantaneous amplitude of the input signal is insufficient to overcome the negative 
Class-C bias and appears as an open circuit, whereas the carrier amplifier operates in the 
active region. In this case, the load impedance seen by the carrier amplifier is
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Z
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(7.9)

resulting in R1 = 2RL = 100 Ω when Z1 = 35 Ω and Z2 = RL = 50 Ω. Because the output power 
of the carrier amplifier in saturation is four times less than the peak output power PPEP, the 
collector efficiency of the carrier amplifier in an ideal Class-B mode will be twice than that 
of a conventional Class-B power amplifier, achieving maximum of 78.5% at backoff power 
level of −6 dB, as shown in Figure 7.4b.

At medium power levels in a load-modulation region, the carrier amplifier is saturated, 
whereas the peaking amplifier is turned on and operates in the active region. Since the 
output voltage of the carrier amplifier V1 = I1R1 is constant under saturation conditions, 
from Equation 7.5 it follows that the current I3 is constant in the medium power region 
as well. The collector efficiency of the carrier amplifier remains at its maximum value, 
whereas the collector efficiency of the peaking amplifier increases up to its maximum 
value for Class-B operation at peak output power PPEP. As a result, the Doherty amplifier 
architecture achieves maximum efficiency at both the transition −6 dB backoff point and 
the peak output power, and remains relatively high in between, as seen from Figure 7.4b.

© 2016 by Taylor & Francis Group, LLC

  



553Broadband and Multiband Doherty Amplifiers

For high-quality transmission in vacuum-tube power amplifiers, it is important to obtain 
a linear relation between grid exciting voltage and output anode voltage. The high imped-
ance used for the carrier tube over the lower half of the modulation envelope causes the 
dynamic characteristic to be quite straight in this region. To obtain linearity from the point 
where curvature begins on the carrier tube, up to a point representing the peaks of modu-
lation, is a matter involving both the point, at which the peaking tubes comes into opera-
tion, and the rate, at which its contribution increases with drive. For securing a satisfactory 
adjustment, there are two variables: the bias on the carrier tube and the amplitude of the 
excitation on this tube, whose careful selection may allow the power amplifier to operate 
with low distortion [2]. Besides, in a low-power region, linearity of the Doherty amplifier 
is entirely determined by the carrier amplifier, which should be highly linear even though 
the load impedance is high. In a high-power region, linearity can be improved by the 
harmonic cancellation from the carrier and peaking amplifiers using appropriate gate bias 
voltages. For example, in terms of gain characteristics of each amplifier using LDMOSFET 
devices, a late gain expansion of the Class-C biased peaking amplifier compensates the 
gain compression of the Class-AB biased carrier amplifier, thus improving the third-order 
intermodulation (IM3) level [13].

In the mid-1990s, it was found that, by using existing microwave design techniques and 
by implementing a few modifications, a microwave version of the Doherty amplifier could 
be realized [14]. In this case, an efficiency of 61% was achieved at 1-dB gain compression 
point, and this level of efficiency was maintained through a 5.5-dB reduction in output 
power at an operating frequency of 1.37 GHz. A few years later, a possibility to achieve 
a high-efficiency performance of the microwave monolithic Doherty amplifier was dem-
onstrated in the Ku- and K-band frequencies using pHEMT and InP DHBT technologies, 
respectively [15,16]. The first fully integrated Doherty amplifier monolithic microwave 
integrated circuit (MMIC) with a chip size of 2 mm2 operating in a frequency range of 
38–46 GHz was developed using a 0.15-µm GaAs HEMT process [17]. By using modern 
high-voltage HBT and GaN HEMT technologies, a high-average efficiency of more than 
50% can be achieved for multicarrier WCDMA signals using a high-power two-way sym-
metrical Doherty amplifier [18,19].

7.1.3 Offset Lines

At high frequencies, it is necessary to take into account that the transistor input imped-
ance is varied with bias voltage, and the transistor output reactance should be compen-
sated to provide the required open-circuit condition by using so-called offset lines with 
optimized electrical lengths [13,20]. Figure 7.6 shows the basic schematic diagram of a 
fully matched microwave Doherty amplifier with offset lines in the output circuit and 
phase-compensating circuits in the input circuit required to reduce amplitude modula-
tion/phase modulation (AM/PM) variations because the output power level can change 
significantly with phase variations between carrier and peaking paths [20,21]. At high fre-
quencies, it is enough to use an input phase-compensating transmission line (offset line) 
at the input of the peaking amplifier. Because of different biasing of the carrier (Class AB) 
and peaking (Class C) amplifiers, an offset line at the input of the peaking amplifier can 
be used to optimize linearity and efficiency for multicarrier applications [22]. To closer 
approximate ideal Doherty amplifier performance, an adaptive power-dependent input 
power distribution between the carrier and peaking amplifier can be provided so as to 
deliver more power to the carrier amplifier in the low-power region and to the peaking 
amplifier in the high-power region, which can result in a linearity improvement of 5–7 dB 
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over a wide range of output powers and an increased efficiency up to 5% for WCDMA 
signals at 2.4 GHz [23].

The additional offset lines with the characteristic impedance of 50 Ω and fixed electrical 
lengths θ are connected after the matching circuits of the carrier and peaking amplifiers, as 
shown in Figure 7.7a. In a low-power region, the phase adjustments of the offset lines cause 
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the peaking amplifier to be open-circuited, and the load impedance seen by the carrier 
amplifier is doubled to 100 Ω due to an impedance-transforming property of a 50-Ω quar-
terwave transmission line, assuming that the matching circuit in conjunction with offset 
line provides the required impedance transformation to the optimum high-impedance Zopt 
seen by the device output at the 6-dB power backoff, as shown in Figure 7.7b. At the same 
time, the offset line of the peaking amplifier is adjusted to provide high impedance (ideally 
infinite) from the matching-circuit impedance Zmatch_off so that it prevents power leakage to 
the peaking path when the peaking transistor is turned off. In real device, the effect of the 
knee voltage should be considered due to nonzero value of the device on-resistance, which 
may be smaller or larger depending on the transistor implementation technology. To maxi-
mize efficiency at the 6-dB backoff power, the carrier amplifier with nonzero knee voltage 
should have a load impedance larger than 100 Ω, or larger than 2Z0 if Z0 ≠ 50 Ω, otherwise 
the carrier amplifier does not reach the saturation region where maximum efficiency can 
be achieved [24]. In this case, the offset-line length θc of the carrier amplifier is optimized 
to increase the load impedance, whereas the offset-line length θp of the peaking amplifier is 
adjusted to block the output-power leakage, and the phase-compensating line with electri-
cal length of 90° + (θc − θp) is used at the input of the peaking amplifier.

7.1.4 Linearity

Generally, the nonideal power gain and phase performance in a high-power nonlinear 
region can cause a significant linearity problem for transmitting signals with nonconstant 
envelope in wireless communication transmitters. To solve this problem, an improved 
Doherty amplifier architecture can be used by using an envelope tracking technique to 
control the gate bias voltage of the peaking amplifier in accordance with the input sig-
nal envelope. Such an approach can also provide a higher efficiency with a lower bias 
voltage for higher output powers. This ensures both high efficiency and good linearity 
requirements over a wide range of output powers. Figure 7.8a shows the block diagram 
of a 2.14-GHz LDMOSFET microstrip Doherty power amplifier for WCDMA applications 
with adaptive gate bias control [25]. For the same average output powers of 32.7 dBm, such 
a two-stage Doherty power amplifier demonstrates an improvement in a PAE of 15.2% at 
an ACLR of −30 dBc compared to its Class-AB counterpart. This is because the quiescent 
current in a Doherty architecture is maintained constant only for the carrier amplifier, 
whereas the bias point of the peaking amplifier is varied according to the input signal 
envelope. However, it should be noted that the wider the modulation bandwidth of the 
transmitting signal, the more problematic it is to implement such a technique in practice to 
achieve significant linearity improvement.

The linearity of the power amplifier can be improved by using digital signal processing 
(DSP) to provide more accurate gate bias control alongside of digital predistortion (DPD) 
needed for the simultaneous correction of the gain and phase characteristics in a high-
power region. Figure 7.8b shows the block schematic of an 840-MHz MESFET Doherty 
power amplifier for CDMA applications with the DSP implemented externally on a board 
controlled by a personal computer [26]. In this case, the DSP generates both the baseband 
in-phase (I) and quadrature (Q) signals, which are upconverted to form an RF signal using 
the quadrature modulator. The DSP unit also generates the voltage signal Vg2, which is 
applied to the peaking amplifier as the gate bias. This results in an efficiency improve-
ment by the dynamic gate biasing of the peaking amplifier according to the instantaneous 
envelope of the input signal. At the same time, the phase performance is corrected by the 
phase predistortion at baseband level based on the dynamic gate bias-voltage values from 
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the gain correction, thus resulting in a linearity improvement. An overall improvement of 
PAE from 3% to 5% and an ACPR of about 10 dB at an average output power of 23 dBm can 
be achieved by utilizing such a DSP technique. Besides, a simple bias-switching technique 
can be used in Doherty-type amplifiers, so that they can satisfy the linearity requirements 
of the power amplifiers for CDMA handset applications over the entire dynamic power 
range [27]. In addition to the bias-switching technique, a dual-mode matching approach 
can be used to optimally design a dual-mode Doherty amplifier operated simultaneously 
in HPSK (hybrid phase shift keying) and OFDM 64-QAM (quadrature amplitude modula-
tion) modes for mobile terminals [28].

7.1.5 Series-Connected Load

In comparison with the shunt-connected load type, the series-connected load combines 
the output powers of the carrier and peaking amplifiers in a manner similar to that of the 
push–pull amplifiers, having the same capability to suppress even-harmonic components 
in the output signal spectrum. Figure 7.9 shows the block diagram of a Doherty amplifier 
with a series-connected load, where the input and output baluns are implemented with the 
lumped inductances and capacitors [29]. The lumped-element balun can be designed for 
an arbitrary unbalanced-load value by proper selection of its element values. In this case, 
an unbalanced load of 50 Ω and a balanced port load of 100 Ω were chosen. At low-power 
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levels when the peaking amplifier is turned off, one balanced port of the balun connected 
to the open-circuited quarterwave transmission line is shorted, which results in a load 
of 100 Ω for carrier amplifier. At high-power level when the peaking amplifier becomes 
active, both carrier and peaking amplifiers are operated in a near push–pull mode. For 
such a GaN HEMT Doherty amplifier operating at 1.8 GHz, high efficiencies of 31% and 
56% were achieved at 24- and 31-dBm saturated output powers, respectively.

In some cases, by inserting a short-length transmission line, the output impedance of the 
peaking amplifier can be transformed from capacitive to near-short impedance. As a result, 
the quarterwave impedance-inverting line can be removed. Figure 7.10a shows the circuit 
schematic of a 1.9-GHz GaN HEMT Doherty amplifier without an impedance-transform-
ing network, which was designed in the form of a series-connected-load configuration 
using an output-combining balun [30]. Here, a microstrip Wilkinson power divider is used 
for input power splitting, and the matching circuits and balun with a transformation ratio 
2:1 are implemented using lumped-element components. Therefore, the load impedance 
presented to the carrier amplifier varies from 100 Ω at low-power level to 50 Ω at satura-
tion level. The circuit schematics of the carrier and peaking amplifiers are shown in Figure 
7.10b and c, respectively. A two-section output matching circuit for the carrier amplifier 
is required to provide the two impedance conditions, matching at high-power level and 
impedance-transforming at low-power level. At the same time, the single-section output 
matching circuit for the peaking amplifier provides a near-zero condition. As a result, a 
PAE above 48% at a saturated output power of more than 31 dBm at a supply voltage of 
20 V was obtained over a wide frequency range from 1.67 to 1.97 GHz.

7.2 Inverted Doherty Amplifiers

Figure 7.11 shows the schematic diagram of an inverted Doherty amplifier configuration 
with an impedance transformer based on a quarterwave line connected to the output 
of the peaking amplifier. Such architecture can be very helpful if it is easier to provide 
a short circuit in a low-power region rather than an open circuit at the output of the 
peaking amplifier, which depends on the characteristic of the transistor. The quarter-
wave line can be implemented in a compact form suitable for use in mobile applications 
[31]. In this case, at low-power levels, a quarterwave line is used to transform very low-
output impedance after the offset line to high impedance seen from the load junction. 
In particular, by taking into account the device package parasitic elements of the peaking 
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amplifier, an optimized output matching circuit and a proper offset line are designed to 
provide the maximum output power from the carrier device [32]. At a high-power level, 
for the matched phase difference between identical carrier and peaking amplifiers, the 
load impedance seen from each amplifier after the offset lines is equal to the standard 
50-Ω load impedance.
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Applying a four-carrier WCDMA signal, a PAE of 32% with an ACLR of −30 dBc at an 
average output power level as high as 46.3 dBm was achieved for an inverted 2.14-GHz 
LDMOSFET Doherty amplifier. This provides a 9.5% improvement in efficiency and 1-dB 
improvement in the output power under the same ACLR conditions as for the balanced 
Class-AB operation using the same devices [33]. For a 64-QAM modulated signal with a 
24-MHz channel bandwidth, a PAE higher than 31% with a 0.5-dB output-power flatness 
at 27 dBm was achieved across a frequency bandwidth from 2.4 to 2.5 GHz with an ACPR 
better than −40 dBc [34].

To better understand the operation principle of an inverted Doherty amplifier, consider 
separately the load network shown in Figure 7.12a, where the peaking amplifier is turned 
off. In a low-power region, the phase adjustment of the offset line with electrical length θ 
causes the peaking amplifier to be short-circuited (ideally equal to 0 Ω), and the matching 
circuit in conjunction with offset line provides the required impedance transformation 
from 25 Ω to the optimum high-impedance Zopt seen by the carrier device output at the 
6-dB power backoff, as shown in Figure 7.12b. In this case, the short circuit at the end of 
the quarterwave line transforms to the open circuit at its input so that it prevents power 
leakage to the peaking path when the peaking transistor is turned off. In a high-power 
region, both carrier and peaking amplifier are operated in a 50-Ω environment in parallel, 
and the output quarterwave line with the characteristic impedance of 35.3 Ω transforms 
the obtained 25 Ω to the required 50-Ω load.

In a Doherty configuration, both the Class-AB carrier amplifier and Class-C peaking 
amplifier are not fully isolated from each other. This can result in a serious problem to 
robustly design the optimum load-impedance shift presented to both transistors for high 
efficiency and low distortion [35]. From the load-pull measurements for a unit-cell 28-V 
GaAs HJFET device, it was observed that, in order to obtain high efficiency and low dis-
tortion, the carrier amplifier load impedance should change from the maximum efficiency 
point to the maximum output power point at Class AB, whereas the peaking amplifier load 
impedance should vary from the small-signal gain point to the maximum output power 
point in Class C [36]. In this case, the load impedance corresponding to the maximum 
efficiency point is lower than that corresponding to the maximum output power point. An 
inverted Doherty architecture can be suitable to realize the carrier amplifier load imped-
ance variation from lower impedance to higher impedance in accordance with the increase 
in the input power level. The external input and output matching circuits are necessary to 
optimize the load impedance shift presented to both carrier and peaking amplifiers as a 
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function of the input power level. As a result, a drain efficiency of 42% at an output power 
of 49 dBm around 6-dB backoff level was achieved for a two-carrier WCDMA signal of 
2.135 and 2.145 GHz with an IM3 of −37 dBc.

Figure 7.13 shows the three-stage inverted Doherty amplifier configuration, where the 
quarterwave transmission lines are added in the outputs of the carrier and peaking ampli-
fiers to provide a proper load modulation ratio [37]. The half-wave transmission line in 
the input path of the carrier amplifier is used to compensate for the delay provided by 
the output load network. The characteristic impedances of the quarterwave transmission 
lines are optimized to provide a high efficiency over wide output power backoff range. If 
the device size ratio of the carrier, first peaking, and second peaking amplifiers is 1:m1:m2, 
respectively, the characteristic impedances of the quarterwave transmission lines at the 
full power loading condition can be obtained by
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assuming the same 50-Ω loading conditions for the standard load and the carrier and 
peaking amplifiers at full loading conditions. As a result, for the same device sizes for 
the carrier and peaking amplifiers when m1 = m2 = 1, Z2 = Z3 = 50 Ω, and Z1 = 70 Ω, from 
Equations 7.10 through 7.12, it follows that ZT = 40.4 Ω and Z4 = Z5 = 50 Ω, respectively. In 
this case, the drain efficiency for a single-carrier 2.14-GHz WCDMA signal with a PAR of 
10.5 dB can be improved by 5% over a wide range of output powers.

7.3 Integration

The transmission-line two-stage Doherty amplifier can easily be implemented into the 
MMIC by using a pHEMT or CMOS process. For example, a fully integrated Ku-band 
MMIC Doherty amplifier using a 0.25-µm pHEMT technology achieved a two-tone PAE of 
40% with a corresponding IM3 of −24 dBc at 17 GHz, whereas a single-tone PAE of 38.5% at 
1-dB compression point was measured for a 20-GHz MMIC Doherty amplifier implemented 
in a 0.15-µm pHEMT process for use in digital satellite communication (DSC) systems 
[15,38]. Furthermore, by using a 0.13-µm RF CMOS technology, a transmission-line MMIC 
Doherty amplifier based on cascode configuration of the carrier and peaking amplifiers 
achieved a saturation output power of 7.8 dBm from a supply voltage of 1.6 V at an operat-
ing frequency of 60 GHz for use in wireless personal area network (WPAN) transceivers 
[39]. On the other hand, the efforts to directly apply the Doherty technique to the design 
of power-amplifier integrated circuits with a high level of integration at lower frequen-
cies face difficulties, since the physical size of the quarterwave transmission lines in this 
case is too large. For example, for an FR4 substrate with effective dielectric permittivity 
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of εr = 3.48, the geometrical lengths of the quarterwave transmission lines are 48, 19, and 
8.7 mm at the operating frequencies of 900 MHz, 2.4 GHz, and 5.2 GHz, respectively. 
Therefore, one of the acceptable solutions for the fabrication of small-size Doherty ampli-
fier MMICs intended to operate in WLAN or WiMAX transmitter systems is to replace 
each quarterwave line in the input combining circuit and output impedance transformer 
by its low-pass π-type lumped-distributed equivalent with a short-length series transmis-
sion line and two shunt capacitors connected to its both ends [40,41]. Additionally, simple 
and small-size second-harmonic termination circuits can be realized with integrated MIM 
capacitors and bondwires at the end of the carrier and peaking amplifier collectors [40].

In order to minimize the inherently high-substrate loss and increase the level of integra-
tion to implement the Doherty amplifier in a CMOS process, the branch-line coupler and 
quarterwave transformer in the amplifier input and output circuits are fully substituted 
by their lumped equivalents [42]. By considering the transmission ABCD-matrices for a 
quarterwave transmission line shown in Figure 7.14a and a π-type low-pass lumped cir-
cuit consisting of a series inductance and two shunt capacitors shown in Figure 7.14b and 
equating the corresponding elements of both matrices, the ratio between the circuit ele-
ments can be written as
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0 1ω

ω
= =Z0
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where Z0 is the characteristic impedance of the quarterwave transmission line. A high-
power Doherty amplifier MMIC can be integrated with lumped elements in a standard 
discrete package, where the compensation series circuits (each consisting of an inductance 
and a capacitor) are connected to the drain terminals of the carrier and peaking transis-
tors to compensate for their output capacitances [43]. For example, an integrated solution 
based on four 10-W MMIC Doherty amplifier cells combined in parallel achieves a drain 
efficiency of 39.8% at an average output power of 7.5 W with an ACLR of −50 dBc using a 
DPD technique for a two-carrier 2.14-GHz WCDMA signal with a PAR of 7.6 dB [44].

Similarly, the input in-phase transmission-line two-way Wilkinson divider can be 
replaced by its lumped equivalent, where a π-type low-pass LC circuit is used in its each 
branch. Figure 7.15a shows an example of the simplified schematic of a two-stage lumped 
Doherty amplifier, where the output quarterwave transmission line connected to the car-
rier amplifier output and the input phase-shifting quarterwave transmission line con-
nected to the peaking amplifier input are replaced by equivalent π-type low-pass lumped 
circuits. In addition, the output quarterwave transformer is replaced by an L-type high-
pass matching circuit, whereas two L-type low-pass matching circuits are used to provide 
the input matching of the carrier and peaking amplifiers. At the peaking amplifier input 
path, the right-hand shunt capacitor as a part of the equivalent quarterwave phase shifter 
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and the shunt capacitor as a part of the input L-type low-pass matching circuit can be com-
bined into a single shunt capacitor.

To remove a 3-dB hybrid input divider, the conventional Doherty amplifier can be 
rearranged to be more suitable for handset applications. Figure 7.15b shows the circuit 
schematic of a “series-type” Doherty architecture, where the subcircuit of the peaking 
amplifier and impedance transformer is connected to the output of the carrier amplifier 
in series rather than in parallel configuration [45,46]. The impedance transformers in both 
paths are composed of a high-pass lumped-element T-network each. This is because the 
high-value inductances or relatively long series microstrip lines are required for the low-
pass T-networks, making chip-level integration impractical. The shunt inductance in the 
high-pass T-network can be implemented using a high-impedance microstrip line instead 
of a lumped-element inductor. Besides, a high-pass T-network helps to prevent occasional 
low-frequency oscillations. The output quarterwave transformer fabricated externally can 
be replaced by the equivalent low-pass π-type matching circuit with a series short-length 
microstrip line and two shunt chip capacitors. In a low-power region, the input imped-
ance from the peaking amplifier path, which is turned off due to deep Class-C bias mode 
is sufficiently high. However, in a high-power region, it reduces significantly when the 
peaking amplifier is turned on, so the load seen by the carrier amplifier reduces signifi-
cantly, by about three times for a practical case of a series-type MMIC Doherty amplifier 
with optimum device sizes based on a 2-µm InGaP HBT technology [47]. As a result, for a 
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1.9-GHz IS-95A CDMA signal, a PAE of 18% and 42.8% were achieved at 16 and 28 dBm, 
respectively.

As the Doherty amplifier for handset applications should be compact, a direct input-
dividing circuit considering the impedance variations of the carrier and peaking ampli-
fiers can be used instead of the Wilkinson power combiner. In this case, since the input 
impedance of the carrier amplifier remains almost constant, while that of the peaking 
amplifier changes significantly because of the Class-C bias, this effect can be utilized for 
the uneven input dividing [47]. As a result, large power is delivered to the carrier ampli-
fier at the low-power region, and the power gain at the low-power region becomes much 
higher than that at the high-power region, deteriorating the gain flatness and linearity of 
the Doherty amplifier. Figure 7.16 shows the full circuit schematic of a lumped Doherty 
amplifier with two-stage carrier and peaking amplifiers [47]. Here, the output matching 
circuit takes a role of a quarterwave transformer, including parasitics, with the phase com-
pensation network employed at the input of the carrier path, and the offset line employed 
at the output of the peaking path. The second and third harmonics are properly controlled 
to enhance the efficiency of both carrier and peaking amplifiers. Moreover, the second- 
and third-harmonic control circuits are also utilized for the quarterwave transformer by 
connecting the capacitor Cq, forming a π-network where the device output capacitance 
Cp and second-harmonic control circuit are considered as one capacitor and the parallel 
resonant LC-circuit is inductive at the fundamental. The capacitors Cc of the offset line 
can be combined with capacitors Cq to reduce the number of components. As a result, the 
Doherty amplifier MMIC implemented in a 2-µm InGaP/GaAs HBT process presents a 
PAE of 40.2% at an output power of 26 dBm with an error vector magnitude (EVM) of 3% 
for a 16-QAM m-WiMAX signal having a 9.54-dBc crest factor and 8.75-MHz bandwidth.

Since a frequency-dependent quarterwave transformer and output matching circuits 
generally provide a narrowband operation of a conventional Doherty amplifier, a quarter-
wave transmission line as an additional matching element can be added at the output of 
the peaking amplifier in series with the offset line to minimize the loaded quality factor 
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for broader operation by increasing the impedance at the output junction of the carrier 
and peaking amplifiers [48]. In a handset monolithic application, the transmission-line 
quarterwave impedance transformer and offset line are implemented with lumped ele-
ments, representing the equivalent π-type low-pass and π-type high-pass LC networks, 
respectively, as shown in Figure 7.17a. In this case, the network parameters are optimized 
to provide an open-circuit condition at the output of the peaking branch over broadband 
frequency range when the peaking amplifier is turned off. To simplify the load-network 
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structure, the values of the inductances L1 and L2 are chosen so as to merge them with the 
corresponding capacitances C1 and C2. Figure 7.17b shows the circuit schematic of a 2-µm 
GaAs HBT Doherty amplifier, where all of the components are fully integrated on a chip. 
In this case, the inductors are implemented using bondwires and slab inductors, the input-
dividing circuits are broadband based on low-Q matching networks, and the second- and 
third-harmonic impedances are controlled for high efficiency across the bandwidth. The 
open-circuit conditions are achieved by optimizing all load-network elements, includ-
ing drain bondwires and device output capacitances. For a mobile 8.75-MHz 16-QAM 
m-WiMAX application with a 9.6-dB crest factor, such a lumped Doherty amplifier exhibits 
a PAE of over 27% and an output power of over 23.6 dBm across 2.2–2.8 GHz using a DPD 
technique. A similar Doherty amplifier with broadband lumped networks can provide a 
PAE over 30% and an output power of over 28 dBm across 1.6–2.1 GHz for a 10-MHz LTE 
signal with a PAR of 7.5 dB [49].

Figure 7.18 shows the test chip of a wideband monolithic GaN HEMT asymmetric Doherty 
power amplifier, where the input network consists of a lumped-element Wilkinson power 
divider and phase shifter, whereas the load network represents a T-line impedance inverter 
with optimized characteristic impedances and electrical lengths of microstrip lines [50]. 
The input matching and stability of operation is provided with a series resistor at the input 
of the carrier device and with two shunt LR circuits connected at the inputs of the carries 
and peaking devices, respectively. The Doherty power amplifier was implemented in a 
0.25-µm GaN HEMT process, having a 100-µm-thick SiC substrate, a relative permittivity 
of 9.7, a maximum drain current density of 900 mA/mm, and a maximum power density 
of 5–7 W/mm, with a total chip size of 2.1 mm × 1.5 mm. To obtain the highest possible 
output power with model verified device sizes, the total gate widths of the carrier and 
peaking devices were chosen as 4 × 100 µm and 10 × 100 µm, respectively. As a result, a 
PAE of greater than 30% at 9 dB power backoff within the frequency range of 6.7–7.8 GHz 
and a maximum output power of 35 ± 0.5 dBm from 6.6 to 8.5 GHz were achieved. For 
a 10-GHz MMIC Doherty power amplifier using Class-E approximation in both carrier 
and peaking amplifiers, which are based on 140-nm GaN HEMTs of a 1-mm gate width 
each, the simulated two-tone results demonstrated a PAE of 40.4% at peak output power of 
25.6 dBm and a PAE of 24% at 6-dB backoff [51].

1.5 mm

2.1 mm

RF outRF in

Vg1 Vg2 Vd

FIGURE 7.18
Test chip of wideband monolithic GaN HEMT Doherty power amplifier. (Courtesy of Chalmers Institute of 
Technology.)
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7.4 Digitally-Driven Doherty Amplifier

In a digitally-driven dual-input Doherty amplifier architecture, the input signal of each 
branch is digitally preprocessed and supplied separately to each branch of the Doherty 
amplifier to optimize its overall performance. In this case, DSP is applied to reduce the 
performance degradation due to phase impairment in the Doherty amplifier branches 
achieved by adaptively aligning the phases of the carrier and peaking paths for all power 
levels after the peaking amplifier is turned on. Generally, a DSP includes a DPD system 
to improve linearity, which can be configured to provide a carrier signal component 
along a carrier amplifier path and a peaking signal component along a peaking ampli-
fier path from a digital input signal [52]. In this case, the carrier and peaking amplifiers 
can amplify the signal components according to the programmable proportions of the 
split input signal, and not based on a saturation condition of the carrier amplifier, thus 
resulting in a higher efficiency. Because the signals are isolated prior to being input to the 
Doherty amplifier, the Doherty amplifier need not include an asymmetric splitting with 
input phase-matching delay, and input impedance-matching circuitry is simplified. The 
DPD system also performs phase and gain adjustments to each of the signal components. 
To further improve efficiency performance of a two-stage Doherty amplifier, the separated 
amplitude- and phase-modulated signals, produced by the DSP, drive through the corre-
sponding quadrature upconverters both the carrier and peaking amplifiers, each operated 
in a Class-E mode [53].

Figure 7.19a shows the block diagram of a dual-input digitally-driven Doherty amplifier 
with DSP and dual-channel upconverter [54]. In this case, direct access and software con-
trol of the individual inputs can bring an improvement in efficiency of a Doherty ampli-
fier between the two efficiency peaking points at maximum and 6-dB backoff powers, as 
shown in Figure 7.19b. The Doherty amplifier design is performed by deriving the offset 
line with electrical length θp to be inserted at the output of the peaking branch to ensure a 
quasi-open circuit condition and prevent leakage from the carrier amplifier to the output 
of the peaking amplifier at the low-power region. The offset line with electrical length θc 
was optimized to maximize efficiency around the turn-on point of the Doherty amplifier. 
Because of the different bias conditions for the carrier amplifier (Class AB) and the peak-
ing amplifier (Class C), the degradation in output power due to phase imbalance condi-
tion can be as high as 40% after the peaking amplifier is fully turned on, which directly 
translates into significant deterioration in a drain efficiency of the Doherty amplifier. 
However, the dual-input digitally-driven Doherty architecture, allowing for the adoption 
and implementation of a power adaptive phase-alignment mechanism, can minimize the 
adverse effects of phase imbalance between the carrier and peaking branches. The power-
dependent phase offset is adjusted using a power-indexed lookup table (LUT) to correct 
for the phase disparity at all power levels, where both the carrier and peaking amplifiers 
contribute to the total output power of the Doherty amplifier. As a result, the phase differ-
ence between the carrier and peaking branches is reduced to 0° over the input power range 
spanning from the turn on of the peaking amplifier until the saturation of the Doherty 
amplifier. The phase-aligned Doherty amplifier based on two 10-W GaN HEMT transis-
tors demonstrates a PAE higher than 50% over an 8-dB output-power backoff range and a 
PAE of 57% at an average output power of 37 dBm for a single-carrier WiMAX signal with 
a PAR of 7 dB, thus resulting in an improvement of 7% in PAE and 1 dB in average output 
power with similar linearity performance corresponding to an ACPR of −22 dBc compared 
to the fully analog Doherty amplifier [54].
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Efficiency enhancement in a digital Doherty amplifier over a wide power range can also 
be achieved by using a digitally controlled dynamic input power distribution scheme to 
minimize the drive power waste into the peaking branch at backoff power levels [55]. In 
this case, the carrier amplifier should get significantly more input power in comparison to 
the peaking amplifier at low-power drive, whereas the carrier amplifier should get slightly 
less input power in comparison to the peaking amplifier after turn-on point. As a result, 
the efficiency can be improved by 7% compared to the conventional fully analog symmet-
rical Doherty amplifier based on two 10-W GaN HEMT devices and operating at 2.14 GHz 
for a single-carrier WiMAX signal with a 9-dB PAR and 10-MHz bandwidth.

7.5 Multiband and Broadband Capability

7.5.1 Multiband Doherty Configurations

A multiband capability of the conventional two-stage Doherty amplifier can be achieved 
when all of its components are designed to provide their corresponding characteristics over 
the required bands of operation, as shown in Figure 7.20a [56]. In this case, the carrier and 
peaking amplifiers should provide broadband performance when, for example, their input 
and interstage matching circuits are designed as broadband, and the load network gener-
ally can represent a low-pass structure with two or three sections tuned to the required 
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frequencies. Some bandwidth extension can be achieved by simply optimizing the charac-
teristic impedances of the quarterwave impedance transformer and quarterwave output 
combiner in a combining load network [57,58]. For a multiband operation with the center 
frequency ratio at each of the frequency bands of two or greater, the input divider can be 
configured by a multisection Wilkinson power divider or coupled-line directional coupler. 
In a dual-band operation mode, a dual-frequency Wilkinson power divider can represent 
a structure, where each quarterwave branch of a conventional Wilkinson power divider 
is substituted by the two transmission-line sections with different characteristic imped-
ances and electrical lengths [59,60]. In practical applications, especially if the operating 
frequencies of one of the frequency band are sufficiently low, the miniaturized version of 
a dual-band Wilkinson power divider can be designed based on the concept of slow wave 
periodic structure [61].

A dual-band input power splitter can also represent a π- or T-shape stub-tapped branch-
line coupler, as well as an impedance transformer network, which introduces a 90° phase 
shift. Similarly, the offset lines and an output quarterwave transformer can be based on 
a π-type or T-type transmission-line impedance-inverting section with proper selected 
transmission-line characteristic impedances and electrical lengths, where the shunt ele-
ment is realized by an open- or short-circuit stub, as shown in Figure 7.20b [62,63]. However, 
it should be noted that it is not easy to design a multiband impedance transformer, which 
should adequately provide two separate matching options simultaneously: first, to operate 
in a 50-Ω environment without affecting the power amplifier performance in a high-power 
region, and second, to provide an impedance matching from 25 to 100 Ω in a low-power 
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region. In this case, as an alternative, it is also possible to switch between two quarterwave 
transmission lines in a dual-band operation when each of the quarterwave transmission 
line is tuned to the corresponding center bandwidth frequency. However, it may not be so 
simple in practical implementation because of the load-network complexity and additional 
power losses.

A concurrent tri-band and quad-band operation of the two-stage Doherty amplifier can 
be achieved by using a transmission-line multiband impedance inverter, which is realized 
based on the idea that the transmission-line section having an electrical length equal to a 
quarter-wavelength at a given low frequency should be capable of acting as a multiple quar-
terwave line at higher frequencies [64,65]. For a quad-band application, the input matching 
circuit can represent a modified two-way two-stage Wilkinson splitter, whereas a four-sec-
tion Chebyshev matching transformer can cover the required broadband frequency range. 
As a result, the peak drain efficiencies of 60.5%, 58.1%, 52.7%, and 43.3% were achieved at 
midband frequencies of 960 MHz, 1.5 GHz, 2.14 GHz, and 2.65 GHz, respectively, with the 
output powers varying between 41.7 and 44.2 dBm. In this design, 10- and 25-W Cree GaN 
HEMT devices are used for carrier and peaking amplifiers, respectively.

Generally, the multiband impedance transformer can represent a configuration with N 
(N ≥ 2) cascade-connected transmission lines with different characteristic impedances. 
In this case, a simple two-stepped transmission-line impedance transformer can provide 
a two-pole response with different characteristic impedance ratio and different electri-
cal lengths of the transmission-line sections [66]. It can be used as a dual-band output 
transformer since it is necessary to provide an impedance transformation from the output 
impedance of 25 Ω to the standard 50-Ω load in both low- and high-power regions [63].

As an example, the dual-band output transformer can be realized using a two-section 
transmission line, where the characteristic impedance of the first quarterwave transmis-
sion-line section is equal to 30 Ω and the characteristic impedance of the second quarter-
wave transmission-line section is set to 42 Ω, as shown in Figure 7.21a. In this case, the 
amplitude variations of ±0.5 Ω shown in Figure 7.21b by curve 1 and phase variations of 
±1° shown in Figure 7.21c by curve 1 can be achieved across the frequency range from 2.0 
to 2.8 GHz covering simultaneously 2.1-GHz (2.11–2.17 GHz) and 2.6-GHz (2.62–2.69 GHz) 
WCDMA/LTE bands. For comparison, the narrowband amplitude and phase responses 
of a quarterwave single-line impedance transformer are shown in Figure 7.21b and c by 
curves 2, respectively. From Figure 7.21b and c, it follows that the amplitude variations of 
±1.0 Ω and phase variations of ±2° can be achieved with a 1-GHz bandwidth from 1.9 to 
2.9 GHz, which means that reducing the midband frequency to 2.3 GHz can result in a 
simultaneous tri-band operation with inclusion of an additional 1.8-GHz (1805–1880 MHz) 
WCDMA/LTE band.

Figure 7.22 shows the block schematic of a broadband Doherty amplifier where the 
impedance transformer is based on a three-section microstrip line with two shunt reac-
tances and the output transformer represents a three-section microstrip line with differ-
ent characteristic impedances to provide the trade-off for optimum impedances seen by 
the carrier and peaking amplifier at backoff and saturation conditions [67]. In this case, 
the parasitic output capacitances of the identical carrier and peaking devices are respec-
tively absorbed by the impedance transformer. The input broadband network provides a 2:1 
asymmetric split and has been optimized to ensure that the currents at the summing node 
point are amplitude and phase aligned at the maximum drive level. The measured results 
demonstrate an average output power of 43.5 dBm with an average drain efficiency of 33.5% 
over the frequency bandwidth of 450–750 MHz for an 8-MHz OFDM (64QAM modulation) 
signal with a PAR of 10.5 dB. The Doherty amplifier based on two 50-V LDMOSFET devices 
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achieves the target ACLR of −50 dBc at the upper limit of the bandwidth if DPD is applied. 
Compared to a standard Class-AB push–pull power amplifier developed with the same 
devices, which demonstrates a 22% drain efficiency under the same biasing conditions, the 
Doherty amplifier provides more than 50% efficiency improvement.

7.5.2 Bandwidth Extension Using Reactance Compensation Technique

An LC tank at the output of the peaking amplifier, as shown in Figure 7.23a, can provide 
bandwidth extension of the Doherty amplifier due to reactance compensation effect when 
it provides an inductive reactance at low frequencies and capacitive reactance at high fre-
quencies, which is opposite to the frequency behavior of the series loaded quarterwave 
transmission line with the characteristic impedance ZT near the resonant frequency f0 when 
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ZT < 50 Ω, as shown in Figure 6.7c (Chapter 6) [68]. As a result, such an output combiner 
provides the impedance ReZm of 100 Ω seen by the carrier device at power backoff mode 
when the peaking device is turned off over more than 35% fractional bandwidth, com-
pared with less than 10% bandwidth for the conventional output combiner, as shown in 
Figure 7.23b. In this case, the output capacitance of the peaking amplifier can be absorbed 
into the tank capacitance, and the tank inductor can act as the biasing feed for both the 
carrier and peaking devices, which in turn provides the small baseband impedance at the 
drain of the carrier and peaking transistors up to a few hundreds of megahertz. Based on 
10-W and 25-W Cree GaN HEMT devices, a PAE of 42% was achieved at an average output 
power of 33.5 dBm when amplifying a concurrent dual-band 15-MHz WCDMA signal at 
750 MHz and 15-MHz LTE signal at 900 MHz with a PAR of 9.4 dB.

Similarly, a wider bandwidth can be obtained for a three-stage Doherty amplifier in a 
backoff region when both peaking amplifiers are turned off, and the two quarterwave 
transmission lines connected in series compose a half-wave transmission line, which acts 
as a shunt resonant circuit. In this case, its input reactance at the fundamental varies in the 
opposite direction to that of the series transmission line connected to the carrier (main) 
amplifier, and variation of the inductive and capacitive parts of the reactances will depend 
on the load resistance. To control the second-harmonic impedance, three quarterwave 
short-circuit stubs (TL2, TL3, and TL6), as shown in Figure 7.24, were connected to the drain 
line, and the characteristic impedances of these stubs were individually optimized to 
achieve high efficiency across the bandwidth [69]. As a result, based on two 25-W and one 
10-W Cree GaN HEMT devices, a constant-wave (CW) drain efficiency from 49% to 64% 
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for output backoff power levels of up to 9 dB was achieved across the bandwidth from 730 
to 950 MHz. For a clipped four-carrier 20-MHz WCDMA signal at 900 MHz with a PAR of 
7.14 dB, an ACLR of −51.4 dBc was measured after applying DPD, with an output power of 
35 dBm and a PAE of 53%.

7.5.3 Broadband Doherty Amplifier via Real Frequency Technique

The broadband properties of the Doherty amplifier significantly depend on the broad-
band capability of the output combining network. In conventional Doherty amplifier, this 
network includes two quarterwave transmission lines: one as an impedance transformer 
and the other as an output transformer. Therefore, optimizing the characteristic imped-
ances of the quarterwave transmission lines may result in the bandwidth extension of the 
Doherty amplifier. The fractional bandwidth obtaining when it is necessary to transform 
the impedance from ZL = 25 Ω to the impedance Zm = 100 Ω seen by the carrier device at 
power backoff mode can be calculated from
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where f0 is the center bandwidth frequency, Δf/f0 is the fractional bandwidth of the quarter-
wave line, and Γmax is the maximum reflection coefficient magnitude [70]. From Equation 
7.14, it follows that the fractional bandwidths Δf/f0 = 17%, 35%, and 59% can be achieved 
for maximum reflection coefficients amplitudes Γmax = 0.10, 0.20, and 0.32, respectively. For 
Γmax = 0.20, the corresponding voltage standing wave ratio is VSWR = 1.5. Besides, the band-
width of the quarterwave transmission line can be enhanced by bringing Zm and ZL near 
to each other, resulting in a reduced transformation ratio of the impedance transformer. 
In this case, if the common load impedance ZL is increased from conventional value by 1.4 
times, then the transformation ratio of the quarterwave transmission line that intercon-
nects the carrier and peaking amplifiers will reduce to 1:2.85 instead of the conventional 
1:4. In this case, the output quarterwave transmission line will also have a reduced trans-
formation ratio, and hence, an enhanced frequency bandwidth can be provided.

As a result, the modified Doherty amplifier has a better efficiency-enhancement behavior 
than the conventional Doherty amplifier over frequency at 6-dB backoff efficiency of at 
least 11% up to 44% fractional bandwidth [57]. For example, if the quarterwave transmission 
lines have a center bandwidth frequency of 2.4 GHz, then the 6-dB backoff efficiency at 2.14 
and 2.655 GHz will be of 68.1%, as shown in Figure 7.25a. In this case, a first peak efficiency 
of 71.2% at f = f0 ± 0.11f0 occurs at 6.4-dB output power backoff, as shown in Figure 7.25b, 
which is a small degradation from the conventional 6-dB backoff efficiency at f0 [58].

An extended frequency bandwidth was achieved for the asymmetric Doherty amplifier 
with a 10-W Cree GaN HEMT device in the carrier amplifier and a 25-W Cree GaN HEMT 
device in the peaking amplifier [57]. In this case, the Class-AB and Class-C power ampli-
fiers were designed to provide broadband performance using matching circuits with low-
frequency response (comprising series microstrip lines with shunt capacitors). With an 
optimum load-line impedance of approximately 50 Ω for the carrier device, the modified 
output combining network was based on two quarterwave transmission lines with the 
characteristic impedances of 59.16 and 41.83 Ω. The 59.16-Ω line interconnects the carrier 
and peaking amplifiers and inverts the 100-Ω impedance seen by the carrier device in the 
low-power region to a common-load impedance of 35 Ω (transformation ratio 1:2.85). The 
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41.83-Ω line transforms the common-load impedance to the standard load of 50 Ω. As a 
result, the modified Doherty amplifier showed more wideband efficiency-enhancement 
performance than the conventional Doherty amplifier providing the drain efficiency from 
41% to 55% at backoff of 5–6 dB from the maximum output power measured in the range of 
42.1–45.3 dBm over the frequency bandwidth of 1.7–2.6 GHz, or 42% fractional bandwidth.

The broadband Doherty amplifier can be optimized at either the backoff or saturation 
power level. The optimization at the backoff power level implies that the optimum modu-
lated impedance of the carrier power amplifier can be only achieved at the backoff power 
level, whereas the modulated impedance at the saturation power level assumes only a sub-
optimum value because of the nonideal load modulation. Figure 7.26 shows the block dia-
gram demonstrating the design procedure associated with the backoff optimization method 
[71]. Here, the load network of the Doherty amplifier consists of three two-port networks for 
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Efficiency of Doherty amplifier with conventional and modified combining network.
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576 Broadband RF and Microwave Amplifiers

carrier, peaking, and output matching paths, whose frequency properties are described by 
their associated scattering parameters SCij, SPij, and SLij. The impedances ZCHopt and ZPHopt 
denote the optimized impedances of the carrier and peaking power amplifiers at the satura-
tion power level, the impedance ZCLopt represents the optimized impedance of the carrier 
power amplifier at the given backoff power level, whereas the impedances ZCLD is defined 
as the corresponding desired impedance and ZPJL represents the impedance looking into 
the peaking power amplifier at the junction, when the peaking power amplifier is turned 
off. During the optimization procedure, both the frequency-dependent drain efficiency and 
resulting output power of the Doherty amplifier should be as flat and as high as possible.

Generally, the transducer power gain of a two-port network doubly terminated with the 
frequency-dependent source and load impedances ZG and ZL can be defined in terms of 
the scattering parameters as
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where SG and SL are the scattering parameters associated with the source and load reflec-
tions, respectively [71]. If either SG or SL is frequency independent, the double-match-
ing solution degenerates into the simplified single-matching solution. In this case, the 
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577Broadband and Multiband Doherty Amplifiers

broadband matching is realized by applying the simplified real frequency technique with 
the desired frequency-dependent optimum impedances.

The design method for broadband Doherty amplifier at the backoff power level based on 
the real frequency technique is as follows:

• The scattering parameters SLij are constructed to transfer the load resistance R0 to 
a low-impedance ZLJ over the operating frequency bandwidth. The desired imped-
ance ZCLD associated with the maximum achievable drain efficiency is determined 
through the harmonic-balance simulation at each frequency point within the 
specified frequency range. Assuming the “quasi-open-circuit” impedance ZPJL, 
the impedance ZCJL is obtained based on the knowledge of ZLJ. As shown in Figure 
7.26a, the two-port network [SC] is optimized so that the transducer power gain, 
defined by Equation 7.15, and drain efficiency are as flat and as high as possible.

• The desired frequency-dependent load-modulated impedance ZCHopt is subjec-
tively selected at the saturation power level that enables the calculation of ZCJH 
and ZPJH shown in Figure 7.26b.

• The carrier power amplifier is simulated with the frequency-dependent complex 
load impedance ZCJH at the saturation power level. The drain efficiency ηCH, power 
PCH, and current ICJH at the load termination ZCJH are determined through the har-
monic-balance simulation.

• The peaking power amplifier is simulated with the load termination ZPJH, which 
is transferred to ZPHopt via the two-port network [SP]. The two-port network [SP] 
is optimized so that the transistor delivers flat output power around PPH with the 
minimum drain efficiency ηPH over the given frequency range. The “quasi-open-cir-
cuit” requirement on ZPJL is also included as an optimization boundary condition.

• The current IPJH is simulated at the load termination ZPJH of the peaking power 
amplifier. The phase difference between currents ICJH and IPJH is adjusted to equal-
ize the phases in the carrier and peaking paths by tuning the phase-compensating 
lines in each IMN.

• All the circuit parameters are adjusted to achieve the best performance of the 
broadband Doherty amplifier.

The symmetric Doherty amplifier was designed using two Cree CGH40006P GaN HEMT 
devices with a center bandwidth frequency of 2.6 GHz. An output impedance transforma-
tion via optimized three-section ladder LC structure provides better broadband matching 
and results in less influence of the impedance inverter over broader frequency bandwidth. 
By using a multisection output transmission line with different characteristic impedances, 
the frequency range from 2.2 to 2.96 GHz can be covered with the drain efficiency over 
40% at the output power backoff level of 5 to 6 dB, as shown in Figure 7.27a and b [71]. 
However, the measured power gain is sufficiently low, as shown in Figure 7.27c, varying 
between 5.5 and 8.8 dB across the entire frequency range at different output power levels.

7.5.4 Broadband Parallel Doherty Architecture

The classical two-stage Doherty amplifier has limited bandwidth capability in a low-power 
region since it is necessary to provide an impedance transformation from 25 to 100 Ω when 
the peaking amplifier is turned off, as shown in Figures 7.28a and 7.29a, thus resulting in a 
loaded quality factor QL /25 1 73= −100 = 1.  at 3-dB output-power backoff level, which is 
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578 Broadband RF and Microwave Amplifiers

sufficiently high for broadband operation. The parallel architecture of a two-stage Doherty 
amplifier with modified modulated load network, whose block schematic is shown in Figure 
7.28b, can improve bandwidth properties in a low-power region by reducing the impedance 
transformation ratio by a factor of 2 [72]. Such an approach is very convenient for a high-power 
Doherty amplifier when the device optimum impedances for the carrier and peaking devices 
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579Broadband and Multiband Doherty Amplifiers

are typically equal to a few ohms only. In this case, by providing the transmission-line char-
acteristic impedances greater than the device optimum impedances, the drain efficiency of 
around 48% was achieved at the output powers above 49 dBm in a frequency bandwidth from 
800 to 950 MHz for a 20-MHz WCDMA signal with a PAR of 7 dB after DPD linearization [73].

In this case, the load network for the carrier amplifier consists of a single quarterwave 
transmission line required for impedance transformation, the load network for the peak-
ing amplifier consists of a 50-Ω quarterwave transmission line followed by another quar-
terwave transmission line required for impedance transformation, and the quarterwave 
transmission line at the input of the carrier amplifier is necessary for phase compensa-
tion. Both impedance-transforming quarterwave transmission lines, having a character-
istic impedance of 70.7 Ω each, provide a parallel connection of the carrier and peaking 
amplifiers in a high-power region by parallel combining of the two 100-Ω impedances at 
their output into a 50-Ω load, with 50-Ω impedances at their inputs seen by each amplifier 
output. In a low-power region below output-power backoff point of −6 dB when the peak-
ing amplifier is turned off, the required impedance of 100 Ω seen by the carrier amplifier 
output is achieved by using a single quarterwave transmission line with the characteristic 
impedance of 70.7 Ω to match with a 50-Ω load, as shown in Figure 7.29b.

This provides a loaded quality factor QL /50 1= −100 = 1, resulting in a 1.73 times 
wider frequency bandwidth, as shown in Figure 7.29c by curve 1 compared with a con-
ventional case (curve 2). Since the load network of the peaking amplifier contains two 
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580 Broadband RF and Microwave Amplifiers

quarterwave transmission lines connected in series, an overall half-wavelength transmis-
sion line is obtained, and an open circuit at the peaking-amplifier output directly translates 
to the load providing a significant isolation of the peaking-amplifier path from the carrier 
amplifier path in a wide frequency range. The input in-phase divider and phase-compen-
sating transmission line can be replaced by a broadband coupled-line 90° hybrid coupler.
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581Broadband and Multiband Doherty Amplifiers

From Figure 7.29c, it follows that using a parallel Doherty architecture can provide a 
broadband operation within 25%–30% around center bandwidth frequency with mini-
mum variation of the load-network transfer characteristic. As a result, a dual-band opera-
tion can be easily provided by this architecture, for example, in 1.8-GHz (1805–1880 MHz) 
and 2.1-GHz (2.11–2.17 GHz) or in 2.1-GHz and 2.6-GHz (2.62–2.69 GHz) WCDMA/LTE 
frequency bands, respectively.

Figure 7.30 shows the simulated circuit schematic of a dual-band parallel GaN HEMT 
Doherty architecture, where the carrier and peaking amplifiers are based on broadband 
transmission-line Class-E power amplifiers, whose circuit structure is shown in Figure 
6.23b (Chapter 6). Here, the input matching circuits and output load network are based 
on microstrip lines with their parameters corresponding to a 20-mil RO4360 substrate. 
The ideal broadband 90° hybrid coupler is used at the input to split signals between the 
carrier and peaking amplifying paths. The electrical lengths of both offset and combining 
microstrip lines were optimized to maximize efficiency at saturated and backoff output 
power levels.

Figure 7.31 shows the simulation results for the small-signal S21-parameters versus 
frequency demonstrating the bandwidth capability of a parallel transmission-line GaN 
HEMT Doherty amplifier covering a frequency range from 2.0 to 2.8 GHz with a power 
gain over 10 dB. In this case, an input return loss defined from the magnitude of S11 is less 
than 5 dB over the frequency bandwidth of 2.1–2.9 GHz.

Figure 7.32 demonstrates the broadband capability of a parallel Doherty structure, 
where the carrier and peaking amplifiers are based on a broadband transmission-line 
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reactance compensation Class-E technique. In an amplifier saturation mode with an 
input power of 36 dBm, a drain efficiency of around 70% with an average output power 
of greater than 43 dBm and a gain variation of about 1 dB was simulated across the fre-
quency range of 2.0–2.8 GHz, as shown in Figure 7.32a. At the same time, high-drain 
efficiency over 50% at backoff output powers of 5–6 dB from saturation can potentially be 
achieved across the frequency range from 2.1 to 2.7 GHz, as shown in Figure 7.32b. This 
means that the practical implementation of a parallel Doherty power amplifier, whose 
simulation setup is shown in Figure 7.30, can provide a highly efficient operation in two 
cellular bands of 2.11–2.17 GHz and 2.62–2.69 GHz without any tuning of the amplifier 
load-network parameters, either with separate or simultaneous dual-band transmission 
of WCDMA or LTE signals.

The large-signal simulations versus input power have been done at two center band-
width frequencies of 2.14 and 2.655 GHz with optimized circuit parameters to achieve 
maximum performance. Figure 7.33 shows the simulated large-signal power gain and 
drain efficiencies of a dual-band parallel transmission-line GaN HEMT Doherty amplifier, 
with the carrier gate bias Vgc = −2.45 V, peaking gate bias Vgp = −7 V, and dc supply voltage 
Vdd = 28 V. In this case, a linear power gain of about 11 dB was achieved at an operating 
frequency of 2.655 GHz, whereas a slightly higher linear power gain of about 12 dB was 
achieved at lower operating frequency of 2.14 GHz [72]. At the same time, the drain effi-
ciencies of 64% and 53% were simulated at backoff output powers of 39 dBm (4-dB backoff 
from saturated power of 43 dBm) and 37 dBm (6-dB backoff) at both center bandwidth 
frequencies, respectively.

The dual-band transmission-line GaN HEMT Doherty amplifier was fabricated on a 
20-mil RO4360 substrate. An input splitter represents a broadband coupled-line coupler 
from Anaren, model 11306-3, which provides maximum phase balance of ±5° and ampli-
tude balance of ±0.55 dB across the frequency range from 2 to 4 GHz. Figure 7.34 shows the 
test board of a dual-band parallel Doherty amplifier based on two 10-W Cree GaN HEMT 
power transistors CGH40010P in metal–ceramic pill packages [72]. The input matching 
circuit, output load network, and gate and drain bias circuits (having bypass capaci-
tors on their ends) are fully based on microstrip lines of different electrical lengths and 
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583Broadband and Multiband Doherty Amplifiers

characteristic impedances according to the simulation setup shown in Figure 7.30. Special 
care should be taken in the device implementation process in order to minimize the input 
and output lead inductances of the packaged GaN HEMT device, which can significantly 
affect the amplifier performance such as power gain, output power, and drain efficiency.

For a single-carrier 5-MHz WCDMA signal with a PAR of 6.5 dB, a drain efficiency of 
45% with a power gain of about 10 dB and ACLR (at 5-MHz offset) lower than −30 dBc 
at 2.14 GHz and a drain efficiency of 40% with a power gain of about 11 dB and ACLR 
around −30 dBc at 2.655 GHz were achieved at an average output power of 39 dBm. In both 
cases, optimization of the gate bias voltages for the carrier (Class-AB mode) and peaking 
(Class-C mode) amplifiers were provided.

7.5.5 Broadband Inverted Doherty Configuration

Figure 7.35a shows the modified broadband load network of an inverted Doherty ampli-
fier, which consists of a two-section transmission-line output impedance transformer, 
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585Broadband and Multiband Doherty Amplifiers

where each quarterwave transmission line has a different characteristic impedance 
to match first the initial 25 Ω to intermediate 35.3 Ω and then to 50-Ω load. Such 25- to 
50-Ω transformer provides a wide frequency range, as shown in Figure 7.35b by curve 1 
[74]. However, broader frequency range with flatter frequency response can be achieved 
with a quarterwave open-circuit stub connected at the input of the two-line transformer 
when the peaking amplifier is turned off, as shown in Figure 7.35b by curve 2, resulting 
in greater than octave bandwidth in a low-power region at output power levels less than 
−6 dB backoff point. In this case, it is assumed that the output matching circuit of the car-
rier amplifier provides ideally a broadband impedance transformation from 25 to 100 Ω 
or close seen by the device multiharmonic current source. At the same time, broadband 
performance is also provided in a high-power region when both the carrier and peaking 
amplifiers are turned on.

Figure 7.36 shows the simulated circuit schematic of a tri-band inverted GaN HEMT 
Doherty amplifier configuration, where the carrier and peaking amplifiers using Cree 
CGH40010 GaN HEMT devices are based on the same broadband transmission-line Class-E 
power amplifiers, whose idealized circuit structure is shown in Figure 6.23a (Chapter 6), 
and the broadband load network corresponds to the impedance-transforming structure 
shown in Figure 7.35a. The input matching circuits and output load network are based on 
microstrip lines with their parameters corresponding to a 20-mil RO4360 substrate. In this 
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case, it was found that, when the broadband Class-E power amplifier as a peaking amplifier 
is turned off, a short-circuit condition is achieved at the input of a series 35-Ω transmission 
line shown in Figure 6.23b (Chapter 6), which has a quarter wavelength at high-bandwidth 
frequency to match with a 50-Ω load. Therefore, such a quarterwave transmission line was 
removed from the load networks of both the carrier and peaking amplifiers.

As a result, the overall combining load-network is significantly simplified, and only a 
small optimization of the electrical lengths of the short- and open-circuit stubs in the load 
networks of the carrier and peaking amplifiers is required to achieve broader frequency 
response. The broadband 90° hybrid coupler is used at the input to split signals between 
the carrier and peaking amplifying paths and to provide a 90° phase shift at the input of 
the carrier amplifier across the entire frequency bandwidth.

The impedance conditions at different points of the load network of the peaking ampli-
fier when it is turned off are shown in Figure 7.37, where Zmatch shown in Figure 7.37a indi-
cates a low reactance at the output of a Class-E load network with short- and open-circuit 
stubs across the required frequency range from 1.8 to 2.7 GHz, having nearly zero reac-
tance at high-bandwidth frequency of 2.7 GHz and increasing capacitive reactance when 
the operating frequency reduces to 1.8 GHz. At the same time, by using the series trans-
mission line of a quarter-wavelength long at high-bandwidth frequency, an open-circuit 
condition is provided at higher bandwidth frequencies with sufficiently high-inductive 
reactances at lower bandwidth frequencies, indicating by Zpeaking shown in Figure 7.37b. 
Hence, the broadband performance of such an inverted Doherty structure can potentially 
be achieved in a practical realization.
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Figure 7.38 shows the frequency behavior of the impedance Zcarrier seen by the carrier 
device, as shown in Figure 7.36, which has an inductive reactive component required for 
a high-efficiency Class-E operation and its real component varies slightly between 17 and 
22 Ω. This means that by taking into account the device output shunt capacitance of 1.3 pF 
and series bondwire inductor of about 1 nH, the impedances seen by the device multi-
harmonic current source at the fundamental across the entire frequency bandwidth of 
1.8–2.7 GHz can be increased up to around 50 Ω, which is high enough to achieve high 
efficiency at backoff output power levels. In this case, the device output capacitance and 
bondwire inductor constitute a low-pass L-type matching section to increase the load 
impedance seen internally by the device multiharmonic current source at the fundamental.
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Figure 7.39 shows the simulation results for the small-signal S21-parameters versus fre-
quency, demonstrating the bandwidth capability of a modified inverted transmission-line 
GaN HEMT Doherty amplifier, which potentially can cover a wide frequency range of 
1.6–3.0 GHz with a power gain over 11 dB.

Figure 7.40 shows the simulated large-signal power gain and drain efficiencies of a trans-
mission-line tri-band inverted GaN HEMT Doherty amplifier, with the carrier gate bias 
Vgc = −2.45 V, peaking gate bias Vgp = −7.45 V, and dc supply voltage Vdd = 28 V [74]. In this 
case, a linear power gain of about 11.5 dB was achieved at higher bandwidth frequen-
cies of 2.655 and 2.14 GHz, whereas a slightly higher linear power gain of about 13 dB 
was achieved at lower bandwidth frequency of 1842.5 MHz. At the same time, the drain 
efficiencies of 71.5%, 69.0%, and 64.0% at backoff output powers of 40 dBm (4-dB backoff 
from saturated power of 44 dBm) and 59.0%, 57.0%, and 53.5% at backoff output powers of 
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38 dBm (6-dB backoff) were simulated at center bandwidth frequencies of 1842.5, 2140, and 
2655 MHz, respectively. Here, the peak drain efficiency peaks near 4-dB backoff output 
power at low-bandwidth frequency of 1842.5 MHz and at medium bandwidth frequency 
of 2.14 GHz are clearly seen, whereas high efficiency remains almost constant at high-
output powers at high-bandwidth frequency of 2.655 GHz.
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FIGURE 7.40
Simulated power gain and drain efficiencies of tri-band inverted Doherty amplifier at (a) 1842.5 MHz, (b) 
2140 MHz, and (c) 2655 MHz.
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The tri-band transmission-line GaN HEMT Doherty amplifier was fabricated on a 
20-mil RO4360 substrate. An input splitter represents a broadband coupled-line coupler 
from Anaren, model X3C17A1-03WS, which provides maximum phase balance of ±5° and 
amplitude balance of ±0.5 dB across the frequency range of 690–2700 MHz.

Figure 7.41 shows the test board of a tri-band inverted Doherty amplifier based on two 
10-W Cree GaN HEMT power transistors CGH40010P in metal–ceramic pill packages [74]. 
The input matching circuit, output load network, and gate and drain bias circuits (hav-
ing bypass capacitors on their ends) are fully based on microstrip lines of different elec-
trical lengths and characteristic impedances according to the simulation setup shown in 
Figure 7.36. Special care should be taken in the device implementation process in order 
to minimize the input and output lead inductances of the packaged GaN HEMT device. 
Additional tuning has been done in the input matching circuits to maximize power gain 
over the entire frequency range.

For a single-carrier 5-MHz WCDMA signal with a PAR of 6.5 dB, the drain efficiencies 
of 58%, 50%, and 42% at an average output power of 38 dBm with a power gain of more 
than 11 dB were achieved at the operating frequencies of 1.85, 2.15, and 2.65 GHz, respec-
tively, with the ACLR (at 5-MHz offset) measured from −32 dBc at 1.85 GHz to −37 dBc at 
2.65 GHz. The gate bias voltages for carrier (Class-AB mode with a quiescent current of 
100 mA) and peaking (Class-C mode) amplifiers were the same for all three frequencies.

FIGURE 7.41
Test board of tri-band inverted GaN HEMT Doherty amplifier.
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8
Low-Noise Broadband Amplifiers

This chapter begins with the historical aspects and basic principles of the low-noise 
 amplifier (LNA) design, including basic topologies, minimum noise figure, and lineariza-
tion techniques. When it is necessary to achieve high-gain and low-noise performance 
over a sufficiently wide frequency range, the LNAs are designed using lossless match-
ing circuits. However, the lossy feedback LNAs have been shown to be capable of the 
flat gain over a very wide bandwidth with a sufficiently low-noise figure, small size, and 
convenience in practical implementation. Several design techniques, including iterative 
optimization or interactive graphical design approach, are very useful in view of the many 
variables and conflicting objectives of high gain, flat and broadband gain, and low-noise 
figure. Finally, some practical circuit schematics of the broadband millimeter-wave LNAs 
are given and discussed.

8.1  Basic Principles of Low-Noise Amplifier Design

Over the past number of years, the advances made in LNA technology have been signifi-
cant. From the early 1980s, the technological innovations achieved in this expanding field 
not only resulted in improved devices and systems but also enabled new markets to be 
developed such as the cellular market, direct TV, or satellite communications [1].

8.1.1  Historical Aspects

Figure 8.1 shows the state-of-the-art performance of the low- and ultra-low-noise ampli-
fiers developed up to the early 1980s and based on the parametric amplifiers, microwave 
amplification by stimulated emission of radiation (MASER) technique, and bipolar or 
(field-effect transistor) FET technology [2]. Many LNAs were large, heavy, and consumed a 
lot of power at that time. The continuous development and improvement of three-terminal 
solid-state devices had led to better performance of the LNAs in noise temperature, gain, 
power dissipation, bandwidth, and frequency of operation, reaching the millimeter-wave 
frequency band and approaching the submillimeter-wave portion of frequency spectrum, 
with a significant reduction in size and weight. This improvement has been achieved mov-
ing from FETs to HEMTs, then to pHEMTs, and later to InP HEMTs having a transconduc-
tance greater than 1000 mS/mm and a maximum operating frequency above 400 GHz.

One of the first configurations of an LNA representing a vacuum-tube cascode configura-
tion is shown in Figure 8.2 [3]. This amplifier arrangement consisting of a grounded- cathode 
triode followed by a grounded-grid cathode demonstrated a very good combination of 
noise factor, gain, and stability, with a noise factor averaging 0.25 dB at a carrier frequency 
of 6 MHz and 1.35 dB at 30 MHz. Here, the coil Ln in parallel with the grid-plate capacitance 
Cgp is a neutralizing coil, whose purpose is to achieve a low-noise factor. The combination 
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596 Broadband RF and Microwave Amplifiers

of a very low resistance looking to the right at points AA′ and a very high resistance to the 
left is a crucial characteristic of the grounded-cathode grounded-grid combination with 
regard to both stability and noise factor. Better noise figure can often be achieved if the 
double-tuned circuit is used in the inputs of the high-frequency amplifiers instead of a 
simpler single-tuned network [4].
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State-of-the-art performance of low- and ultra-low-noise amplifiers.
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FIGURE 8.2
Circuit schematic of vacuum-tube low-noise amplifier.
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597Low-Noise Broadband Amplifiers

In narrow-band vacuum-tube amplifiers, the optimum source impedance is generally 
lower than the input impedance of the amplifier. In this case, the use of a feedback net-
work can not only provide a single-frequency impedance matching but can also equal-
ize the response of the input circuit with sufficient accuracy over the desired frequency 
range. If the induced grid noise is significant so that the circuit to be equalized falls by less 
than 6 dB at the band limits, then the matching condition may evidently be satisfied with 
an even better overall response. Figure 8.3 shows the circuit schematic of a three-stage 
vacuum-tube LNA, where the feedback for compensation of the second-stage circuit is 
provided by the shunt resistor R1 and feedback for the input circuit is over three stages, 
allowing the resistor R2 to be large compared with the source impedance, having no mea-
surable effect on the noise factor [5].

For a single-stage amplifier, the single-frequency noise figure depends on the coupling 
between the tube and the signal source, and there exists an optimum coupling network 
at the amplifier input, for which the noise figure assumes a minimum value. At the same 
time, it was proved that a multistage amplifying system cannot have a noise figure smaller 
than that of an optimum amplifying system using one amplifying device [6]. In many 
important cases, the best noise performance attainable with a particular type of ampli-
fier is actually achieved by a simple cascade, in which the input of each stage is properly 
mismatched. However, the mismatch conditions for each stage do not in general coincide 
with those normally used to minimize its noise figure [7]. Noise measurements on silicon 
field-effect transistors indicated that the pinch-off mechanism is the predominant noise 
source and usually limits the device noise figure [8]. For a bipolar transistor amplifier, it 
was shown that its noise figure can be optimized by proper choice of emitter current with 
the source impedance remaining fixed [9]. In a balanced amplifier with the transistors 
having identical noise characteristics, it is possible to operate with minimum noise figure 
and matched input impedance simultaneously, with the reflection being absorbed by the 
ballast resistor in the input 3-dB directional coupler [10].

8.1.2  Basic LNA Topologies

The LNA is one of the most important building blocks of different communication and 
radar systems. As a key component in the receiver, the LNA should provide good input 
return loss, low-noise figure, high gain, low power consumption, and good linearity. 
Although excessive gain degrades the input dynamic range, it must be set high enough 
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FIGURE 8.3
Circuit schematics of vacuum-tube three-stage low-noise amplifier.
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598 Broadband RF and Microwave Amplifiers

for the LNA noise figure to dominate the cascaded noise figure. Input dynamic range is 
particularly important when large interferences close in frequency are present. There are 
three basic LNA topologies with proper device configuration: with common source shown 
in Figure 8.4a, with common gate shown in Figure 8.4b, and cascode connection shown in 
Figure 8.4c.

Table 8.1 provides a concise performance comparison of three basic LNA topologies [11]. 
The cascode LNA is a good compromise between these three topologies as it provides the 
most stable signal gain over the widest bandwidth with only a slight sacrifice in noise fig-
ure performance and design complexity. The common-source transistor is sized to deliver 
the best possible noise figure, but that advantage often comes at the cost of greater sensitiv-
ity to bias, temperature, and component tolerances.

Pout
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Pout

Pout

Pin

Pin

Pin

FIGURE 8.4
Three basic LNA topologies.

TABLE 8.1

Comparison of Three Basic LNA Topologies

Characteristic Common-Source Common-Gate Cascode

Noise figure Lowest Rises rapidly with 
frequency

Slightly higher 
than CS

Gain Moderate Lowest Highest
Linearity Moderate High Potentially highest
Bandwidth Narrow Fairly broad Broad
Stability Often requires 

compensation
Higher Higher

Reverse isolation Low High High
Sensitivity to process variation, 
temperature, power supply, 
component tolerance

Greater Lesser Lesser
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599Low-Noise Broadband Amplifiers

The most popular active devices used in LNAs are based on GaAs pHEMT and SiGe 
BiCMOS process technologies [11]. GaAs pHEMT devices generate very little noise due 
to the heterojunction between the doped AlGaAs layer and the extremely thin undoped 
GaAs layer, but the real advantage of GaAs is its capability to provide linear gain. Modern 
SiGe process technology is comparable to GaAs devices in terms of usable frequency 
range, but the relatively low breakdown voltage of SiGe devices limits dynamic range. 
GaAs HEMT demonstrates clear advantages over SiGe implementations in terms of noise 
figure and linearity performance, whereas SiGe has a cost advantage due to higher lev-
els of integration. However, application of any technology seriously depends on specific 
requirements where technology advantages are much more important compared to 
disadvantages.

To minimize the need for external noise matching circuit components, it is necessary 
to properly choose the transistor size (gate finger dimension and number of gate fingers) 
and circuit topology, including package parasitics. In this case, careful insertion of the 
source degeneration feedback implemented with the series inductance Ls, as shown in 
Figure 8.5a, improves amplifier stability and linearity at the expense of gain, especially 
at higher frequencies. Figure 8.6a shows that generally the input impedance Zin = 1/Yin 
of the common-source device with source degeneration feedback to provide a maximum 
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FIGURE 8.5
LNA topologies with source degeneration.
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600 Broadband RF and Microwave Amplifiers

gain does not coincide with the optimum input impedance Zopt = 1/Yopt, corresponding 
to a minimum noise figure Fmin, and the system characteristic impedance Z0 = 1/Y0 to 
minimize an input return loss. Consequently, the input matching network is required to 
achieve the desired maximum gain and optimal noise performance simultaneously when 
Yin = Yopt = Y0, as shown on the Smith chart in Figure 8.6b using gain and noise circles 
[11,12]. The impedance looking into the gate of an inductively degenerated transistor can 
be written assuming zero gate–drain capacitance Cgd as

 
Z j j L

j C
Lin s

gs
T s( )ω ω

ω
ω= + +1

 
(8.1)

where Cgs is the gate–source capacitance, ωT = gm/Cgs is the angular transition frequency, 
and gm is the device transconductance. Adding an extra inductor in series to the gate as 
a matching element can resonate out the imaginary part of the input impedance at the 
specified frequency. In some cases, the real part of the input impedance Rin = ReZin can 
be made equal to a source impedance Rs, usually of 50 Ω, by optimizing both inductances 
for a given bias voltage and device geometry [13]. Similar design approach can be applied 
to the LNAs based on bipolar devices with optimized transistor sizing [14]. At microwave 
frequencies, the source degeneration inductor can be replaced by a short-circuited trans-
mission line [15]. Note that the lossless series inductive feedback adds no noise to the LNA 
circuit [16,17].
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network

FIGURE 8.6
Optimum input matching for common-source configuration.
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601Low-Noise Broadband Amplifiers

The input and output matching circuits of a microwave monolithic GaAs MESFET LNA 
can be constructed with microstrip lines and parallel tuning stubs, as shown in Figure 8.7a 
[18]. In this case, the characteristic impedance of the microstrip lines between the active 
device and the parallel tuning stubs were chosen to be 70 Ω by compromising the line 
length and the transmission loss when the high characteristic impedance reduces the line 
length needed for the same impedance transformation but gives a larger loss. The tuning 
stubs jBS and jBL are capacitive having the electrical length of λ/8, and the 70-Ω microstrip 
lines are bent rectangularly to reduce the chip size. The microstrip-line loss was about 
0.22 dB per wavelength at 15 GHz or higher frequencies for a 50-Ω line (3-µm-thick gold) 
on a 0.22-mm-thick GaAs substrate. The source-ground reactance was about 4 Ω at 20 GHz, 
which corresponds to the inductance of about 32 pH. As it follows from Figure 8.7b, the 
power gain and noise figure strongly depend on the gate bias voltage.

The common-gate amplifier is also characterized by a low-noise figure, particularly 
at lower frequencies, but its noise figure increases rapidly with frequency. In this case, 
the high drain–source capacitance in a common-gate configuration requires inductive 
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602 Broadband RF and Microwave Amplifiers

feedback to improve noise figure, gain, and stability at higher frequencies. In a cascode 
configuration shown in Figure 8.5b with source degeneration feedback, the common-gate 
stage should be designed for maximum linearity. The common-source device also can be 
biased to predistort the AM/PM performance of the common-gate transistor. The differ-
ential LNA topology shown in Figure 8.5c is very useful when it is necessary to avoid the 
package parasitics (off-chip bondwires), which vary from part to part and require careful 
modeling. In this case, the package parasitics are only on the gate sides, and not on the com-
mon source of both transistors due to the effect of virtual grounding. The source degenera-
tion inductors Ls are realized with on-chip inductors with tight process tolerances.

For the cascade two-stage design, the second stage can also employ inductive degenera-
tion that is mainly used to improve the amplifier linearity rather than for matching. To 
lower the overall noise contribution of the input stage, it can be designed with a single 
transistor [19]. In a cascode second stage, the input impedance of a capacitively degen-
erated cascode transistor may have a negative real part. In this case, a high-Q parasitic 
inductance at the gate of the cascode device can form a Colpitts oscillator [20]. Therefore, to 
improve the stability of the cascode stage, a resistor can be added to the gate of the cascode 
device, whose value should be greater by magnitude to compensate for this negative resis-
tance. However, this value should not be too large, as it degrades the noise figure and gain.

8.1.3  Minimum Noise Figure

The noise in a bipolar transistor is assumed to arise from three basic sources: diffusion 
fluctuations, recombination fluctuations in the base region, and thermal noise in the base 
resistance [21]. The noise behavior of the bipolar transistor can be described based on its 
equivalent circuit representation shown in Figure 8.8a, which includes the main elements 
responsible for the device electrical behavior and noise sources [22]. Since the process of 
the carrier drifting into the collector–base depletion region is a random process, the col-
lector current Ic demonstrates white and shot noise contribution and is represented by a 
noise collector-current source inc

2 . The base current Ib is a result of the carrier injection from 
the base to the emitter and generation–recombination effect in the base and base–emitter 
depletion regions. Because all these components are independent, representing a random 
process, the base current also demonstrates a shot-noise behavior and is represented by 
a shot-noise base current source inb

2 . The series base, emitter, and collector resistances are 
represented by the voltage and current thermal noise sources enb

2 , ine
2 , and enc

2 , respectively.
The minimum noise figure Fmin based on the simplified noise-free two-port network 

shown in Figure 8.8b can be calculated for a sufficiently high value of the low-frequency 
current gain β = gmrπ from

 

F
r
r

f
f

r
r

r
r

r
r

min = + +


















+ +





+

1 1
1

2
1

2
2

2
b

T

b b b

π

π π

β

β ππ π
1

2

+











r
r

f
f

b

T  

(8.2)

where f is the operation frequency and fT = gm/2πCπ is the bipolar transition frequency 
(the effect of the feedback collector capacitance Cc is not taken into account) [23]. A noise 
model for HBT device operated at very high frequencies should include the contribution 
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603Low-Noise Broadband Amplifiers

of both space-charge layers (at the emitter–base junction and the base–collector junction) 
to the shot noise. These two noise sources related to the collector current Ic are the result of 
the same electrons, which are injected from the emitter into the base, cross this layer, and 
then reach the collector. Therefore, their correlation can be given by a time delay function 
exp(−jωτ), where τ is the transit time through the base and the collector–base junction, which 
is τπ for a π-type model [24–26]. Thus, in order to achieve minimum noise figure, the emitter 
length of the transistor has to be carefully scaled to get the optimum base resistance for 
the desired frequency band and for a 50-Ω source, with the collector bias current set for 
minimizing noise figure. Monolithic LNAs implemented in Si and SiGe bipolar technolo-
gies show the increasing advantage of SiGe over Si technology with rising frequency [27]. 
Using a series matching inductance at the input of the cascode bipolar LNA with degen-
eration feedback eliminates white-noise contribution due to the collector current Ic but 
enhances the contribution of the base resistance rb and produces the frequency-dependent 
shot-noise component of the base current Ib [28].

The noise properties of a MESFET device can be described based on both its physical and 
equivalent circuit models. The dominant intrinsic noise of a microwave GaAs MESFET 
device is the diffusion noise introduced by electrons experiencing velocity saturation. In 
a device two-zone model, a portion of the channel near the source end is assumed to be 
in the constant mobility operation mode (zone I), while the remaining portion near the 
drain end is postulated to be in velocity saturation (zone II). The position of the boundary 
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604 Broadband RF and Microwave Amplifiers

between these zones is a strong function of the source–drain bias with weak dependence 
on the gate–source bias. It is assumed that the noise in zone I is thermal enhanced by 
hot electron effects [29,30]. However, zone II cannot be treated as an ohmic conductor. 
Its contribution must be represented as a high-field diffusion noise, being dominant in 
microwave devices [31]. This diffusion noise is proportional to the high-field diffusion 
coefficient and is linearly dependent on drain current. On the other hand, the thermal 
noise of zone I decreases with increasing drain current. As a result, a strong correlation 
exists between the drain noise and the induced gate noise, which leads to a high degree of 
cancellation in the noise output of the GaAs MESFET [32].

The noise equivalent circuit of the MESFET device with both intrinsic and extrinsic noise 
sources is shown in Figure 8.9a [29,32]. The noise source ing

2  represents the noise induced 
on the gate electrode by the passing thermal fluctuations in the drain current. The intrin-
sic drain noise source ind

2  has a flat spectrum. The resistance Rgs represents the resistive 
charging path for the gate–source capacitance Cgs, and noise associated with this resistor 
is embedded in the gate noise source. The series gate, source, and drain resistances are 
represented by the voltage thermal noise sources eng

2 , ens
2 , and end

2 , respectively. The noise 
current source ingl

2  is responsible for the effect of the gate leakage current, which should 
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605Low-Noise Broadband Amplifiers

be taken into account when using a submicron gate-length HEMT device [33,34]. It should 
be noted that ind

2  increases in the ohmic region and tends to saturate at high drain voltage, 
whereas ing

2  increases with a near constant slope versus drain voltage.
In a first approximation, the gate noise source ing

2 , feedback capacitance Cgd, and series 
drain resistance Rd can be neglected. As a result, a simple approximate expression based 
on measurements can be obtained in terms of the parameters of the device equivalent cir-
cuit shown in Figure 8.9b as

 
F f C

R R
g

min gs
g s

m
1 .016 = +

+
0

 
(8.3)

provided that Rg and Rs are in ohms, transconductance gm is in mhos, capacitance Cgs is in 
picofarads, and operating frequency f is given in gigahertz [35,36].

The minimum noise figure Fmin given by Equation 8.3 can also be expressed in terms of 
the device geometrical parameters as

 
F L f g R Rmin m g s1 .27 = + +0 ( )

 
(8.4)

where the effective gate length L is in micrometers [37].
A comparison of the noise performance of both HEMT and conventional MESFET devices 

demonstrates the HEMT superiority, mainly related to its higher transition frequency and 
correlation coefficient [38]. The transition frequency of an HEMT device is greater for two 
main reasons: higher carrier mobility results in a higher average velocity and, therefore, a 
higher transconductance, whereas the small epilayer thickness yields higher transconduc-
tance and less effect of the parasitic capacitances.

In a MOSFET device, in view of the resistive material in a device channel, it exhibits ther-
mal noise as a major source of noise, which can be represented by a noise current source 
ind

2  connected between the drain and the source in the MOSFET small-signal equivalent 
circuit shown in Figure 8.10a [39]. The induced gate current noise is modeled by the gate 
noise current source ing

2  connected across the gate–source capacitance Cgs. The series gate, 
source, and drain resistances are represented by the voltage and current thermal noise 
sources enb

2 , ine
2 , and enc

2 , respectively.
The minimum noise figure Fmin as a function of the input-referred noise voltage vni

2 , noise 
current ini

2 , and can be approximately estimated through the bias conditions and param-
eters of the simplified noise-free two-port network shown in Figure 8.10b by
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Vdsat is the saturation drain–source voltage, α is the bulk-charge effect coefficient, f is the 
operation frequency, Id is the drain bias current, and fT = gm/2π(Cgs + Cgd) [40]. Equation 8.5 
suggests that devices with shorter channel length yield better noise figures because the 
transition frequency fT is reversely proportional to the channel length. Besides, the better 
noise figure can be achieved with larger device width for the same bias conditions due to 
lower gate resistance Rg.

The noise figure F of a single-stage common-source CMOS LNA with the directly 
connected source resistance RS to the device input (assuming that RS ≫ Rg) can be writ-
ten as

 
F

R
R

f
f

g R= + +






1 g

S T
m S 

γ
α

2

 
(8.7)

where gm is the device transconductance and γ is the bias-dependent factor [41]. Here, α 
is equal to unity for long-channel devices and decreases as channel scales down, and γ 
equals to 2/3 in saturation mode for long-channel devices and can be greater than 2 in 
short-channel devices. The minimum noise factor Fmin can be derived from Equation 8.7 by 
setting zero-derivative condition ∂F/∂RS = 0 that results in
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8.1.4  Filtering Multistage LNA Topology

For an LNA used in RF frontends, it is important not only to provide sufficient filtering of 
the harmonic components but also to reduce the out-of-band noise in receive (Rx) band. 
For example, this filtering can help to properly isolate the Rx band (27–31 GHz) from the 
transmit (Tx) band (17–21 GHz) in a satellite communication system. Figure 8.11a shows the 
block schematic of a three-stage monolithic LNA using a metamorphic HEMT (mHEMT) 
process to achieve a linear gain over 20 dB and a noise figure of less than 1.7 dB in Rx band 
of 27–31 GHz [42]. Since the requirements to out-of-band rejection specify 0 dB at 23 and 
35 GHz, it is necessary to design a filtering three-stage LNA. In this case, the first stage is 
designed to minimize noise and provide input matching for specified return loss without 
specific filtering constraints. Then, the first interstage matching network provides a high-
pass filtering, whereas the second interstage matching network allows a passband fre-
quency behavior. Finally, the output matching network is used to complete the high-pass 
gain rejection. The high-pass matching structure using lumped elements with two shunt 
LC resonant circuits shown in Figure 8.11b can be used for the first interstage network, 
the bandpass matching structure with the series and shunt LC resonant circuits shown 
in Figure 8.11c can represent the second interstage network, and the desired low-pass fre-
quency behavior can be achieved with open-ended transmission-line stubs.

To simplify a broadband input matching, the common-gate transistor configuration can 
be used. However, a single-stage common-gate LNA may not have enough gain, especially 
at higher frequencies, and cascaded common-source stages are needed to provide sufficient 
gain. To achieve a broadband LNA behavior, the interstage network can be designed in the 
form of a typical parallel-to-series reactance compensation circuit shown in Figure 8.12a 
that provides a bandpass filtering response. In this case, the bandpass frequency response 
is realized by selecting the value of inductors and capacitors to resonate the parallel and 
series LC networks at the same center bandwidth frequency, that is, to provide L1C1 = L2C2. 
Figure 8.12b shows the circuit schematic of a three-stage 0.18-µm CMOS LNA with a 
 parallel-to-series reactance compensation circuit between the first and second amplifying 

Input
matching

(a)

(b) (c)C3

L1 L2 L2

L1

C1 C2 C2

C1

FIGURE 8.11
Principle of filtering LNA and circuit structures.
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608 Broadband RF and Microwave Amplifiers

stages, where the parallel inductance L1 resonates with the parasitic drain–gate capacitance 
Cgd of the transistor M1 in a common-gate configuration at the midband resonant frequency 
1/2 1/21 gd 2 2π πL C L C=  [43]. As a result, a wide frequency range of 14.3–29.3 GHz was 
covered with a power gain of 8.25 ± 1.65 dB and a noise figure from 4.3 to 5.8 dB. In order to 
reduce the effective gate resistance, the transistor M1 is implemented as two transistors in 
parallel with twice as many fingers compared to the second-stage device.

8.1.5  Linearization Techniques

Owing to the potential presence of large interference signals at the input of the LNAs in 
modern communication systems that support multiple radio standards across multiple 
frequency bands, the LNAs have to provide high linearity and low noise over a wide fre-
quency range to suppress interference and maintain high sensitivity. The LNA lineariza-
tion methods should be simple, should consume minimum power, and should preserve 
noise figure, gain, input matching [44]. Since the LNA typically has a low-amplitude and 
high-frequency input, it operates as a weakly nonlinear system with a few higher-order 
harmonics, typically only second and third. In this case, the main nonlinearity of the LNA 
based on a CMOS technology originates from the nonlinear transconductance gm, which 
converts linear input gate voltage to nonlinear output drain current.

The output drain current id for an inductively source-degenerated LNA, whose simplified 
circuit is shown in Figure 8.13a, can be approximated by the first three Taylor-series terms as

 i g v v g v v g v vd m1 in s m in s
2

m3 in s
3= − + − + −( ) ( ) ( )2  (8.9)

where gm1 = gm is the linear device transconductance, and gm2 and gm3 represent its second- 
and third-order nonlinearities obtained by the second- and third-order derivatives of the 
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FIGURE 8.12
Parallel-to-series matching technique and broadband LNA schematic.
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609Low-Noise Broadband Amplifiers

drain–source dc current amplitude Ids with respect to the gate–source voltage amplitude 
Vgs at the dc bias point, respectively,
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The nonlinear properties are usually determined by a two-tone excitation test signal 
with individual components separated slightly in frequency, which can be represented in 
a common case of unequal amplitudes as

 v v V t V tin s 1 1 2 2− = +cos cosω ω  (8.11)

For the first three derivatives, the output signal can be represented by a Taylor-series 
expansion with the appropriate equating of the frequency component terms as
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The following conclusions can be drawn from the above Taylor-series expansion of the 
transistor transfer function:

• Variation of the device bias point is directly proportional to the second derivative 
of the transfer function.

• The device transfer function will be linear only if the third derivative is equal to 
zero.

• Second-harmonic components result from second derivatives of the device trans-
fer function, whereas third-harmonic components result from the third derivative 
of the device transfer function.

• First-order mixing products (total and differential) are provided by the second 
derivative of the device transfer function.

• Mixing products of the third order are mainly determined by the third derivative 
of the device transfer function.

• Distortions, which are determined by the second derivative (second amplitude 
degree) or by the third derivative (third amplitude degree) of the device transfer 
function, are called the second-order intermodulation distortions (IMD2) or the third-
order intermodulation distortions (IMD3), respectively.

Note that the third-order intermodulation (IM3) components 2ω1 ± ω2 and 2ω2 ± ω1 exist in 
differential LNA because they are determined by the odd term and cannot be rejected by 
differential operation. Generally, an inductive degeneration in the LNA provides the lin-
earization of its transfer characteristic depending on the feedback factor; however, special 
means should be provided to minimize the unwanted IMD2 and IMD3.

To improve the linearity, the resonant tanks can be added to optimally tune the terminal 
impedances to minimize the second-order mixing products. The terminations are com-
monly implemented with dedicated LC networks, which provide high impedance at oper-
ating frequency and low impedances at low modulation and high harmonic frequencies. 
Figure 8.13b shows the inductively degenerated common-emitter amplifier stage, where 
a series low-frequency LC trap is added to the base of the transistor to improve its third-
order intercept point (IP3). The third-order intercept point of a circuit is used to measure 
the linearity of the circuit with respect to its third-order intermodulation performance. 
The trap network has low-impedance at low-frequency due to the large capacitance, and 
appears open at RF due to large inductance [45]. In Figure 8.13c, the parallel LC network 
at the source terminal of a common-gate amplifier stage has its maximum impedance at 
operating frequency and negligible impedances at low frequencies due to low inductive 
reactance to ground and at the second harmonic due to low capacitive reactance to ground 
[46]. However, such an out-of-band termination technique only works well in narrowband 
systems when the modulation bandwidth is not very wide and the second harmonic does 
not vary considerably.

The derivative superposition (DS) method is a special case of the feedforward technique 
because it adds the third derivative (gm3) of the drain current from the main and auxiliary 
transistors to cancel distortion. In its modified version with the CMOS circuit implemen-
tation shown in Figure 8.14a, instead of optimally scaling and rotating the second-order 
contribution by tuning the second-harmonic termination, the two source-degenerated 
inductors are connected in series with two transistor sources connected to different nodes 
of the inductor chain to adjust the magnitude and phase of the composite third-order con-
tribution [47]. Here, the main transistor Ma is biased with a negative gm3a and the auxiliary 
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611Low-Noise Broadband Amplifiers

transistor Mb is biased with positive gm3b. The purpose of connecting the Mb source to the 
common node of the two inductors is to change the magnitude and phase of its gm3b con-
tribution to IMD3 relative to the gm2a and gm3a contribution of Ma. As a result, gm3a on the 
vector diagram is rotated properly such that the composite vector of gm3a and gm3b contribu-
tion is 180° out of phase with the gm2b contribution, yielding zero net IM3, and the choice of 
Ls1 determines the angle of gm3a. In an alternative implementation shown in Figure 8.14b, 
the gate of the auxiliary transistor Mb is connected to the source of the main transistor Ma 
instead of directly connecting to the input, thus minimizing the degradation in noise fig-
ure and input matching [48]. Note that the DS method is strongly dependent on the accu-
racy of the device models, and the transistor biased in the subthreshold region provides a 
very limited distortion cancellation range.

Figure 8.15a shows the circuit schematic of a CMOS LNA, which incorporates nMOS 
transistor M1 and pMOS transistor M2 in the common-gate stage to provide the cancella-
tion of the second-order distortions [49]. At the same time, the transistors M3 and M4 are 
sized for the noise and intrinsic third-order distortion cancellation. The capacitor con-
nected between two drain nodes of M1 and M2 shorts out two drain nodes at RF signal 
frequency and beyond. In this case, at higher IM2 frequency ω1 + ω2, the distortion current 
from M2 goes across the capacitor and loops back through M1, resulting in no second-
order distortion current if both transistors have the same gm characteristics. On the other 
hand, for frequencies much lower than RF, this capacitor presents a high impedance path 
between two drain nodes and breaks the LNA into two standing-alone common-gate 
amplifiers. As a result, at lower IM2 frequency ω1 − ω2, the M1 and M2 distortion current 
flowing through the separate common-gate and common-source paths are subtracted at 
the output, whereas the RF signal is added. Implemented in a 0.13-µm CMOS technol-
ogy, this LNA achieved a peak input IP3 of 16 dBm and a noise figure below 2.6 dB over a 
wide frequency range from 800 MHz to 2.1 GHz, consuming 11.6 mA from a 1.5-V supply 
voltage. To minimize the degradation of linearity caused by the output stage, the output 
matching can be achieved by using the series feedback resistors between the sources of M3 
and M4 and ground, respectively. By using an additional broadband output buffer with the 
resistive shunt feedback, a noise figure below 3.6 dB was achieved over a wide frequency 
range from 2.5 to 5 GHz [50].

Ls1
Ls Ls

Ma

Ma
Mb

(a) (b)

Mb

RFin RFin

Ls2

FIGURE 8.14
Circuit implementations of modified DS method.
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Similar to the DS method, the active postdistortion (APD) technique also includes an 
auxiliary transistor to cancel the nonlinearity from the main device. In this case, an aux-
iliary transistor Mb is connected to the output of the main device Ma instead of directly 
to the input, as shown in Figure 8.15b, thus minimizing the impact on input matching 
[51]. Besides, all transistors are operated in saturation, resulting in more robust distortion 
cancellation. The main transistor size and degeneration inductance are chosen to have 
optimum noise figure performance with high power gain. After that, the auxiliary device 
and cascade device are sized based on the transconductance ratio to reduce noise and gain 
loss. As a result, a power gain of 16.2 dB, a noise figure of 1.2 dB, and an input IP3 of 8 dBm 
were obtained in a cellular band of 869–894 MHz, while consuming 12-mA current from 
2.6-V power supply.

8.2  Lossless Matched Broadband Low-Noise Amplifiers

Usually, when it is necessary to achieve high-gain and low-noise performance over a suf-
ficiently wide frequency range and to minimize the die size in monolithic implementa-
tion, the LNAs are designed using lossless matching circuits. Figure 8.16 shows the circuit 
schematic of a two-stage monolithic lossless matched MESFET, which provides a less than 
2.8-dB noise figure with greater than a 16-dB power gain in the frequency band of 11.7–
12.7 GHz [52]. Here, based on the parameters of the MESFET equivalent circuit, the ampli-
fier circuit elements were optimized by a CAD program. The microstrip lines were folded 
in order to reduce the chip size, and spacings between adjacent lines were designed to be 
as large as possible to avoid parasitic couplings. In this case, the chip size, whose photo is 
shown in Figure 8.16b, was reduced to 1.5 × 0.9 mm2, with a substrate thickness of 150 µm 
and a relative dielectric constant of 4.8. For a monolithic three-stage MESFET LNA with 
series feedback, a maximum noise figure of 2.0 was achieved from 8.5 to 11.5 GHz, with an 
output power of 10 dBm at 1-dB compression point and a maximum gain of 30 dB at 1.8-dB 
noise figure [53].
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FIGURE 8.15
Circuit implementations of distortion cancellation techniques.
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Much wider frequency bandwidth can be achieved by using the method to synthesize 
the interstage and output matching networks with prescribed gain versus frequency 
slopes. The initial value for the feedback inductance in the first transistor is determined by 
constructing noise circles for low-, mid-, and high-bandwidth frequencies. Then, the prac-
tical input matching network can be designed using the Smith chart. As a result, a typical 
noise figure of 2.5 dB, a power gain of around 15 dB, and an output power of 5 dBm were 
achieved in the frequency range of 6–18 GHz for a two-stage monolithic GaAs HEMT LNA 
for electronic warfare (EW) applications [54]. A resistive drain network (the series connec-
tion of a microstrip line and a resistor loaded by a 10-pF bypass capacitor) was used for 
each device to enhance the amplifier stability and to compensate for the transistor inherent 
gain slope. The LNAs can be combined by a pair of Lange couplers to provide better input 
return loss and higher output power over a wide frequency range. By using a single-stage 
MMIC HEMT LNA in each amplifying path, a noise figure of 1.8 dB and greater than 
12 dB gain were obtained across the frequency range of 9–16 GHz, with an output power 
of about 9 dBm [55].

A monolithic Ka-band (26.5–40 GHz) reactively matched LNA, whose circuit schematic 
is shown in Figure 8.17, was designed using a 0.25-µm HEMT process [56]. The input and 
output matching networks representing the bandpass filters consist of the shunt-shorted 
stubs and series microstrip lines, with electrical lengths given at 40 GHz. In this case, the 
input matching network has an upward frequency slope of 4 dB/octave, a minimum inser-
tion loss of 1 dB, and a 0.5-dB ripple from 20 to 40 GHz. The output matching network has 
an upward slope of 2 dB/octave and a minimum insertion loss of 1 dB with a 0.3-dB ripple. 
The gain slopes in the input and output matching networks compensate the 6 dB/octave 

(b)

(a)

FIGURE 8.16
Schematic and implementation of monolithic two-stage GaAs MESFET LNA.
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gain roll-off of the HEMT device and result in a flat performance from 20 to 40 GHz. As 
a result, a power gain of 8 dB from 20 to 37 GHz and a noise figure up to 4 dB from 26 to 
40 GHz were measured using a mushroom gate profile for a 0.25-µm HEMT device. By 
using a 0.1-µm InP HEMT technology, an average noise figure of 1.5 dB with a power gain 
of 21.9 ± 0.9 dB was achieved across the entire Ka-band for a three-stage LNA with source 
inductive stubs [57].

Figure 8.18a shows the circuit schematic of a highly survivable monolithic GaN HEMT 
LNA achieving a noise figure below 2.3 dB and a power gain about 20 dB across the 
bandwidth of 3.5–7 GHz [58]. The LNA consists of two stages, where both transistors 
have a gate width of 4 × 50 µm, and all dc bias networks are integrated on a chip. The 
source of the first device is inductively degenerated in order to improve the input return 
loss together with noise matching. It was shown that a series resistance in the gate-bias 
line can improve the LNA ruggedness due to voltage feedback, which reduces the gate 
current. This feedback effect results in a lower gate-bias voltage, thereby increasing the 
negative peak voltage. Wider operation frequency bandwidth can be obtained by using 
additional shunt and series inductors in the interstage matching network, as shown in 
Figure 8.18b for a two-stage 0.25-µm GaN HEMT LNA with inductive degeneration in 
both stages [59]. The amplifier is unconditionally stabilized from 1 to 12 GHz with the 
small-value series resistors on the drain lines. In this case, the first stage was designed 
for minimum noise figure while maintaining high gain, whereas the second stage was 
biased at higher drain voltage and current close to a Class-A operation to maximize the 
linearity. As a result, a noise figure lower than 1.8 dB (having a minimum value of 0.5) 
was measured across the frequency range from 1 to 3 GHz, with a 1-dB compression 
power of 29.5 dBm.

8.3  Lossy Feedback Broadband Low-Noise Amplifiers

The gain-bandwidth performance of the lossless matched LNAs, which are designed 
with reactive matching networks, is limited by the characteristics of the active devices 
such as maximum available gain and requirements of unconditional stability over a very 
wide frequency range. This makes it difficult to achieve multioctave bandwidth with 
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FIGURE 8.17
Circuit schematic of monolithic Ka-band 0.25-µm HEMT LNA.
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615Low-Noise Broadband Amplifiers

high gain and minimum gain flatness. As an alternative, the lossy feedback LNAs have 
been shown to be capable of the flat gain over a very wide bandwidth, good input match-
ing, sufficiently low-noise figure, small size, and convenience in practical implementa-
tion. Such amplifier is cascadable for increased gain and easily made unconditionally 
stable.

8.3.1  Shunt Feedback

The circuit schematic of a resistive feedback two-stage monolithic 0.1-µm pHEMT LNA 
is shown in Figure 8.19a, where both transistors have a gate width of 4 × 50 µm yielding a 
transconductance gm of nominally 160 mS [60]. Since the feedback resistance can be approx-
imately estimated as R g ZF m= 0

2  according to Equation 4.25 in Chapter 4 for an idealized 
transistor consisting of only a current source with transconductance gm and conditions of 
S11 = S22 = 0, where Z0 is the system characteristic impedance, the feedback resistance was 
chosen as 500 Ω in series with a 2-pF capacitance. The second stage has an inductor in the 
feedback path in order to provide a gain boost at the high end of the frequency range. The 
lossy feedback LNA achieved a gain of more than 20 dB, a bandwidth from 2 to 20 GHz, 
and a noise figure of less than 2.7 dB with lower than 100-mW dc power consumption. 
Using a 50-nm InGaAs/InP pHEMT technology in a two-stage resistive feedback LNA 
had resulted in a very low-noise figure of lower than 1.1 dB and a minimum gain of 17 dB 
across 4–24 GHz, with a dc power consumption of 20 mW [61]. For a three-stage monolithic 
0.1-µm InAs/AlSb HEMT LNA with a shunt RLC feedback in each stage, a 30-dB gain and 
a less than 2.6-dB noise figure were achieved across the frequency bandwidth of 2–11 GHz 
at a 7.5-mW dc power consumption [62].

(a)

(b)

FIGURE 8.18
Circuit schematics of broadband two-stage GaN HEMT LNAs.
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Assuming that a 10-dB power gain in a 50-Ω circuit environment is required, the device 
transconductance gm of 83 mS should be provided according to Equation 4.26 in Chapter 
4, with a feedback resistance of 208 Ω. To achieve the transconductance of 85 mS in a 0.9-
µm CMOS process, a 100-µm wide transistor with 40 fingers was used. To compromise the 
instability and gain reduction at high bandwidth frequencies, the value of the feedback 
inductance was set to 1 nH. To further improve the input matching, a small inductor of 
179 pH was placed in series with the input to the gate of the transistor to compensate for 
its gate–source capacitance. Figure 8.19b shows the final circuit schematic of a two-stage 
monolithic 0.9-µm CMOS LNA with identical stages, which provides both input and out-
put return loss better than 10 dB and a power gain of greater than 12 dB from 5 to 26 GHz, 
with a noise figure below 7 dB [63].

Figure 8.20a shows the circuit schematic of a two-stage resistive feedback monolithic 
0.15-µm GaAs HEMT LNA, where a two-finger 100-µm device is used in both stages [64]. 
The input matching circuit was designed to provide a trade-off between noise figure and 
input return loss, as shown in Figure 8.20b, by using the input matching network consist-
ing of a shunt inductor and a series inductor, which transforms the 50-Ω source impedance 
to the device input impedance. The interstage matching network consisting of a series 
inductor and a shunt inductor provides an impedance transformation of the output imped-
ance seen at the drain of the transistor M1 to the input impedance seen at the gate of the 
transistor M2, as shown in Figure 8.20c. Finally, the output matching network consisting of 
a series inductor and a shunt inductor transforms the output impedance seen at the drain 
of the transistor M2 to the 50-Ω load impedance, as shown in Figure 8.20d. Each feedback 

(a)

(b)

FIGURE 8.19
Circuit schematics of two-stage feedback amplifiers.
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network is composed of a resistor of 520 Ω and a capacitor of 0.11 pF. As a result, a noise fig-
ure of 3.5 ± 0.5 dB and a power gain around 20 dB were measured in the frequency range 
of 9–21 GHz, with a total dc power consumption of 88.8 mW from 2-V supply voltage.

8.3.2  Dual Feedback

The balanced configuration of the LNA shown in Figure 8.21 is well suited for octave-band 
designs and provides design flexibility in achieving optimum noise matching for the first-
stage input impedance and broadband gain flatness without sacrificing VSWR [65]. Here, 
the series inductive feedback in the sources of the first transistors is used to improve the 
input broadband matching and stability of operation, whereas the second stages include 
shunt negative feedback designed for positive gain slope with frequency to compensate 
for the negative gain slope of the low-noise first stage. The shunt resistive feedback also 
helps to insure interstage stability. For a low broadband VSWR, these two-stage LNAs 
are embedded between Lange couplers. In this case, the noise figure is degraded only 
by the insertion loss in the input coupler. As a result, a noise figure of less than 2.2 dB 
with a flat gain of 23 ± 0.6 dB and input return loss better than 14 dB was achieved from 
5 to 11 GHz for a balanced monolithic InGaAs HEMT LNA. For a two-stage single-ended 
monolithic AlGaN/GaN HEMT LNA with inductive degeneration in the first stage and 
shunt RLC feedback in the second stage, the measured noise figure was less than 3 dB 
from 4 to 11 GHz [66].

The five-stage LNA using a 0.13-µm InAlAs/InGaAs/InP HEMT technology and con-
sisting of first two stages with high-pass reactive matching circuits and inductive degen-
eration and three final stages with shunt resistive feedback to achieve both low-noise and 
broadband high-gain characteristics achieved a power gain of greater than 40 dB and a 
minimum noise figure of 1.9 dB in the frequency band of 18–43 GHz, with a chip size of 
1.8 × 0.9 mm2 based on a thin-film microstrip-line technique [67].

GaN HEMT technology has an advantage of providing simultaneous low-noise 
and high-power capability due to high breakdown voltage and high power density. 
Figure 8.22a shows the circuit schematic of a single-stage LNA with dual feedback using 
a 0.2-µm AlGaN/GaN-SiC HEMT technology with fT of about 75 GHz, achieving a noise 

Mirror image of above circuit

Pin

Pout

FIGURE 8.21
Circuit schematic of balanced two-stage monolithic InGaAs HEMT LNA.
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figure lower than 1 dB with a P1dB of 32.8–33.2 dBm from 1 to 4 GHz at a high bias of 15 V 
and 400 mA [68]. Using an inductor in series to the transistor gate and transmission line 
connected in series to the drain terminal can significantly enhance the frequency band-
width. As a result, for a 0.2-µm GaN HEMT LNA, whose circuit schematic is shown in 
Figure 8.22b, a maximum power gain of 13 dB and a minimum noise figure of 3.3 dB were 
achieved across the 3-dB bandwidth of 1–25 GHz [69]. Here, to simplify the external bias 
network, the gate biases of both stages are connected such that only one gate bias voltage 
is applied.

Figure 8.23a shows the circuit schematic of a dual-feedback 0.25-µm CMOS LNA for 
UHF applications, where the two transistors, nMOS M1 and pMOS M2, are used to boost 
the overall transconductance, resulting in a high gain and low-noise figure [70]. The feed-
back resistor RF is used to flatten the gain over a wide bandwidth with small degradation 
in noise figure. Together with the source degeneration inductor Ls, these two feedback 
networks lead to simultaneous input impedance and noise matching. In this case, the 
effect of the feedback resistor RF dominates the amplifier performance. The feedback 
resistor value of 500 Ω and source inductance of 1.1 nH were optimally chosen to achieve 
the best gain, bandwidth, noise figure, and impedance matching simultaneously, result-
ing in a gain over 13 dB and a noise figure lower than 3 dB in a wide bandwidth from 50 
to 560 MHz.

The circuit schematic of a dual-feedback 90-nm CMOS LNA with extended bandwidth 
due to the series gate inductor Lg and drain peaking inductor Ld is shown in Figure 8.23b 
[71]. Here, the drain inductance Ld compensates for the gain degradation at high frequen-
cies due to the degeneration inductance Ls. The input transistor M1 is self-biased through 
the feedback resistor RF, and no ac-coupling capacitors are added in series with the feed-
back resistor RF or between two stages that results in no bandwidth degradation and no 
additional bias circuit. The inductor Lsp not only enhances the bandwidth but also sup-
presses the noise current of M2, resulting from source degeneration at high frequencies, 
as shown in Figure 8.23c. As a result, a maximum power gain of 12.7 dB, a minimum 
noise figure of 3.3 dB, and a power consumption of 12.6 mW were measured across the 
 bandwidth from 100 MHz to 20 GHz.

(a) (b)

FIGURE 8.22
Circuit schematics of broadband GaN HEMT MMIC LNAs.
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8.3.3  Active Feedback

An active feedback circuit included into the LNA can improve the linearity and gain-
bandwidth performance without significantly impacting the noise figure. In this case, the 
use of the HBT active feedback provides several advantages over the FET active feedback 
such as smaller size, lower dc power consumption, active self-bias, and direct-coupled 
performance. Figure 8.24a shows the circuit schematic of a monolithic 0.2-µm InGaAs/
GaAs HEMT LNA with an HBT active feedback, which is connected in series to the feed-
back resistor Rfb [72]. By adjusting Vss that corresponds to the proper adjustment of an 
active-feedback current Ifb, various degrees of positive feedback can be induced by the 
resultant change in phase and amplitude characteristics of the active-feedback network. 
The compact size of the HBT active-feedback network requires no dc-blocking capacitors 
and is much smaller than a spiral inductor implementation. The HBT active feedback 
has resulted in a 50% improvement in gain-bandwidth performance (the measured 3-dB 
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bandwidth was extended from 11 GHz to greater than 16 GHz) and an improvement in IP3 
by 4–10 dB without degradation in the noise figure of about 2.5 dB, compared to an equiva-
lent resistive-feedback design.

Figure 8.24b shows the circuit schematic of a two-stage monolithic bipolar LNA with 
a shunt resistive feedback in both stages and an active feedback in the first stage [73]. In 
this case, the active feedback providing by a bias circuit can increase the input imped-
ance in conjunction with the series resistor R1. As a result, a noise figure of 1.5–2.7 dB 
and a gain of about 20 dB were measured over the frequency range of 0.5–5 GHz for a 
SiGe BiCMOS LNA, with a 1-dB gain-compression point of 6.3 dBm and a current con-
sumption of 9 mA.
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FIGURE 8.24
Circuit schematics of broadband MMIC LNAs with active feedback.
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8.3.4  Noise Figure

A noisy amplifier with parallel negative feedback can be represented as an ideal noise-
less amplifier with voltage and current noise sources connected at the input, as shown in 
Figure 8.25a [74]. In this case, the noise figure can be written as

 

F
G
G

R
Y G

G Y Y G Y
G

G
Y G

Y

= + +
−

+ +

+
−

1 2
21

2

2

n

S

n

21 F

F 21 11 S

S

F

21 F

21

| |
| ( ) |

| |
| ++ +Y G

G
11 S

S

|2

 

(8.13)

where GS = 1/RS, GF = 1/RF, Gn and Rn are the equivalent input-referred noise conductance 
and noise resistance characterizing the noisy network, respectively, and Yij are the admit-
tance parameters of the two-port noiseless network.

The optimum value of the source resistance RSopt, which yields the minimum noise fig-
ure Fmin for a given feedback resistance RF, is obtained by differentiating Equation 8.13 
with respect to the source resistance RS as
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Figure 8.25b shows the circuit schematic of a parallel-feedback MESFET amplifier [75]. 
Here, the gate lead inductance Lg changes the noise parameters and thereby the noise fig-
ure, but it does not alter the minimum noise figure. The optimum values of the feedback 
resistor RF and electrical length θ of the drain transmission line are chosen to provide a 
practical compromise between noise figure, VSWR, gain, and stability of the amplifier. The 
noise parameters of the amplifier are strongly affected by the feedback resistor, especially 
at lower frequencies where the negative feedback is strongest. In this case, the difference 
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FIGURE 8.25
Basic schematics of negative-feedback LNA.
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of the minimum noise figure for open-loop case and that of a parallel feedback may exceed 
2 dB across the lower octave of the frequency band, with significant reduction over the 
second octave for optimum electrical length θ. As a result, a five-stage monolithic MESFET 
LNA consisting of the same single-ended parallel feedback stages achieved over 40-dB 
gain and a maximum noise figure of 4 dB between 2.4 and 8 GHz.

8.4  Cascode Broadband Low-Noise Amplifiers

Cascode configuration of the CMOS LNA allows better opportunity to provide simultane-
ously high gain, improved reliability, and wide frequency range with a reasonable noise 
figure. Figure 8.26a shows the circuit schematic of a two-stage K-band LNA implemented 
in a 45-nm semiconductor-on-insulator (SOI) CMOS process [76]. Owing to its lower cou-
pling to the substrate, SOI transistors have inherently better performance at higher fre-
quencies than their bulk CMOS counterparts. The common-source first stage is optimized 
for low noise, whereas the cascode second stage is designed to result in a higher gain with 
a sufficiently low-noise figure, being biased at the minimum noise figure point. The source 
degeneration in the first stage is mostly used for stability and input matching, whereas 
the source degeneration in the second stage serves for the interstage matching. In this 
case, the high-Q inductor is used in the source degeneration for lower noise contribution, 
whereas a low-Q inductor is used at the drain for better stability. The gate bias circuits are 
realized using high-value resistive dividers. As a result, a mean noise figure of 2.2 dB with 
a peak gain of 19.5 dB was measured across the frequency range of 16–24 GHz. An inclu-
sion of the drain peaking inductors in the first and second stages and a series inductor 
between the cascode transistors in the second stage to resonate the gate–drain capacitance 
contributes to better gain-bandwidth performance when a flat gain of about 14.5 dB and 
a low-noise figure of about 3.1 dB were achieved from 21 to 27 GHz in a standard 0.18-µm 
CMOS process [77].

Figure 8.26b shows the circuit schematic of a two-stage single-ended 0.13-µm CMOS 
LNA, where the resistive feedback with a shunt resistor RF is used in the first stage for 
wideband input matching and an inductive peaking with the series resistor RL and induc-
tor LL as the peaking-load components is used in the second stage for gain compensation 
[78]. For the final differential LNA structure, a voltage gain of 14 dB with less than 1.7-dB 
variation and a noise figure from 4.0 to 4.7 dB were measured across the multioctave fre-
quency bandwidth from 0.1 to 6.0 GHz. In this case, by using only one small-size inductor, 
the chip area is much smaller than that using filter-based multi-inductor designs, occupy-
ing 0.13 mm2 and consuming 16 mW from a 1.2-V supply.

To provide a wideband impedance matching, the cascode CMOS LNA can be designed 
with a bandpass response at its input, where an input impedance of the common-source 
transistor is considered a part of the filter. However, an adoption of the filter at the input 
requires a number of reactive elements, thus increasing the overall die size and noise 
figure due to the finite quality factor of the passive components when implemented on 
a chip. Figure 8.27a shows the circuit schematic of a cascode 90-nm CMOS LNA, where 
the wideband input impedance matching, flat and high gain, flat and low-noise figure, 
and compact size were achieved with a shunt feedback resistor RF in conjunction with 
a preceding π-type LC matching network with two shunt capacitances (external Cin and 
gate–source capacitance Cgs1) and series inductance Lg and a postcascode series-peaking 
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inductance Lp [79]. As a result, a power gain of 9.6 ± 1.1 dB, an input return loss of greater 
than 10 dB, and a noise figure of 3.68 ± 0.72 dB were measured across the frequency range 
of 1.6–28 GHz, with the die size of only 0.139 mm2. Similar wideband performance from 
1.9 to 22.5 GHz with a low noise of 3.24 ± 0.5 dB was achieved for a cascode 90-nm CMOS 
LNA shown in Figure 8.27b with shunt resistive feedback for each transistor, where both 
input and output matching networks represent the second-order wideband bandpass fil-
ters, each equivalent to two parallel RLC branches with two notch frequencies, which are 
sufficiently far from each other [80].

Generally, the low-noise figure and low-power consumption can be hardly achieved 
simultaneously across a large frequency range. The noise cancellation technique can be 
used to relax this trade-off in the resistive-feedback LNAs. Figure 8.28 shows the circuit 
schematic of a broadband cascode 0.18-µm CMOS LNA, where the first stage is based 
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on the resistive feedback and inductive peaking, whereas the second stage is added for 
 wideband output matching and partial noise cancellation by connecting the gate of the 
transistor M4 to the gate of the transistor M1 to provide the opposite phases of the noise sig-
nals at the source of the transistor M3 and at the drain of the transistor M4 [81]. As a result, a 
maximum power gain of 12.5 dB and a 3-dB bandwidth of 0.7–6.5 GHz with a noise figure 
from 3.5 to 4.2 dB were measured.

Figure 8.29 shows the simplified circuit schematic of a broadband cross-coupled 
 resistive-feedback 90-nm CMOS LNA, which can be used in broadcasting and satellite 
communication systems [82]. This architecture is similar to the conventional broadband 
LNA with resistive matching; however, the overall noise figure is reduced by incorpo-
rating the transistor Mp1 and connecting the gate of the transistor Mp1 to the gate of the 
transistor Mn1 in a cross-coupled fashion. In this case, the presence of the transistor Mn1 
reduces the output noise by one half, thus lowering the overall noise figure. The transis-
tor Mp2 is required to provide dc biasing and an additional gain to increase the overall 
gain of the LNA. The widths of the transistors are increased to reduce the flicker noise 
at lower frequencies. Finally, a measured gain of 20 dB across the frequency range from 
2 to 1100 MHz and a minimum and maximum noise figure of 1.43 and 1.9 dB from 100 to 
1100 MHz were obtained, respectively. The LNA consumes 18 mW from 1.8-V supply and 
occupies an area of 0.06 mm2.

Figure 8.30a shows the circuit schematic of a cascode LNA using a 0.25-µm SiGe BiCMOS 
process, where the broadband operation of a cascode stage on the transistors T1 and T2 is 
achieved by using a shunt feedback network, which includes the resistor R2 and a diode-
connected transistor T3 [83]. Here, the emitter-follower buffer stage is designed as a com-
promise between broadband frequency response, output matching, and linearity. Because 
of broadband matching and absence of lossy on-chip inductors, the noise figure varies 
between 2.5 and 2.9 dB from 2 GHz up to 11 GHz, with a gain exceeding 20 dB and a chip 
size of 270 × 370 µm. In a resistive-feedback cascode LNA with reactive input matching 
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FIGURE 8.29
Circuit schematic of resistive-feedback cross-coupled CMOS LNA.
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implemented in a 130-nm SiGe BiCMOS technology, a power gain of 9 dB with less than 
1-dB variation from 3 to 26 GHz and a noise figure of less than 5 dB from 3 to 18 dB rising 
to 6.5 dB at 24 GHz were achieved [84]. By using a 200-GHz SiGe BiCMOS technology, a 
power gain greater than 23 dB from 1.1 to 2.0 GHz and a noise figure of 2.7–3.3 dB from 1.2 
to 2.4 GHz were measured for a single-stage resistive-feedback cascode LNA with a fully 
integrated matching network [85].

A broadband low-noise performance can be achieved by using a standard 0.15-µm 
pHEMT technology. Figure 8.30b shows the circuit schematic of a monolithic cascode 
pHEMT LNA with two identical cells, where the positive drain bias is applied to the drain 
of the top cell and the negative gate bias is applied only to the gate of the bottom cell [86]. 
The shunt resistors R1 and R2 provide dc biasing and RF feedback simultaneously. Such 
arrangement ensures that the gate–source bias for two cells is the same so that each cell 
has the same drain–source voltage. The capacitor connected to the gate of the top cell is 
necessary to provide RF grounding at high frequencies. In a Class-A operation mode, the 
drain current of 80 mA at Vdd = 4 V results in an output impedance of 50 Ω, and the series 
inductor L2 is used to compensate for the output capacitive reactance. As a result, a power 
gain of 12.5 ± 1 dB, a noise figure from 1.5 to 2.5 dB, and a 1-dB compression output power 
over 15-dBm covering the entire frequency band of 2–13 GHz with 25% peak efficiency.

For a single-stage resistive-feedback fully integrated cascode LNA based on a 0.35-µm 
enhancement-mode pHEMT technology to provide a positive threshold voltage and supe-
rior noise performance, a noise figure of less than 0.5 dB and a gain of around 20 dB were 
achieved over a wide band of 1.5–2.7 GHz [87]. A low noise of less than 3 dB and a high 
output power (P1dB) up to 8 W with 20-dB flat gain can be achieved across a decade band-
width from 250 MHz to 3.5 GHz for a resistive-feedback cascode 0.25-µm GaN HEMT-
SiC LNA by applying a 40-V supply voltage and 500 mA bias current [88]. In this case, to 
provide unconditional two-port circuit stability with K-factor greater than 1, a resistor of 
30 Ω was added in series to the gate of the common-gate transistor. For an optimum low-
noise bias current density of ~100 mA/mm with a supply voltage of 20 V and dc current of 
300 mA, much lower noise of less than 1.5 dB was achieved at the expense of the reduction 
in P1dB by about 7 dB.
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Instead of a cascode configuration with common-source and common-gate transistors, a 
single dual-gate MESFET can be used with attractive gain and noise performance, stabil-
ity, and modulation capability [89]. For an RF-shorted second gate, the dual-gate MESFET 
represents a cascode circuit with a common-source input stage driving a common-gate 
output stage. In this case, to minimize the amplifier noise figure, an optimization of the 
second-gate termination and second-gate dc biasing is required. Two dual-gate devices 
can be combined in a balanced configuration with two Lange couplers at microwave fre-
quencies. The Lange coupler is extremely useful for LNAs due to its property of show-
ing matched input return loss for equal reflections from both amplifiers to the external 
circuit, whereas the internal circuit is matched for best noise performance. Three MMIC 
LNAs, each using two 0.1-µm dual-gate GaAs HEMTs in a balanced amplifier configura-
tion, achieved less than 1.75-dB noise figure from 4 to 9 GHz, less than 2.75-dB noise figure 
from 9 to 20 GHz, and less than 2.5-dB noise figure from 20 to 40 GHz, respectively, with 
a high gain of around 20 dB [90]. Figure 8.31 shows the circuit schematic of a resistive-
feedback 0.18-µm dual-gate GaN HEMT LNA [91]. Here, two cascaded spiral inductors 
are included in a feedback path to boost the gain at the high end. Spiral inductors are also 
used at the input and output for simple low-pass type impedance matching. As a result, a 
dual-gate LNA operating from 300 MHz to 3 GHz achieved over 17-dB flat gain and better 
than 2-dB noise figure, whereas a dual-gate LNA operating from 1.2 to 18 GHz achieved a 
gain of 13.3 ± 0.3 dB and a noise figure between 2 and 3 dB.

8.5  Graphical Design Technique

The design of low-noise broadband microwave integrated amplifiers is very well suited 
to the application of iterative optimization techniques in view of the many variables and 
conflicting objectives of high gain, flat and broadband gain, and low-noise figure. It may 
also include input and output return loss and requirements on phase shift and gain com-
pression. An objective function, which includes both gain and noise figure, may be writ-
ten as a sum over frequency of the weighted sum of the square of the noise figure and the 
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FIGURE 8.31
Circuit schematic of resistive-feedback dual-gate GaN HEMT LNA.
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squares of the difference between the calculated and the desired gain [92]. For example, 
the objective function can be chosen as the minimax kind written for a maximally flat 
10-dB desired gain and minimum noise figure in the frequency range from 1 to 4 GHz [93]. 
When lumped lossy matching networks are used, the synthesis of the lumped matching 
network can incorporate the arbitrary loss factor associated with each reactive element and 
provide a very good initial design for practical MMIC circuit [94]. In this case, a solution 
from lossless matching network synthesis is used as an initial guess for the lossy match-
ing network with certain gain reduction added to the gain function to compensate for the 
gain reduction due to the losses in the matching network. Analytical expressions giving 
the maximum available gain for a specified noise figure or the minimum noise figure 
for a specified available gain can be used to directly optimize the design of broadband 
low-noise microwave transistor amplifiers [95]. An interstage network of the sloped pass-
band response to compensate for a 6-dB/octave roll-off so that the resultant amplifier gain-
bandwidth characteristic is flat across the specified frequency range can be synthesized 
using a computer-optimization technique by finding poles and zeroes via a graphical user 
interface [96].

As an alternative for the designing of the broadband feedback LNAs, an interactive 
“visual” design technique is based on determining of acceptable regions (ARs) of the 
immittance at sample frequencies, from which a feedback two-port network is synthesized 
[97]. This technique allows the exact design directly from a simultaneous set of perfor-
mance specifications, including gain and gain flatness, noise figure and stability, and input 
and output matching. Besides, this technique can be extended to determining the ARs of 
the source and load reflection coefficients in the complex planes [98]. To provide the ampli-
fier stability with conditionally stable transistor, apart from ARs constructed at sample 
frequencies over an operating frequency band, the circular stability regions in the planes 
of the source and load reflection coefficients, ΓS and ΓL, should be used. These regions are 
only employed at frequencies where a transistor is potentially unstable, including frequen-
cies outside the passband. Figure 8.32a shows the circuit schematic of a cascode feedback 
LNA with source degeneration for better input matching and circuit stability [98]. In this 
case, the first design step is to find elements of a parallel feedback network based on ARs 
on impedance (Zp) plane in correspondence with amplifier requirements. The contours for 
the unit stability factor (K = 1) are plotted in Figure 8.32b, where arrows show the stability 
regions with noise figure lower than 1.1 dB and gain flatness within 18 and 19 dB. Using 
these ARs and stability regions, a series RC feedback circuit is synthesized using interac-
tive “visual” design procedure. The feedback elements are finalized in such a way that 
full ARs in the source reflection coefficient plane include the origin, as shown in Figure 
8.32c, and the output matching network is designed based on the source-terminated ARs 
in the load plane for ΓS = 0, as shown in Figure 8.32d. As a result, the single-stage cascode 
feedback 0.18-µm pHEMT LNA provides a power gain of 17.6 ± 0.35 dB, a noise figure of 
less than 1.1 dB, and an input return loss better than 10.5 dB over the band of 1.5–2.5 GHz.

In a multistage feedback LNA, the first need is to assign requirements for each amplifier 
stage and then synthesize matching networks considering stability, gain, and noise figure 
circles mapped on the Smith chart. However, usually it is useful to start the design from 
the synthesis of the feedback networks in individual amplifier stages. At this stage, it is 
assumed that that the transistor with a feedback network is terminated in some optimum 
source and load impedances providing the minimum noise figure, maximum gain, etc. 
At the first design step, the ARs are constructed in the source ΓS and load ΓL termination 
planes. Then, at the second design step, each interstage matching network is designed so 
that its input and output reflection coefficients fall into the respective ARs. The synthesis 
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of lossless matching networks based on simultaneously prescribed ARs of input and out-
put reflection coefficients can be performed with optimization routine using an appropri-
ate goal function using the “visual” design tool as well.

Figure 8.33a shows the block diagram of a two-stage MMIC LNA using a 0.15-µm GaN 
HEMT technology that was design based on the following requirements: power gain of 
greater than 20 dB, gain flatness of less than ±1 dB, maximum noise figure of 1.5 dB, and 
input and output return loss of less than 9.63 dB [99]. Here, a shunt feedback network Zp2 is 
used to level gain response and maintain stability, whereas the series feedback inductors 
Ls1 and Ls2 are used to provide input matching and additionally improve stability. The first 
design step is to synthesize an input matching circuit MN1 using full ARs in ΓS

(1) plane at 
certain frequencies over 8–12 GHz, as shown in Figure 8.33b, when the power gain varies 
within 7–11 dB, the noise figure is less than 0.6 dB, and the input return loss is better than 
10 dB. To guarantee the first stage stability, the circular stability regions were constructed 
in ΓS

(1) plane at some frequencies outside the passband, which are plotted in Figure 8.33b 
with dashed lines, and arrows show stability circle parts. In this case, the first stage with 
the input matching network and conjugately matched output exhibits 5 dB/octave gain 
roll-off from 8 to 12 GHz. Then, a parallel feedback network in the second stage is synthe-
sized based on the ARs in Zp2 plane. At this step, the input and output ports of the second 
stage are assumed to be conjugately matched. In order to compensate for the first-stage 
gain roll-off, the gain is specified at 12 GHz by 2 dB greater than at 8 GHz, with F ≤ 2.5 dB 
and K > 1. The inductances Lg2, Ld2, and Ls2 are selected to obtain maximally wide ARs in 
Zp2 plane, as shown in Figure 8.33c. At the next design step, an interstage network MN2 is 
synthesized by constructing the source-terminated ΓL

(1) plane for the first stage, as shown 
in Figure 8.33d, and full ARs in ΓS

(2) plane for the second stage, as shown in Figure 8.34a. In 
this case, the input impedance of the second stage with feedback is close to 50 Ω.
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To design the output matching network MN3 at the last step, the requirements for an 
entire LNA are specified as follows: a power gain from 20 to 22 dB, a noise figure less than 
1 dB, and input and output return loss of less than 9.63 dB. Considering a two-stage LNA 
with input and output matching networks as a two-port network, the ARs in ΓL

(2) plane 
were constructed. The circuit schematic of the designed stable two-stage feedback LNA 
with ideal lumped elements is shown in Figure 8.34b, with the simulated (without opti-
mization) power gain of 20.5 ± 0.5 dB, noise figure F ≤ 0.8 dB, input return loss of greater 
than 12 dB, and output return loss of greater than 8 dB in a frequency range of 8–12 GHz 
[99]. After replacing of all ideal elements by MMIC elements, a final LNA optimization 
was provided. Figure 8.34c shows the circuit layout of a two-stage MMIC LNA, with chip 
size of 1.4 × 1.2 mm2. The measured results are given in Figure 8.34d, with a power gain 
of 20.0 ± 1.2 dB, a noise figure F ≤ 1.3 dB, an input return loss of greater than 7 dB, and an 
output return loss of greater than 8 dB from 8 to 12 GHz.

8.6  Broadband Millimeter-Wave Low-Noise Amplifiers

The broadband millimeter-wave monolithic GaAs MESFET LNAs were first developed to 
operate over the entire U-band (40–60 GHz) at the beginning of the 1990s with typical per-
formance for a two-stage LNA of at least 7-dB of gain with about 1.5-dB gain flatness and 
a maximum noise figure of 7.5 dB [100]. By using an InP-based HEMT MMIC process with 
a cutoff frequency of 300 GHz, a four-stage coplanar-waveguide MMIC LNA achieved a 
power gain of 20–25 dB and a noise figure of 3–4 dB in a frequency range of 85–110 GHz, 
whereas a three-stage microstrip MMIC LNA demonstrated a power gain of 14-dB and a 
noise figure of 7 dB from 165 to 190 GHz [101]. With an advanced 70-nm InAlAs/In GaAs 
mHEMT technology, a four-stage MMIC LNA exhibited a small-signal gain of greater 
than 18 dB between 216 and 238 GHz using airbridge-type transmission lines, whereas a 
four-stage MMIC LNA achieved a linear gain of greater than 12 dB over the bandwidth of 
217–245 GHz using conductor-backed coplanar circuit technology [102]. Note that in all the 
above-mentioned implementations, the transistors were used in a common-source con-
figuration. As opposed to a common-source LNA, a common-gate LNA with a matching 
output series inductor can be used to increase gain while maintaining broadband opera-
tion. Being fabricated in an 80-nm InP HEMT process, a three-stage common-gate MMIC 
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Diagram, layout, and performance of broadband two-stage LNA.
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LNA obtained a gain of 18 dB and a noise figure of 3.5 dB from 68 to over 110 GHz, with a 
power consumption of 12 mW at 3-V supply voltage [103].

Figure 8.35a shows the circuit schematic of a two-stage 0.1-µm InP HEMT MMIC LNA 
with a coplanar waveguide structure [104]. Here, the first stage was designed for low-noise 
performance using source degeneration, whereas the second stage was designed for the 
high-gain performance. In this case, the input matching circuit is matched to two frequen-
cies, the bottom and upper edges of the frequency range, whereas the output matching cir-
cuit is matched to the upper edge to achieve flat broadband operation. As a result, the LNA 
achieved greater than 10-dB gain over the frequency range of 44.6–67.2 GHz at the supply 
voltage of 0.4 V, with a noise figure of 2.86 dB at 60 GHz. For a four-stage 70-nm GaAs 
mHEMT MMIC LNA with source degeneration in each stage, whose schematic is shown 
in Figure 8.35b, a power gain of greater than 21 dB in a frequency range of 70–110 GHz 
and noise figure of 2.7 dB between 80 and 95 GHz and less than 3.2 dB up to 108 GHz 
were measured [105]. By using a 65-nm CMOS technology, a four-stage cascode MMIC 
LNA with a transmission line between the common-source and common-gate transistors 
in the final stage to achieve wideband output matching demonstrated a small-signal gain 
of greater than 20 dB from 75.5 to 120.5 GHz with a noise figure of 6.0–8.3 dB from 87 
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FIGURE 8.35
Circuit schematics of broadband common-source HEMT LNAs.
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634 Broadband RF and Microwave Amplifiers

to 100 GHz [106]. Two differential LNAs realized in 0.25-µm and 0.13-µm SiGe BiCMOS 
 technologies achieved a noise figure below 7.2 dB from 50 to 75 GHz and a noise figure 
below 7 dB from 78 to 110 GHz, respectively, with a measured maximum gain of 23 dB for 
both LNAs [107].

Figure 8.36a shows the circuit schematic of a single 35-nm InP HEMT MMIC LNA stage 
using a source degeneration and series grounded CPW transmission lines at the input 
and output [108]. The operation stability is provided by both inductive source feedback 
and resistor-capacitor networks at the bias lines. The final four-stage LNA based on this 
common-source amplifier stage achieved a noise figure of 7–8 dB over the frequency range 
from 220 to 252 GHz, with a gain of greater than 20 dB from 160 to 240 GHz. For a three-
stage 35-nm InP HEMT MMIC LNA, the first two common-source stages to minimize 
noise figure and a final cascode stage for better reverse isolation were used [108]. The 
cascode stage is shown in Figure 8.36b, where the small-size MIM capacitors in a CPW 
environment for proper gate grounding were implemented. Besides, a high-impedance 
CPW transmission line between the common-source and common-gate transistors and a 
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FIGURE 8.36
Circuit schematics of common-source and cascode InP HEMT LNA stages.
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635Low-Noise Broadband Amplifiers

resistor connected in series to the output short-circuited shunt stub for stabilization were 
used. An open-circuited shunt stub was included in the output matching network to stabi-
lize the cascode cell above the amplifier frequency band of operation. As a result, on-wafer 
measured gain of 17–22 dB was achieved from 160 to 270 GHz.
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9
Distributed Amplifiers

The potential of traveling-wave or distributed amplification for obtaining power gains 
over very wide frequency bands was recognized in the mid-1930s when it was found that 
the gain-bandwidth performance is greatly affected by the capacitance and transconduc-
tance of the conventional vacuum tube [1]. However, the first theoretical analysis and its 
practical verification were obtained for broadband vacuum-tube amplifiers more than a 
decade later [2,3]. The basic concept was based on the idea of combining the interelec-
trode capacitances of the amplifying vacuum tubes with series wire inductors to form 
two lumped-element artificial transmission lines coupled by the tube transconductances. 
As a result, the distributed amplifier overcomes the difficulty of a conventional ampli-
fier, whose frequency limit is determined by the factor that is proportional to the ratio of 
the transconductance of the tube to the square root of the product of its input grid–cath-
ode and output anode–cathode capacitances, by paralleling the tubes in a special way, in 
which the capacitances of the tubes can be separated while the transconductances may 
be added almost without limit and not affect the input and the output of the device. Since 
the grid–cathode and anode–cathode capacitances form part of low-pass filters that can be 
made to have a substantially uniform response up to filter cutoff frequencies, whose value 
can be conveniently set within a wide range by suitable choice of the values of the external 
inductor coils, it became possible to provide amplification over much wider bandwidths 
than was achievable with conventional amplifiers.

9.1 Basic Principles of Distributed Amplification

Figure 9.1 shows the basic circuit structure of a vacuum-tube distributed amplifier [2]. 
Here, an artificial transmission line consisting of the grid–cathode capacitances Cg and 
inductances between tubes Lg is connected between the input terminals 1-1 and 2-2, with 
the characteristic impedance of the grid line defined as Z L C01 g g/= . If the proper termi-
nating impedance is connected to terminals 2-2 and if this transmission line is assumed to 
be lossless, then it can be shown that the driving-point impedance at terminal 1-1 is inde-
pendent of the number of tubes so connected. In a similar fashion, a second transmission 
line is formed by making use of the anode–cathode capacitances Cp to shunt another set 
of coil inductances Lp, resulting in the similar characteristic impedance of the anode (or 
plate) line independent of the number of tubes as Z L C02 p p/= . Impedances connected to 
terminals 3-3 and 4-4 are intended to be equal to the characteristic impedance of the anode 
line. The impedance connected to terminals 2-2 is called the grid termination, the imped-
ance connected to terminals 3-3 is called the reverse termination, and the impedance con-
nected to the output terminals 4-4 is called the anode termination. These two artificial 
transmission lines are made to have identical velocities of propagation. The bandwidth of a 
distributed amplifier is determined by the cutoff frequency of the artificial line. In general, 
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the higher this cutoff frequency, the lower will be the characteristic impedance of the line, 
and hence the less the voltage gain.

A signal generator connected to the input terminals 1-1 will cause a wave to travel along 
the grid line. As this wave reaches the grids of the distributed tubes, currents will flow 
in the anode circuits of the tubes. Each tube will then send waves in the anode line in 
both directions. If the reverse termination is perfect, the waves that travel to the left in the 
anode line will be completely absorbed, and will not contribute to the output signal. The 
waves that travel to the right in the anode line are added all in phase, and the output volt-
age is thus directly proportional to the number of tubes. Hence, the effective transconduc-
tance of such a distributed stage may be increased to any desired limit, no matter how low 
the gain of each tube (or section) is (even if it less than unity). As long as gain per section 
is greater than the transmission-line loss of the section, the signal in the anode line will 
increase and can be made large enough by using a sufficient number of tubes.

The total voltage gain A of the distributed amplifier consisting of n sections is written as

 
A

ng
Z Z= m

01 22 0
 

(9.1)

where gm is the tube transconductance, Z01 is the characteristic impedance of the grid line, 
and Z02 is the characteristic impedance of the anode line. Assuming that both transmission 
lines are identical,
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FIGURE 9.1
Basic structure of vacuum-tube distributed amplifier.
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where xk = f/fc, R = 1/πfcC (C = Cg = Cp), f is the frequency, and fc is the cutoff frequency 
of the transmission line. Equation 9.1 can be rewritten under conditions given by 
Equation 9.2 as

 
A

g R n

x
=

−
m

k
22 1  

(9.3)

where the second factor shows that the gain of the simple structure of a distributed ampli-
fier shown in Figure 9.1 will be a function of frequency. This is due to the fact that the 
midshunt characteristic impedance of a low-pass constant-k filter section rises rapidly 
as the cutoff frequency is approached. This, in turn, causes the gain of the amplifier to 
increase sharply near cutoff, producing a large undesired peak.

There are several methods that can be used to eliminate this undesired peak and improve 
the frequency response, and one of them is to use the adjacent coils that are wound on 
the same form and in the same direction with large coupling coefficient M, as shown in 
Figure 9.2. In this case, each coupling section can be equated to the usual m-derived filter 
section. As a result, the total voltage gain A and phase shift ϕ for a distributed amplifier 
with n tubes can be written, respectively, as
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FIGURE 9.2
Vacuum-tube distributed amplifier with mutual coupling.
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ϕ =

−
−2  tan 1 k

k
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mx

m x2

 

(9.5)

where R0 = 1/πf0Cg, xk = f/f0, f g C C0 = m g p/π  is the Wheeler’s bandwidth-index frequency, 
and m is the design parameter selected for desired tolerance [2]. It should be noted that 
the presence of the parasitic capacitance distributed throughout the transmission-line coil 
windings results in lowering the amplifier cutoff frequency and in altering the impedance 
of the transmission lines, thus making it difficult to terminate properly [3]. An improve-
ment of the gain/frequency response near cutoff frequency can be achieved by the inser-
tion of extra sections into the grid or anode line, by the use of network whose image (or 
terminating) impedance (at a shunt-capacitance point) falls to zero at the cutoff frequency, 
or by the use of low-pass networks containing resistive elements [4,5]. In addition, the rise 
of gain can be eliminated by having different propagation functions for the sections in a 
distributed amplifier [6].

To improve both gain/frequency characteristic by making it flatter and phase-shift/fre-
quency characteristic by making it more linear, a staggering principle can be applied when 
the lumped lines in the distributed amplifier are so arranged that the anode-line traveling 
wave and the grid-line traveling wave are not in phase at corresponding points along the 
lines [7]. In a distributed amplifier embodying the constant-k LC filter network as the ele-
ments of the lumped lines, the stagger is introduced by making the cutoff frequency of the 
grid line a little higher than that of anode line. At a given frequency, a line with a higher 
cutoff frequency produces a smaller phase than one with a lower cutoff frequency. The 
difference between the phase shifts produced by the two lines increases continuously as 
the frequency is increased.

The overall gain characteristic and phase shift of a staggered n-tube distributed ampli-
fier with constant-k low-pass LC filter network is given, respectively, by

 
A g

Z n= m
0π

2
2

2
sin /
sin /

ψ
ψ  

(9.6)

 ϕ = − −− −( )( sin )n x qx1 1sin 1
k k  

(9.7)

where ψ = θp − θg, θp = 2 sin−1xk is the phase shift introduced by the individual section of 
the anode line, θg = 2 sin−1qxk is the phase shift introduced by the individual section of 
the grid line, xk = f/fcp, q = fcp/fcg, fcp is the anode-line cutoff frequency, and fcg is the grid-
line cutoff frequency. In order that the amplitude may fall to zero just below the cutoff 
frequency of the anode line, the last factor in Equation 9.6 has to vanish at fcp, resulting in 
(nψ/2) = π at xk = 1. Hence, the ratio between grid-line and anode-line cutoff frequencies 
can be obtained as

 
q

n
= −



sin

2
π π

 
(9.8)

Similarly, the gain and phase-shift characteristics of a distributed amplifier with 
m-derived filter sections can be improved by staggering with different m-values of the 
anode and grid lines when the grid line has the larger m [7]. In practical implementation of 
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a vacuum-tube distributed amplifier, the distributed cascode circuit can be used to mini-
mize the degeneration at higher frequencies caused by the common lead inductances and 
feedback capacitances of the tubes [8]. However, if the attenuation in the grid line due to 
grid loading is substantial, the staggering of the lines may not necessarily provide much 
improvement of the gain characteristic, although the phase-shift characteristic is approxi-
mately the same as for the lossless case [9]. Generally, effects of staggering the lines in the 
distributed amplifiers based on vacuum tubes and transistors are different as their electri-
cal behavior is characterized by different equivalent circuit representations [10].

If the attenuation in the grid line is neglected in order to obtain a general analysis of 
distributed amplifiers operating as large-signal devices, all tube currents add in phase as 
they progress toward the output end of the amplifier. Consequently, the output current 
is just n times the current that one tube produces in the output resistance and the output 
power varies as the square of the number of tubes. This is in contrast to the dc power 
input, which varies directly with the number of tubes. As a result, it is desirable to use as 
large a number of tubes as possible to increase efficiency, which increases directly with the 
number of tubes.

In a distributed amplifier designed for flat frequency response, the output power is con-
stant with frequency as long as the driving power remains constant. Hence, the output 
power calculated for low frequencies should apply for any frequency in the operating 
region. Figure 9.3 shows the instantaneous values of anode voltage and anode current for 
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FIGURE 9.3
Instantaneous values of anode voltage and anode current in Class-AB operation.
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idealized tube voltage–ampere characteristics in a Class-AB operation [11]. In this case, the 
instantaneous anode voltage va(ωt) varies according to
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where the conduction angle 2θ indicates the part of the RF current cycle, during which a 
device conduction occurs.

The instantaneous anode current ia(ωt) can be written as
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with a quiescent current Iq = Im cos θ.
The dc value of the anode voltage must be equal to the anode supply voltage Va as
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The dc anode current I0 is the average value of the instantaneous anode current given by
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The peak value of the fundamental component of the anode voltage is written as
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The peak value of the fundamental component of the anode current is obtained by
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The efficiency η is calculated as the ratio of the output fundamental power to the input 
dc power. At low frequencies, the anode circuit of the distributed amplifier with resistive 
terminations is only 50% efficient since half the output power from tubes is dissipated in 
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the reverse termination. Consequently, the output power is one half the product of the 
fundamental current and fundamental voltage. As a result,
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From Equation 9.15, it follows that the maximum theoretical efficiency of the distributed 
amplifier is derived to be about 30% and occurs with an anode current conduction angle of 
about 225° [11]. However, since the average value of the dc current drawn from the anode 
supply will decrease with frequency supply, the distributed amplifier will tend to become 
more efficient as the operating frequency increases. The change in efficiency is related to 
the change in the average plate current from no-signal conditions to full-signal conditions.

9.2 Microwave GaAs FET Distributed Amplifiers

The distributed amplifier using hybrid technology with lumped elements was first investi-
gated based on silicon bipolar transistors in 1959 [12], MOSFETs in 1965 [13], and MESFETs 
in 1968–1969 [14,15]. In circuits that employ the field-effect transistors as active elements, 
the gate and drain loading plays a very significant role in operation and the high-frequency 
performance of the distributed amplifier. Therefore, it is only recently, with the availability 
of good-quality microwave GaAs FETs, the distributed amplifiers have again become pop-
ular at microwave frequencies [16]. In this case, GaAs FETs are used as the active devices, 
and the input and output lines can represent the periodically loaded microstrip transmis-
sion lines. With such an arrangement, the factors degrading the expected performance 
such as device input and output resistances and capacitances are either completely elimi-
nated or their effect is included in the design. The resultant distributed amplifiers exhibit 
very low sensitivities to process variations and are relatively easy to design and simu-
late. In the early 1980s, the technology of distributed amplification was further improved 
by implementing the silicon and semi-insulating GaAs MMICs, which provide low-loss, 
small size, high reliability, circuit design flexibility, and a high level of integration. The 
first 0.5- to 14-GHz monolithic GaAs FET distributed (or traveling-wave) amplifier was 
designed in 1981 [17].

9.2.1 Basic Configuration with Microstrip Lines

The simplified schematic representation of a four-section GaAs FET distributed amplifier 
is shown in Figure 9.4, where the microstrip lines are periodically loaded with the complex 
gate and drain impedances of the devices, thus forming lossy transmission-line structures 
of different characteristic impedance and propagation constant [18]. An RF signal applied 
at the input end of the gate line travels down the line to the other end, where it is absorbed 
by the terminating impedance connecting at the end of the gate line, which includes the 
gate dummy resistor R1. However, a significant portion of the signal is proportionally dis-
sipated by the gate circuits of the individual FETs along the way. The input signal sampled 
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by the gate circuits at different phases (and generally at different amplitudes) is trans-
ferred to the drain line through the FET transconductances. If the phase velocity of the 
signal at the drain line is identical to the phase velocity of the gate line, then the signals 
on the drain line add forming a traveling wave. The addition will be in phase only for the 
forward-traveling signal. Any signal that travels backward, and is not fully canceled by 
the out-of-phase additions, will be absorbed by the terminating impedance connecting at 
the end of the drain line, which includes the drain dummy resistor R2. The gate and drain 
capacitances of the FET effectively become part of the gate and drain transmission lines, 
while the gate and drain resistances introduce loss on these lines.

In conventional power amplifiers, it is impossible to increase the gain-bandwidth 
product by just paralleling the FETs because the resulting increase in transconductance 
gm is compensated for by the corresponding increase in the input and output capaci-
tances. The distributed power amplifier overcomes this problem by adding the indi-
vidual device transconductances without adding their input and output capacitances, 
which are now the parts of the artificial gate and drain transmission lines, respectively. 
If the spacing between FETs is small compared to the wavelength, the characteristic 
impedances of the gate and drain lines shown in Figures 9.5a and 9.5b, respectively, can 
be approximated as
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where Cgs is the gate–source capacitance and Cds is the drain–source capacitances of the 
unit FET cell, lg and ld are the lengths of the unit gate-line and drain-line sections, and 
Lg, Cg and Ld, Cd are the per-unit-length inductance and capacitance of the gate and drain 
lines, respectively. Here, the effect of the gate resistance Rgs and drain resistance Rds is 
neglected. It should be noted that the characteristic impedance expressions in Equations 
9.16 and 9.17 are clearly independent of the number of FETs used in the circuit.
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FIGURE 9.4
Schematic representation of four-section GaAs FET distributed amplifier.
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As a result, the amplifier available gain G for n-section circuit by approximating the gate 
and drain lines as continuous structures can be written as
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where the propagation constants γg and γd are simplified using small-loss approximation as
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Under normal operating conditions, the signals in the gate and drain lines are near syn-
chronism when βglg ≅ βdld, and Equation 9.18 can be simplified for Zg ≅ Zd ≡ Z0 and small 
losses to
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from which it follows that, as the number of unit cells or sections n is increased, the 
 available gain G does not increase monotonically and approaches zero in limit as n gets 
large.
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FIGURE 9.5
Simplified equivalent-circuit diagram of FET distributed amplifier.
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For values of nαglg ≤ 1 and when the drain-line losses are negligible compared to the 
gate-line losses, Equation 9.21 can be rewritten as
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which means that, in this operating conditions, the available gain G can be made propor-
tional to n2. In this case, by using the expression for the gate-line attenuation constant αg 
given in Equation 9.19, one can find that

 nZ R C0 gs
2

gs
2 2ω ≤  

(9.23)

which defines the upper limit to the total gate periphery that can be used in practical dis-
tributed amplifier or the maximum number of unit sections for a given FET device. Similar 
results can be obtained by applying a theoretical analysis based on matrix technique by 
employing a finite number of active and passive circuit elements [19].

In view of the gate-line and drain-line losses, from Equation 9.21, it follows that the 
power gain of a distributed amplifier approaches zero as n → ∞. This happens due to the 
fact that the input voltage on the gate line decays exponentially, so the input signal does 
not reach FETs at the end of the amplifier gate line and, similarly, the amplified signals 
from FETs near the beginning are attenuated along the drain line. This implies that, for 
a given set of FET parameters, there will be an optimum value of n that maximizes the 
power gain of a distributed amplifier. Hence, by differentiating Equation 9.21 with respect 
to n and setting the result to zero, the optimum number of sections nopt can be determined 
from
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which depends on the device parameters, line lengths, and frequency through the attenua-
tion constants given in Equations 9.19 and 9.20. For example, it is necessary to calculate the 
power gain of a distributed amplifier operated from 1 to 12 GHz, with a maximum gain at 
10 GHz. Assuming that ωRgsCgs = 0.5, Z0/Rgs = 4, and Z0/Rds = 0.2 for the specified device 
parameters and Zg = Zd = Z0 = 50 Ω, from Equations 9.19 and 9.20, it follows that αglg = 0.5 
and αdld = 0.1, resulting in nopt = ln(0.5/0.1)/(0.5 − 0.1) = 4.0 or four sections.

Figure 9.6 shows the frequency dependence of a power gain for different numbers of 
FET unit cells or sections [18]. It is clearly seen that there is an optimum number nopt, 
which provides maximum frequency bandwidth with minimum gain variations and rea-
sonable power gain. For example, a power gain of 9 ± 1 dB over a bandwidth of 1–13 GHz 
was obtained for a four-cell distributed amplifier with a total GaAs FET gate periphery 
of 4 × 300 µm. It should be mentioned that the resistive part of the gate loading typically 
results in a 3-dB gain reduction. Effect of the drain loading is not so significant; however, 
the power gain can be increased by about 1 dB for increased values of the drain loading 
resistance.

Replacing the conventional GaAs MESFETs with high-performance HEMT devices in 
a five-section monolithic distributed amplifier will result in significant improvements in 
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power gain and noise figure. For example, using 0.35-µm-gate-length HEMTs provides a 
low-noise figure by 2 dB lower and a power gain by 2.5 dB higher than achieved using 
0.5-µm-gate-length MESFET devices in a frequency range from 2 to 20 GHz [20].

9.2.2 Basic Configuration with Lumped Elements

The equivalent gate and drain artificial transmission lines based on lumped inductors and 
capacitors are shown in Figures 9.7a and 9.7b, respectively [21,22]. For a constant-k-type 
transmission line, the phase velocity is a well-known function of the cutoff frequency fc 
of the line. By requiring the phase shift between each gate-line and drain-line section to 
be equal, the cutoff frequency for the gate transmission line fcg = 1/2πRgsCgs and the cutoff 
frequency for the drain transmission line fcd = 1/2πRdsCds must also be equal. As a result, 
the available gain G of the lumped distributed amplifier can be written as
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where αg and αd are the attenuations on the gate and drain lines per section, Z L C01 g gs/=  
and Z L C02 d ds/=  are the characteristic impedances of the gate and drain line, 
respectively.

The attenuation on the gate and drain lines is the critical factor controlling the frequency 
response of the distributed amplifier. When attenuation per section is sufficiently small, 
the corresponding attenuations on the gate and drain lines can be given by
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Power gain versus frequency for different numbers of cells.
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where xk = f/fc is the normalized frequency and f L C L Cc g gs d ds1/ /= =π π1  [22]. From 
Equations 9.26 and 9.27, it follows that the gate-line attenuation is more sensitive to fre-
quency than the drain-line attenuation, and the drain-line attenuation does not vanish 
in the low-frequency limit, unlike attenuation in the gate line. Therefore, the frequency 
response of the distributed amplifier can be expected to be predominantly controlled by 
the attenuation on the gate line. Generally, the attenuation on the gate and drain lines can 
be decreased by making fc/fcg and fcd/fc small when the transistor having high fcg and low 
fcd has to be chosen for a given fc.

The maximum gain-bandwidth product of the distributed amplifier can be estimated by

 G f f0 dB 0.8 1 ≈ max  
(9.28)

where G0 is low-frequency available gain of the amplifier, f1dB is the frequency at which the 
power gain of the amplifier falls below G0 by 1 dB, and
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is the frequency at which the maximum available gain (MAG) of the FET becomes unity [22].

9.2.3 Capacitive Coupling

The attenuation of the gate line αg increases rapidly with frequency, as shown in Equation 
9.19, resulting in a lower power gain at high bandwidth frequencies. In this case, if the gate-
line attenuation can be made very small, the input signal is nearly evenly applied to all 
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FIGURE 9.7
Simplified equivalent circuits of FET distributed amplifier with lumped inductors.

© 2016 by Taylor & Francis Group, LLC

  



653Distributed Amplifiers

FETs in the amplifier and the power gain will remain constant over a wide frequency band. 
However, since the gate-line attenuation is directly proportional to the gate–source capaci-
tance Cgs, then it is possible to reduce its effect by adding a series capacitor C connected 
to each gate, as shown in Figure 9.8 [23,24]. As a result, since the effective gate capacitance 
is reduced by a factor of q/(1 + q) when C = qCgs, the gate-line attenuation αg decreases 
by a factor of q/(1 + q) and the gate-circuit cutoff frequency fg is increased by a factor of 
(1 + q)/q at a fixed frequency. The gate voltage, however, divides between C and Cgs, and the 
FET can now be considered as a modified device having an effective gate–source capaci-
tance of ′ = +C qC qg gs/ 1( ) and an effective transconductance of ′ = +g qg qm m/ 1( ) [25]. 
The series capacitor also reduces the gain per device, but the overall amplifier gain cannot 
be reduced if more devices are connected or a larger gate periphery is used. Moreover, 
the series capacitance and gate–source capacitance form a voltage divider, allowing for an 
increased signal level along the gate line, resulting in a significantly higher output power 
and  efficiency for a distributed amplifier.

With a much larger total FET periphery, drain-line loading begins to limit output power, 
particularly at the upper end of operating band, resulting in a low or even negative real 
part of the impedance at the drains closer to the output. In this case, a capacitor can be 
inserted between the drain line and the drain of any FET with low real part of the imped-
ance, thus decreasing drain-line loading and increasing the impedance at the drains [26]. 
As a result, a higher total FET periphery can be accommodated and higher output power 
can be achieved. Figure 9.9 shows an example of the three-cell GaAs FET distributed 
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FIGURE 9.8
Schematic of distributed amplifier with series capacitors at FET gates.
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FIGURE 9.9
Schematic of distributed amplifier with series capacitor at FET drain.
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amplifier using capacitive drain coupling. This circuit with a drain coupling capacitor con-
nected to FET3, which operates from 14 to 37 GHz, also features a varying gate periphery 
and capacitive gate coupling. Inserting the 0.25-pF capacitor between FET3 and the drain 
line substantially increases the real part of the impedances at the drains of FET2 and FET3 
over the frequency range from 18 to 38 GHz. This, in turn, results in higher and flatter out-
put-power performance up to much higher frequencies, with a power increase by 1.5 dB at 
18 GHz and by 5 dB at 27 GHz compared to the circuit without drain capacitive coupling.

9.2.4 Tapered Lines

As an alternative, to compensate for the attenuation due to the gate finite input resistance 
so that the FETs in the distributed network are not driven equally, equal drive to each 
transistor can be restored by increasing the characteristic impedance of the gate line in a 
systematically tapered manner from the input of the gate line to its end toward the gate 
load resistor [27]. In a manner analogous to the gate voltage equalization, the voltage at 
the drains of all of the FETs can be made the same by tapering the drain-line impedance, 
but with systematically decreasing impedance along the line toward the output load [2]. 
Improved performance in terms of the smaller gain flatness and wider frequency band-
width can also be achieved by using a concept of the declining drain-line lengths when the 
lengths of the drain-line elements between the FET drains become shorter with optimized 
values the closer the drain line is located toward the output terminal [28].

The effect of a tapered drain line in terms of current distribution for a two-section dis-
tributed amplifier is shown in Figure 9.10, where the first FET device operates into a section 
of the drain line with a characteristic impedance Z0 and entire drain current id flows to the 
next section [2]. If the next section has a lower characteristic impedance of Z0/2, one-third 
of the incident drain current from the second FET device will cancel the reflected current 
from the first FET device at the junction of the second FET device. The remaining two-
thirds of the drain current from the second FET device and four-thirds of the drain current 
from the first FET device add and propagate toward the end of the second section of the 
drain line into the new third section. At the next junction, the third section should have 
the characteristic impedance equal to Z0/3. This process continues where each successive 
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FIGURE 9.10
Current distribution in optimally tapered drain line.
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transmission-line section has a characteristic impedance of Z0/n, where n is the number 
of sections. The entire current of the FET devices may thus be effectively used in the load 
without the necessity of half the drain current flowing into the load and half the drain 
current flowing into the reverse termination. In this case, it should be noted that current 
equalization is difficult to achieve in practice due to unequal drive voltages on the gate line 
and FET process variation, and there exists a small range of useful realizable impedances 
for microstrip-line practical implementation.

Figure 9.11a shows the general structure of a distributed FET amplifier, where Zg(i) and 
Zd(i) are the optimum characteristic impedances of the gate- and drain-line ith sections, 
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FIGURE 9.11
Schematics of nonuniform pHEMT distributed amplifiers.
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while RLg and RLd are the gate and drain dumping resistors, respectively [29]. In this case, 
the optimum input and output capacitances of each FET device are absorbed into the arti-
ficial gate and drain lines to synthesize the optimum characteristic impedances Zg(i) and 
Zd(i). In the particular case of uniform distributed amplifiers, assuming an identical gate 
voltage amplitude on each transistor, the characteristic admittances of the drain-line sec-
tions can be given as

 Y Gd(1) opt=  
(9.30)

 
Y G

G
G G

i i nd(i) opt
opt

opt Ld
2=

+
+ −







≤ ≤1

  

(9.31)

where Gopt is the optimum output conductance of each transistor, Yd(1) = 1/Zd(1) is the opti-
mum characteristic admittance of the first drain-line section, Yd(i) = 1/Zd(i) is the optimum 
characteristic admittance of the ith drain-line section, and GLd = 1/RLd is the drain dummy 
conductance.

The resulting optimum output power Pout of the uniform distributed amplifier is 
defined as
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where Pmax is the maximum power at 1-dB gain compression point and n is the total num-
ber of transistors within the amplifier.

In the case of nonuniform distributed amplifier, the generalized optimum power-match-
ing structure can be analytically determined to add the individual power contribution in 
the direction of the output power as
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(9.33)
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where Pmax(1) is the maximum power of the first device, Pout is the amplifier output power, 
and Gopt(k) and Pmax(k) are the optimum output conductance and output power of the kth 
transistor, respectively [29].

It should be noted that, in the case of moderate frequency bandwidth applications 
( fmax/fmin < 3), the drain dumping load RLd can be removed so that each transistor could 
be ideally matched and yield its maximum output power, resulting in
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To achieve the equal-gate voltage distribution, the characteristic impedances of the gate-
line sections Zg(i) = 1/Yd(i) are defined as
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and the electrical lengths θg(i) and θd(i) of the corresponding gate- and drain-line sections 
must always verify θg(i) = θd(i).

Figure 9.11b shows the simplified circuit schematic of a monolithic nonuniform distributed 
amplifier composed of six amplifying cells and implemented in a 0.25-µm power pHEMT 
process, where the first transistor represents a 600-µm HEMT and the other transistors rep-
resent 300-µm HEMTs [29]. Here, discrete series capacitors couple each transistor to the gate 
line and act as voltage dividers to ensure equal drive levels on the transistor gates. Implanted 
GaAs resistors shunt the series MIM capacitors to supply gate bias. As a result, an output 
power of 30 dBm with a power gain of 7 dB and a PAE of greater than 20% was achieved 
across the frequency band from 4 to 19 GHz at a drain supply voltage of 8 V. By optimiz-
ing the nonuniform nature of the gate and drain lines and using the series capacitors at the 
device gates, the average 5.5-W output power and 25% PAE were achieved over 2–15 GHz 
for a five-cell monolithic distributed amplifier using a high-voltage 0.25-µm AlGaN/GaN 
HEMT on SiC technology with a total gate device periphery of 2 mm at a 20-V drain bias [30].

The efficiency can be further increased for the same multioctave frequency bandwidth 
when the resistive termination is neglected and optimum load can be presented to each 
active device by correspondingly tapering the drain-line characteristic impedance [31]. In 
addition, the transmission-line lengths can be adjusted such that the transistor currents 
add in-phase and the FET output capacitances can be absorbed into the transmission line. 
If the optimum load resistance Ropt(k) for kth transistor is a known quantity for the process 
and is extracted from load-pull data, the unknown drain-line characteristic impedances 
Zd(k) can be calculated from
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(9.40)

where Ropt = Ropt(k) WQk  and WQk  is the gate width of kth transistor [32]. At low frequency, 
the individual FET optimum load resistances Ropt(k) will combine in parallel and this paral-
lel combination should be equal to the load impedance RL to maximize the output power 
of the amplifier, where Zd(k) = RL.

Table 9.1 shows the device and transmission-line parameters corresponding to the 10-cell 
nonuniform distributed amplifiers with equal and unequal device gate sizes. In the case 
of equal gate widths for each cell, the maximum characteristic impedance of the transmis-
sion line is equal to 500 Ω, which is difficult to realize by microstrip line using normal 
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GaN on SiC process. However, by making the first FET cell thrice as large as that of the 
others, the maximum characteristic impedance of the first transmission line can be signifi-
cantly reduced to an acceptable value. The estimated maximum RF output power shown 
in Table 9.1 is calculated assuming a sinusoidal output voltage across the load as V Rdd L/2 2 , 
where Vdd is the drain supply voltage.

The circuit schematic of a monolithic 10-cell nonuniform distributed amplifier designed 
to operate over a 10:1 bandwidth including as much of Ku-band as possible is shown in 
Figure 9.12a [32]. In this case, by using Equation 9.40 and assuming 35-Ω load impedance, 
the first FET cell was sized at 520 µm with the remaining nine cells sized at 320 µm each 
for a total periphery of 3.4 mm. To transform the standard 50-Ω load to 35-Ω impedance, 
a quarterwave microstrip line centered near the upper band edge was used, as shown in 
Figure 9.12b. As a result, the saturated output power greater than 8 W with a peak value of 
13 W and PAE greater than 20% with a peak value of 38% were achieved over a frequency 
bandwidth of 1.5–17.0 GHz at a drain supply voltage of 30 V for an input power of 32 dBm 
using a 0.25-µm GaN HEMT on SiC technology. With some process modifications resulting 
in higher current handling capability for passive elements and increased gain and voltage 
handling at the device unit cell, a minimum output power of 11 W with a minimum PAE 
of 28% was achieved across 2–18 GHz at a drain supply voltage of 35 V [33].

The greater efficiency can be provided at lower frequencies when the power-added effi-
ciencies of 30%–60% with an output power of around 40 dBm over the frequency band-
width of 100 MHz to 2.2 GHz have been achieved for a monolithic four-cell distributed 
amplifier with a tapered drain line using a 0.5-µm GaN HEMT on Si process [34]. A low-
temperature co-fired ceramic (LTCC) technology is an attractive choice for fabricating 
power amplifiers because it provides a sufficiently high circuit density integration, low RF 
loss, and good thermal performance. In this case, the discrete active devices can be placed 
directly on top of 400-µm silver-filled vias, which provide a good thermal dissipation to 
ground [35]. As a result, a five-cell distributed amplifier using pHEMT devices with a 2.1-
mm gate periphery each provides a 1-W output power over the frequency bandwidth from 
800 MHz to 2.1 GHz with a 3.2-V supply voltage. Here, a broadband multisection output 
impedance transformer (incorporating two 4:1 coupled-coil transformers in series with 
additional matching elements) is required to transform the optimum output impedance 
of 3.3 Ω to a standard 50-Ω load throughout the band. A three-cell design for a distributed 
amplifier using pHEMT devices with a 1.9-mm gate periphery each, whose circuit sche-
matic is shown in Figure 9.13, can provide a 2-W output power over the frequency range 

TABLE 9.1

Parameters of 10-Cell Nonuniform Distributed Amplifier

Equal FET Cells Unequal FET Cells

Parameters FET Number WQ (mm) Zd (Ohm) WQ (mm) Zd (Ohm)

FET Ropt (Ω-mm) = 120
RL (Ω) = 50
Total FET width (mm) = 2.4
Number of cells = 10
Supply voltage (V) = 30
Maximum RF power 
(W) = 9.0

1
2
3
4
5
6
7
8
9

10

0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24

500
250
167
125
100
83
71
63
56
50

0.60
0.20
0.20
0.20
0.20
0.20
0.20
0.20
0.20
0.20

200
150
120
100
86
75
67
60
55
50
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from 0.6 to 2.2 GHz with a PAE greater than 30% at a 12-V supply voltage [36]. In this case, 
the drain-line termination was set well above 50 Ω, since the impedance at that point in 
the circuit is approximately 150 Ω, and it could be made even larger at the expense of 
gain flatness and stability with only 1%–2% efficiency drop due to the extensive drain-line 
impedance tapering. A 6-W distributed amplifier based on five LMOSFET devices having 
a 5-mm gate width each can achieve a PAE greater than 30% over the frequency bandwidth 
from 100 MHz to 1.8 GHz at a 28-V supply voltage [36]. With a hybrid implementation 
using Roger’s RT5880 substrate and discrete transistors, a higher than 30% PAE over a 
frequency bandwidth of 20 MHz to 2.5 GHz was achieved for a 5-W three-cell distributed 
amplifier with an optimized tapered drain line using a 0.35-µm GaN HEMT on SiC pro-
cess at a supply voltage of 28 V [37].

9.2.5 Power Combining

Since there is a strong demand for solid-state power amplifiers to provide high output 
power, high efficiency, and wide bandwidth in different microwave and millimeter-
wave radar and communication systems, distributed amplifiers can be considered a 
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FIGURE 9.12
Circuit topology and MMIC of nonuniform GaN HEMT distributed amplifier.
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good candidate for ultra-wideband operation because their bandwidth performance is 
dominated by a high cutoff frequency for artificial input and output transmission lines. 
However, output power is generally limited by the drain-line termination and a maxi-
mum total gate periphery that can be included in a single-stage design. In this case, it is 
necessary to use power combining schemes using the transmission-line Wilkinson power 
divider or coupled-line Lange-type power dividers and combiners [38].

Figure 9.14 shows the circuit schematic of a monolithic two-stage distributed ampli-
fier, where the input signal is equally divided into the gate lines, each employing four 
150-µm FETs, using a Wilkinson power divider without the isolation resistor [39]. Such 
a configuration with a single-section Wilkinson divider had contributed in obtaining a 
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FIGURE 9.13
Schematic of three-cell pHEMT distributed amplifier using LTCC technology.
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FIGURE 9.14
Distributed power amplifier with eight FET cells.
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decade bandwidth performance because of the good input matching characteristics of the 
individual amplifiers. In this circuit, the FETs excited from the two separate gate lines 
are combined on a single drain line, effectively giving a 4 × 300-µm drain periphery, thus 
doubling the output power over a frequency range of 2–20 GHz. Figure 9.15 shows the cir-
cuit diagram of a monolithic balanced nonuniform distributed amplifier, where an input 
power divider and an output power combiner represent the monolithic Lange couplers, 
which were designed to achieve operation over 6–18 GHz using highly over-coupled lines 
[40]. In this case, some output power degradation at upper operating frequencies because 
of the loss in artificial gate and drain lines due to the parasitic resistors in transistors was 
compensated by using a shunt short-circuited quarterwave microstrip line at the output 
of each distributed amplifier. As a result, the fabricated monolithic balanced nonuniform 
distributed amplifier using a 0.25-µm AlGaN/GaN HEMT technology was able to deliver 
an output power of more than 10 W over 6–18 GHz at a drain supply voltage of 40 V.

9.2.6 Bandpass Configuration

Similar to the conventional distributed amplifiers representing a low-pass configuration, 
it is possible to achieve sufficient power gain over extreme bandwidths with the  bandpass 
distributed amplifiers limited only by the high-frequency effects of the amplifying devices 
[8]. In this case, additional inductive elements are placed in parallel with the shunt capac-
itance of the FETs, and this allows the gate capacitance to be effectively reduced, thus 
increasing the upper operating frequency for a given FET [41,42]. However, there has to be 
some drop in fractional bandwidth owing to the introduction of a lower cutoff frequency. 
Besides, better noise performance and linear phase response can be achieved with the 
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FIGURE 9.15
Schematic of balanced distributed amplifier with Lange couplers.
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bandpass distributed amplifiers. However, the basic bandpass distributed amplifier has 
an amplitude response that is inherently nonflat that may require additional parameter 
optimization procedure or inserting of additional compensating circuits.

The gate and drain lines in such a bandpass distributed amplifier have capacitors in 
the series arms of the gate and drain lines, thus preventing a direct biasing of the gate 
and drain terminals in the usual manner by means of two common dc power supplies 
connected to both lines. An alternative structure of the three-cell bandpass distributed 
amplifier with the series inductors and shunt series LC circuits in the gate and drain lines 
is shown in Figure 9.16 [43]. The value of the corresponding inductances in the gate and 
drain circuits are calculated from
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where RL = RLg = RLd is the load impedance, ω π0 1 2= 2 f f  is the center bandwidth 
 frequency, f1 is the lower bandwidth frequency, f2 is the upper bandwidth frequency, 
m = f1/f2, and the effective capacitance C = Cg = Cd is determined for particular device 
input and output capacitances, load impedance, and boundary frequencies. For example, 
C = 3.18 pF for f1 = 1 GHz, f2 = 3 GHz, RL = 50 Ω, and GaAs FET NE72218 with Cin = 0.96 pF 
and Cout = 0.64 pF. In this case, the inductor values are calculated from Equations 9.41 
and 9.42 as Lg1 = Ld1 = 1.99 nH and Lg2 = Ld2 = 7.97 nH. As a result, the passband of this 
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FIGURE 9.16
Schematic of three-cell bandpass distributed amplifier.
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bidirectional and symmetric distributed amplifier with surface-mounted inductors covers 
a frequency bandwidth from 842 MHz to 3.17 GHz with a power gain of around 10 dB and 
linear phase response [43].

9.2.7 Parallel and Series Feedback

Among the various factors affecting the amplifier gain are the input and output loss fac-
tors of the active device. The input loss factor determines the rate at which the input signal 
decays along the gate line, and the output loss factor affects the growth rate of the output 
signal along the drain line. As a result, the optimum number of transistors to be used 
in the distributed amplifier is therefore determined by the input and output loss factors, 
which can be changed to achieve higher gain values through the use of feedback provided 
by the active element.

Figure 9.17 shows the small-signal equivalent circuit of a common-source FET device, 
where Yf = Gf + jBf is a parallel feedback admittance and Zf = Rf + jXf is a series feedback 
impedance. For studying the effects of various feedback elements on the maximum avail-
able gain (MAG) of the two-port network derived in Reference 44, a perturbation method 
can be used where the feedback is assumed small and only the first-order correction term 
ΔMAG is considered. As a result, for a series resistive feedback,
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and for a series reactive feedback,
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where Xf = ωLf, if the feedback element is an inductance, and Xf = −1/ωCf, if it is a capaci-
tance [45]. From Equation 9.44, it follows that capacitive series feedback increases MAG at 
low frequencies acting as a positive feedback. On the contrary, inductive series feedback 
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FIGURE 9.17
General FET model to evaluate effect of series and parallel feedback.
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acts as a negative feedback at low frequencies. At the same time, at higher frequencies 
when the numerator in Equation 9.44 becomes positive, capacitive feedback is negative and 
inductive feedback is positive. The role of the resistor as a positive or negative feedback 
element is not only frequency dependent but also dependent on various FET parameters at 
a given frequency. Specifically, series source resistance acts as a negative feedback element 
only if the numerator in Equation 9.43 is positive. At low frequencies, the increase in gain 
due to positive capacitive feedback and the reduction in gain due to negative resistance 
feedback do not have the same frequency dependence. Therefore, a series RC feedback 
cannot be used for broadband loss compensation, unlike a parallel RC feedback, which can 
lead to the possibility of broadband loss compensation.

Similarly, for a parallel resistive feedback,
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and for a parallel reactive feedback,
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where Bf = ωCf, if the feedback element is a capacitance, and Bf = −1/ωLf for inductive feed-
back [45]. It can be seen from Equation 9.45 that a parallel resistive element always gives 
a negative feedback regardless of frequency or FET parameters. However, according to 
Equation 9.46, the role of capacitive and inductive elements in giving positive or negative 
parallel feedback is reversed compared to that in a series feedback.

It should be noted that the maximum level of positive feedback usable in a given dis-
tributed amplifier is limited by the requirement of unconditional stability of the amplifier 
over the whole frequency range. Generally, the risk of oscillations increases with greater 
device transconductance gm, feedback gate–drain capacitance Cgs, or transmission-line cut-
off frequency f L Cc g gs1/= π ; however, the parasitic resistance Rgs and Rds tend to moder-
ate the oscillation phenomena. The detailed analysis of a two-cell distributed structure has 
shown that the oscillation conditions can be satisfied at high frequencies and is due to an 
internal loop formed by the transconductance and the feedback capacitance of the active 
devices, combined with the transmission lines [46]. The oscillations cannot occur due to 
reflections at the terminations (ZLg and ZLd) because the oscillation frequency is lower 
than the cutoff frequency of the transmission lines and an active feedback is necessary to 
provide gain in the loop to generate oscillations. The feedback gate–drain capacitance Cgd 
of the active devices strongly modifies the behavior of distributed amplifiers, but mainly 
when the frequency is high and transistors with high transconductance are used.

Figure 9.18 shows the circuit schematic of a monolithic three-cell distributed driv-
ing amplifier, where each active unit cell represents a cascade pHEMT amplifier with a 
self-biasing circuit through the parallel and series feedback resistors [47]. The feedback 
resistor values were determined for high stability and high gain in distributed amplifier 
using 200- µm pHEMTs as input devices and 480-µm pHEMTs as output devices (187 Ω 
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for parallel feedback resistors and 53 Ω for series feedback resistors). The conventional 
drain termination resistor was eliminated for increasing output power and efficiency in 
this amplifier. As a result, a maximum available gain of more than 25 dB across 5–20 GHz 
and a stability factor of larger than unity over all frequencies were simulated, and a small-
signal gain of 16 ± 0.6 dB over 5–21 GHz and an output power of more than 22 dB at 1-dB 
gain compression point over 6–18 GHz were achieved.

9.3 Cascode Distributed Amplifiers

In practical implementation of a vacuum-tube distributed amplifier, the distributed cas-
code circuit was used to minimize the degeneration at higher frequencies caused by the 
common lead inductances and feedback capacitances of the tubes [8]. By using a cascode 
connection of transistors, it is possible to significantly improve the isolation between the 
input and output artificial transmission lines. The cascode MESFET cell is characterized 
by a higher output shunt resistance, which reduces loading of the drain line, a lower gate–
drain capacitance than the common-source cell, which reduces negative feedback at the 
high end, and provides a possibility of automatic gain control. As a result, a higher MAG 
can be achieved for the cascode cell over a very wide frequency range. For example, a 
cascode monolithic distributed amplifier based on a 0.25-µm InP HEMT technology was 
capable to produce gain as high as 12 ± 1 dB from 5 to 60 GHz and noise figure as low as 
2.4–4.0 dB in the Ka-band [48].

Figure 9.19 shows the circuit schematic of a three-cell nonuniform cascode AlGaN/
GaN HEMT distributed amplifier exhibiting an output power of 5–7.5 W and a PAE of 
20%–33% over the operating frequency range from dc to 8 GHz [49]. In this case, three 
cascode-connected AlGaN/GaN HEMT cells each having a 0.3-µm gate length and a 1-mm 
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FIGURE 9.18
Schematic of three-cell distributed amplifier with parallel and series feedback.
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gate periphery were employed to design and fabricate a high-power monolithic distrib-
uted amplifier. The drain-line dummy load was removed, and the gate- and drain-line 
sections were optimized to maximize an output power and efficiency and provide a flat 
gain throughout the operating frequency range. Note that the lines nearer the output are 
of lower characteristic impedance and, hence, are wider and more able to supply higher 
dc current in a Class-A bias mode. The corresponding center conductor widths of CPW 
drain lines are 27 µm (60 Ω), 40 µm (50 Ω), 66 µm (30 Ω), with ground-to-ground spacing 
of 80 µm. The nine-cell monolithic cascode distributed amplifier using a 0.2-µm AlGaN/
GaN low-noise GaN HEMT technology with an fT ~ 75 GHz was able to achieve 1–4 W 
from 100 MHz to over 20 GHz with noise figure of around 3 dB at a drain supply voltage 
of 30 V [50].

Figure 9.20a shows the MMIC of a five-cell cascode GaN HEMT distributed amplifier 
(Cree CMPA0060025F), which operates between 20 MHz and 6.0 GHz [51]. The amplifier 
typically provides a 17 dB of small-signal gain and an average 30 W (from 42 to 45 dBm) 
of saturated output power with a drain efficiency of better than 23% (better than 30% up 
to 4.0 GHz), as shown in Figure 9.20b for an input power of 32 dBm and two different 
drain supply voltages of 40 and 50 V. To achieve high efficiency, a nonuniform approach 
was used in the design of the drain line where the characteristic impedances changes cell 
by cell and the output reverse termination was eliminated. Proper design of the gate and 
drain lines and resizing of the individual cells provide a reasonable load-line impedance 
for each cell.

The dual-gate GaAs FET device, which is equivalent to cascode-connected single-gate 
devices, has input impedance comparable to that of a single-gate device but much higher 
isolation and output impedance. Note that high reverse isolation in the device is necessary 
for high amplifier isolation to achieve better operation stability, and high device output 
impedance improves gain flatness and output VSWR. Figure 9.21 shows the circuit sche-
matic of a monolithic four-cell dual-gate MESFET distributed amplifier, which provides 
a power gain of 6.5 ± 0.5 dB with greater than 25-dB isolation across the frequency range 
of 2–18 GHz [52]. With a dual-gate AlGaN/GaN HEMT technology, the broadband per-
formance can be improved when a small-signal gain of 12 ± 1 dB over the bandwidth of 
2–32 GHz with a peak PAE of 16% and a peak output power of about 30 dBm is achieved 
for a five-cell monolithic dual-gate distributed amplifier [53]. Using a two-stage distributed 
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FIGURE 9.19
Schematic of three-cell nonuniform cascode GaN HEMT distributed amplifier.
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amplifier when the first stage consists of six 4 × 50-µm dual-gate GaN HEMTs and the sec-
ond stage consists of six 4 × 100-µm dual-gate GaN HEMTs allows the small-signal gain to 
be increased to more than 20 dB with a peak output power of 33 dBm over the bandwidth 
of 2–18 GHz [54].

When using a bipolar technology, superior gain-bandwidth performance of the HBT 
cascode cell compared to conventional common-emitter HBT shows that the cascode offers 
as much as 7 dB more maximum available gain, especially at higher bandwidth frequen-
cies [55,56]. Figure 9.22a shows the circuit schematic of a three-cell cascode distributed 
amplifier based on SiGe HBT devices [57]. Here, the emitter degeneration resistor increases 
the device input impedance and helps to reduce the output distortion. Instead of a con-
stant-k T-section consisting of a series lumped inductor L and a shunt capacitor C with the 
frequency-independent characteristic impedance Z L C0 = /  shown in Figure 9.22b, the 
m-derived T-section shown in Figure 9.22c can be used by adding a parallel inductor to 
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FIGURE 9.20
Schematic of five-cell nonuniform cascode GaN HEMT distributed amplifier.
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provide an additional degree of freedom [58]. Both sections still maintain the same input 
and output impedances, but the m-derived T-section has an LC series resonance in its shunt 
arm. This resonance provides the ability to modify the passband attenuation. As a result, 
the m-derived T-section has a flatter passband and a better input reflection coefficient than 
its corresponding T-section with constant Z0. The choice of a filter section is limited by the 
available die area, complexity of design, and the technology used. Being implemented in 
SiGe BiCMOS or HBT technology, such a cascode distributed power amplifier can achieve 
a measured passband from 100 MHz to 50 GHz with a 1-dB compression power gain vary-
ing from 6 to 8.5 dB with an output power of 4.2 ± 2 dBm [57]. In this case, the m-derived 
filter sections were used for the drain line, and the constant-k T-sections were used for the 
gate line.

To further improve the gain-bandwidth characteristics required for high-bit-rate tele-
communication systems, the design approach based on the attenuation compensation 
technique when a common-collector stage is followed by a cascode transistor pair in each 
distributed cell can be used. In this case, a gain of 12.7 dB over a bandwidth of 50 MHz 
to 27.5 GHz was achieved for the fabricated monolithic three-cell “common-collector cas-
code” HBT distributed amplifier [59]. The measured midband saturate output power of 
17.5 dBm with a peak PAE of 13.2% and the 3-dB output power bandwidth greater than 
77 GHz were achieved with a monolithic eight-cell nonuniform cell-scaled cascode distrib-
uted amplifier using a 0.13-µm SiGe BiCMOS technology [60].

Monolithic integration of HEMT and HBT devices in a single chip can combine the 
advantages of both processes, such as low-noise figure and high input impedance from 
HEMTs and low 1/f noise, higher linearity, and high current driving capability from HBTs. 
In this case, the monolithic distributed amplifier can be designed using the stacked 2-µm 
InGaP/GaAs HBT and 0.5-µm AlGaAs/GaAs HEMT process for each cascode-connected 
cell [61]. To simplify the design procedure, the modified m-derived low-pass T-section 
can be used where the capacitance is fixed and only the inductance is varying with m. 
Figure 9.23 shows the circuit schematic of a monolithic six-cell HEMT-HBT cascode dis-
tributed amplifier where the peaking inductances Ldeg and Lb are utilized to resonate with 
the parasitic capacitances of the common-source and common-base transistors, resulting 
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in a gain peaking at the cutoff frequency. For a supply voltage of 4.5 V with a total dc cur-
rent consumption of 50 mA, the distributed amplifier achieves an average small-signal 
gain of 8.5 dB and a 3-dB bandwidth of wider than 43.5 GHz.

9.4 Extended Resonance Technique

An extended-resonance power-combining technique can be used to space transistors in a 
distributed manner to proper distance from each other to form a resonant power combin-
ing/dividing structure where quarter- or half-wavelength spacing between transistors can 
be avoided [62]. Instead, the spacing is such that the input/output admittance of one tran-
sistor is converted to its conjugate value at the input/output of the next transistor. In this 
case, both gate- and drain-line termination resistors used in a traveling-wave structure 
are eliminated, resulting in a lower frequency bandwidth but higher efficiency. Since the 
magnitude of the voltage at each transistor is the same, the gain of the extended-resonance 
power-combining amplifier with equal-size n transistors is equal to the gain of a single-
device amplifier, while its power capability is increased by n times. This approach enables 
a compact circuit to be designed that is particularly suitable for monolithic microwave 
integrated circuits.

Figure 9.24a shows the circuit schematic of a MESFET distributed amplifier using an 
extended-resonance technique to combine powers from n devices, where the gates and 
drains are sequentially linked with transmission lines [63]. Here, θgk and θdk are the elec-
trical lengths of the transmission lines connecting each device for the gate and drain 
lines, respectively, where 1 ≤ k ≤ n − 1. The quarterwave transmission-line transform-
ers are used at the input and output of the amplifier to match with the respective 50-Ω 
source and load impedances. The gate and drain extended resonance circuits can be 
designed separately after calculating the simultaneous conjugate-match admittances. It 
is assumed that each device has the same gate admittance Yg = Gg + jBg and drain admit-
tance Yd = Gd + jBd. The extra susceptance jBg connected to the device input is provided by 
shunt capacitors or inductors, which can be realized in the form of open- or short-circuit 
stubs. To provide proper power combining, the voltage phase difference between succes-
sive drains should be equal to the voltage phase shift between successive gates. Example 
of a lumped four-device version of a distributed extended-resonance amplifier is shown 
in Figure 9.24b [64].

As shown in Figure 9.24a, the gate-line length θg(n−1) transforms the admittance 
Yg = Gg + jBg from the Nth device to its conjugate value Yg* = Gg − jBg at the location of the 
next device. Adding the gate admittance of the next device, the imaginary components 
cancel, resulting in the gate admittance at (n − 1)th device equal to 2Gg. Then, a shunt sus-
ceptive element Bg is placed at this device so that line length θg2 transforms the resulting 
admittance Yi2 = 2Gg + jBg from the second device to its conjugate value Yi2* = 2Gg − jBg at 
next device. This process continues all the way to the gate of the first device where the 
admittance Yin = nGg can be matched to a given source impedance using a quarterwave 
transformer. Similarly, but only in the reverse direction, the drain-line length θd1 trans-
forms the admittance Yo1 = Yd + jB1, where the shunt susceptance jB1 is connected to the 
device drain, from the first device to its conjugate value Yo1* = Gd − j(Bd + B1) at the location 
of the second device. Then, the drain-line length θd2 transforms the resulting admittance 
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Yo2 = 2Gd + j(B2 − B1) at the second device to Yo3 = 2Gd + j(B2 − B2 + B1) at the third device. 
This continues to the drain of the nth device, where the resulting susceptance is canceled 
by jBn. Consequently, an input signal applied to the gate of the first device will be divided 
equally among all devices. Then, each device amplifies 1/n of the input power and delivers 
it to the output combining circuit where the power from each device is recombined at the 
load. Assuming lossless transmission lines, it can be shown that the total output power is 
equal to n times the power generated by each device.

It should be noted that, due to the resonant nature of the dividing and combining cir-
cuits, their 3-dB frequency bandwidth is limited to about 5%. However, to maximize the 
bandwidth performance, the optimized low-pass ladder-type networks can be used in 
the dividing and combining circuits. Besides, the broadband matching circuit is required 
at the input to match low-impedance presented by the transistors at the gate to the 50-Ω 
source. As a result, the measured output power around 32 dBm with 1-dB flatness and 
a PAE of 20%–40% from 4 to 9 GHz were achieved for a hybrid four-device distributed 
extended-resonance amplifier using AlGaAs/InGaAs pHEMT transistors [65]. To increase 
an overall output power capability, a 40-device distributed multicell multistage amplifier 
based on extended resonance technique was designed where each multicell includes four 
0.25-µm AlGaAs/InGaAs pHEMT devices with a 600-µm gate width and a total gate width 
of the MMIC of 24 mm, resulting in a small-signal gain of 15 dB and an output power of 
around 32 dBm at 1-dB compression point within the frequency bandwidths of 25–30 and 
28–34 GHz [66].
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9.5 Cascaded Distributed Amplifiers

High gain over wide frequency range can be achieved by cascading several stages of a 
 single-stage amplifier, thus composing an artificial active transmission line, which includes 
active-device parameters. Figure 9.25 shows the schematic representation of a four-cas-
caded single-stage distributed amplifier (4-CSSDA), where each stage is based on equal-
size  transistors and equal-value characteristic impedance of all cascades. A feature of this 
arrangement is that the need to maintain the characteristic impedance Z0int of the    intermedi-
ate stages at the standard impedance of 50 Ω is eliminated. An increase in this  intermediate 
impedance results in a higher available gain since the gate voltage at each intermediate stage 
is correspondingly increased.

The available gain for an n-cascaded single-stage distributed amplifier (CSSDA) can be 
calculated to be

 
G

g Z Z Z
CSSDA

m
2n

0int
2(n 1)

0g 0d=
−

4  
(9.47)

where gm is the device transconductance, Z0g is the characteristic impedance of the input 
gate line, and Z0d is the characteristic impedance of the output drain line [67]. An RF signal 
from a matched generator will be coupled by the transconductance of the active device at 
each stage, and finally terminated by the matched output load port. The amplified signal 
is valid only up to the cutoff frequency, which is controlled by the gate circuits. Unlike 
the conventional distributed amplifiers, it is only necessary to equalize the characteristic 
impedances of the input gate and output drain ports of the active device involved at each 
stage, and this can be done by adding an extra capacitance with the output capacitance Cds 
to equalize with the input capacitance Cgs. In this case, the CSSDA is characterized by two 
main features when the input and output stages are the only stages to match with the 50-Ω 
source and load, respectively, and the intermediate characteristic impedance Z0int can be 
optimized to boost the overall available gain according to Equation 9.47.

In order for the CSSDA to produce available gain equal to or higher than the forward 
available gain for an ideal lossless n-stage conventional distributed amplifier (CDA) 
derived from Equation 9.1 as
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FIGURE 9.25
Schematic of four-cascaded single-stage distributed amplifier.
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from Equations 9.47 and 9.48, it follows that

 g Z nm 0int
(n 1) > −

 
(9.49)

which shows that the required interstage characteristic impedance Z0int decreases for the 
same devices as the stage number n increases [68]. Hence, a cascade of four single-stage 
FETs with intermediate characteristic impedance of 86.6 Ω and device transconductance 
gm = 28 mS should yield a 50-Ω matched distributed amplifier configuration with a 20-dB 
available gain over wide frequency band, compared to only 9-dB available gain for a 
conventional distributed amplifier according to Equation 9.48. In a practical case of the 
4-CSSDA using low-noise MESFET devices with gm = 55 mS, a power gain of 39 ± 2 dB over 
a frequency bandwidth of 0.8–10.8 GHz was measured [68].

Owing to the typical second-order low-pass filter configurations, the bandwidth of the 
2-CSSDA is band limited compared with the CDA. As the number of stages of the amplifier 
increases, the low-frequency gain also increases so it is not easy to design a flat gain per-
formance for a multistage CSSDA. Therefore, to provide wider bandwidth with high-gain 
performance, the broadband distributed amplifier can combine the CDA and CSSDA with 
different number of stages [69]. As a result, the forward available gain of the distributed 
amplifier combining the n-stage CDA and n-stage CSSDA is given by
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Figure 9.26a shows the circuit schematic of a monolithic two-stage CDA cascaded with 
a single-stage CSSDA using a 0.15-µm pHEMT technology, which provides a small-signal 
gain of 19 ± 1 dB over the frequency range of 0.5–27 GHz. To extend the amplifier gain-
bandwidth performance for millimeter-wave applications, a monolithic seven-stage CDA 
cascaded with a two-stage CSSDA using the same technology with a die size of 1.5 × 2 mm2 
was designed, as shown in Figure 9.26b, achieving a small-signal gain of 22 ± 1 dB over the 
frequency range of 0.1–40 GHz with a total dc consumption of 484 mW [69]. The group 
delay of 30 ± 10 ps is sufficiently flat over whole bandwidth, which is very important for 
digital optical communications.

The gain response and efficiency of the CSSDA is increased if the intermediate imped-
ance Z0int = Rvar + jωLvar at the drain terminal of each active device is included, as shown in 
Figure 9.27 for a lumped three-stage cascaded reactively terminated single-stage distrib-
uted amplifier (CRTSSDA) [70]. Although the bandwidth of this amplifier is also limited 
by the gate and drain inductances L, it can be substantially improved by the inclusion of 
the inductance Lvar and resistance Rvar. The effect of the reactive termination is to enhance 
the voltage swing across the input gate–source capacitance Cgs of each active device, which 
results in an increased output drain current from each device. This consequently improves 
the amplifier overall gain performance over the multioctave bandwidth. In this case, to 
provide a flat gain response over the desired bandwidth, it is simply necessary to adjust 
the impedance Z0int, because the effect of the inductance Lvar is negligible at lower frequen-
cies (in the range of 10 kHz to 1 GHz) when the intermediate impedance can be written as 
Z0int = Rvar. The selection of the bias components Lbias and Cbias also plays a critical role in 
optimizing the bandwidth and must have minimum intrinsic parasitics.

The initial value of the resistance Rvar can be calculated from Equation 9.49, which is 
dependent on the device transconductance gm and the number of stages n constituting 
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the CRTSSDA. However, the calculated value of Rvar will have to be optimized in order 
to achieve the required small-signal response. The inductive component Lvar will have an 
effect on the small-signal gain at higher frequencies (over 2 GHz). The primary effect of 
this component is to alter the magnitude of the small-signal level at the input port of the 
respective device of the CRTSSDA chain to be amplified by its device transconductance. 
The initial value of the inductance can be calculated from

 
L

n
g

var

(n  

m
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−1)

ω  

(9.51)

The fabricated three-stage CRTSSDA based on a 0.25-µm double pHEMT technology 
with a gate periphery of 360 µm for each transistor with a self-biased mode of opera-
tion (gates are directly grounded through the inductances Lbias) providing a dc current 
of 120 mA achieved a gain of 26 ± 1.5 dB, the input and output return loss of better than 
9.6 dB (VSWR of better than 2:1), and a PAE of greater than 12.6% across the frequency 
bandwidth of 2–18 GHz [71]. The output power of greater than 24.5 dBm with a PAE of 
greater than 27% across 2–18 GHz was achieved when a pHEMT device with a gate width 
of 720 µm was used in a final stage and a pHEMT device with a gate width of 200 µm was 
used in a first stage [72].
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Schematics of cascaded conventional and single-stage distributed amplifiers.
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9.6 Matrix Distributed Amplifiers

The concept of the matrix amplifier combines the processes of additive and multiplicative 
amplification in one and the same module. Its purpose, therefore, is to combine the char-
acteristic features of both principles, namely, to increase the gain of the additive amplifier 
concept and the bandwidth of the multiplicative amplifier concept. This can be accom-
plished in a module whose size is significantly reduced when compared with the tradi-
tional amplifier types of similar gain and bandwidth performance. In its most general 
form, the matrix amplifier consists of an array of m rows and n columns of active devices. 
Each column is linked to the next by inductors or transmission-line elements connected at 
the input and output terminals of each transistor, composing a lattice of circuit elements. 
For m active tiers, there are 2m idle ports that are terminated into power-dissipating loads. 
By adding the vertical dimension to the horizontal dimension of the distributed amplifier 
in the form of the n × m rectangular array, the multiplicative and additive process in one 
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and the same module is achieved. The advantages of the matrix amplifier include signifi-
cantly higher gain and reverse isolation over wide bandwidths at considerably reduced 
size.

Figure 9.28a shows the circuit schematic of a distributed matrix MESFET amplifier in 
the form of a 2 × 4 array representing a six-port flanked by the input and output four-
ports [73,74]. The active six-port incorporates the transistor characterized their set of 
Y-parameters, the network of transmission-line elements represented by their respective 
characteristic impedances and electrical lengths, and the open-circuit shunt stubs capaci-
tively loading the drain line. In contrast, the input and output four-ports contain only pas-
sive circuit elements, that is, the terminations of the amplifier idle networks and a simple 
input and output matching network. Each idle port is terminated into either a resistor or 
an impedance consisting of a resistor shunted by a short transmission line that allows 
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biasing of the active devices without any power dissipation in the termination resistors. 
The choice for the termination elements is critical for gain flatness, noise figure, gain slope, 
and operation stability. Based on a rigorous solution for voltages and currents involving 
GaAs MESFETs with 0.25 × 200-µm gate dimensions, the 2 × 4 matrix amplifier was fabri-
cated with an overall size of 0.5 × 0.24 inches using a 10-mil-thick quartz substrate, achiev-
ing a large-signal gain of 11.6 ± 1.5 dB from 2 to 21 GHz with an output power of 100 mW 
[73]. In addition, it should be noted that the matrix amplifier can offer a most desirable 
compromise between its broadband maximum noise figure on the one hand and its gain 
and VSWR performance on the other. As a result, a computer-optimized two-tier (2 × 4) 
GaAs MESFET matrix amplifier could provide a noise figure F = 3.5 ± 0.7 dB with an asso-
ciated gain of 17.8 ± 1.6 dB across the frequency band of 2–18 GHz [75]. The monolithic 
2 × 3 matrix amplifier using a 0.2-µm pseudomorphic InGaAs HEMT technology achieved 
a 20-dB gain and a 5.5-dB noise figure over the frequency band of 6–21 GHz [76].

The circuit schematic of a 3 × 3 matrix MESFET amplifier is shown in Figure 9.28b, where 
the left port of the artificial transmission line B and both ports of the artificial transmission 
line C are terminated into short circuits [77]. The input and output matching circuits are 
necessary to improve the reflection coefficients of the amplifier, and biasing of the active 
devices is easily provided through the short-circuited idle ports. The theoretical analysis 
of the amplifier circuit shows that a low-frequency gain of the matrix distributed amplifier 
with three tiers (m = 3) can be estimated by
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where Gds = 1/Rds is the device drain–source conductance, Y0 = 1/Z0 is the characteristic 
admittance of the artificial transmission lines, and n is the number of MESFETs per tier. If 
one terminal of the artificial transmission line is short-circuited, the stability of the ampli-
fier can only be maintained if the other terminal of the same line is terminated into a 
finite impedance or a short. By using GaAs MESFETs with 0.35 × 200-µm gate dimensions 
and termination resistors RA = 29 Ω, RB3 = 49 Ω, and RD = 212 Ω (RB0 = RC0 = RC3 = 0), a noise 
figure of 5.2 ± 1.2 dB and a gain of 27.7 ± 0.9 dB were achieved across the frequency band 
of 6–18 GHz. The low-frequency gain of the matrix distributed amplifier with two tiers 
(m = 2) can be calculated from
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where Z0c is the characteristic impedance of the central line and b = (n/4)(Z0/Rds2) [78].
The integration on the same chip of the active devices based on different technologies 

can merge the advantages inherent to these technologies. For example, using the HEMT 
and HBT devices simultaneously on a single chip allows high-gain performance in a 
multioctave frequency band together with low dc-power consumption and noise figure. 
Figure 9.29a shows the simplified circuit schematic of a 2 × 4 HEMT-HBT matrix ampli-
fier, where the first tier consists of HEMTs and the second tier is replaced by HBT devices 
[79]. Here, the higher input capacitance of each HBT is absorbed in the central line, whose 
characteristic impedance can be different from 50 Ω without degradation of the input and 
output matching. As a result, a flat gain of 18 dB, which is only by 1 dB less than that for 
the HEMT matrix amplifier and 2 dB higher compared to the HBT matrix amplifier, a noise 
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figure of 5–6 dB, which is close to that for the HBT matrix amplifier and more than 2 dB 
better than the noise figure of the HEMT matrix amplifier, and more than 40% reduction in 
the dc-power consumption compared to the HEMT matrix amplifier were achieved across 
the frequency band up to 30 GHz.

The matrix balun that is based on the matrix amplifier concept can provide a decade 
bandwidth and a high gain, while having a small size, compared to the conventional 
active and passive baluns. Figure 9.29b shows the simplified circuit schematic of a 2 × 3 
HEMT matrix balun, where the phase balance is achieved by utilizing the fact that the 
phase difference between two rows in a matrix amplifier with common-source transis-
tors is 180° [80]. The analytical expression for the common-mode rejection ratio (CMMR) 
for this matrix balun with finite output conductances for zero normalized frequency Ω is 
defined as
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where Z0 is the characteristic impedance of the artificial transmission lines, R3 is the idle-
port termination resistance of the output line, and gm2 is the transconductance and Rds2 is 
the drain–source resistance of the transistors connected to the output line. As a result, a 
2 × 3 matrix balun implemented in a 0.15-µm GaAs mHEMT technology with a chip size 
of 0.9 × 1.1 mm2 (R1 = R2 = 39 Ω and R3 = 29 Ω) achieved more than a decade bandwidth 
of 4–42 GHz with a CMRR higher than 15 dB, a gain of 2 ± 1 dB, and a maximum phase 
imbalance of 20° with a power consumption of 20 mW. The same matrix balun circuit may 
also be biased for amplification and used as a matrix amplifier. In this case, the circuit 
exhibited a 10.5-dB gain up to 63 GHz with a 1-dB ripple above 5.5 GHz and a power con-
sumption of 67 W.

9.7 CMOS Distributed Amplifiers

Unlike the semi-insulating GaAs process that provides higher-quality lumped inductors 
and transmission lines, a CMOS-based implementation is advantageous in that it results in 
a lower cost and a higher level of integration. One of the first designs of a four-cell CMOS 
distributed amplifier was based on a 0.6-µm CMOS process with a three-layer Al-metal 
interconnect when a flat gain of 6.5 ± 1.2 dB over a bandwidth from 500 MHz to 4 GHz with 
approximately linear phase over the passband was achieved [81]. Figure 9.30a shows the 
basic circuit schematic of a four-cell lumped CMOS distributed amplifier. In this case, if 
the gate- and drain-line inductors are matched, and the drain capacitance is made equal to 
the gate capacitance for each transistor, then the input and output currents are phase syn-
chronized. Another modification to the basic circuit relates to the proper gate- and drain-
line termination. The impedance seen looking into the LC artificial transmission lines will 
exhibit a strong deviation from the nominal impedance near the cutoff frequency of the 
lines. Ideally, all four ports would be image-impedance matched to the lines to eliminate 
reflections. However, it is not practical to realize an image-impedance matching directly. 
Thus, the method used will be to insert the m-derived half-sections between the lines and 
the input port, output port, and terminations. These half-sections will greatly improve the 
impedance matching, while also allowing simple resistive terminations to be used. The 
modified circuit of a lumped four-cell CMOS distributed amplifier with matching sections is 
shown in Figure 9.30b [81]. Based on a 0.18-µm SiGe BiCMOS technology with six-layer metal 
interconnects and final tow thick-copper layers to realize low-loss inductors and using only 
nMOS transistors, a frequency bandwidth was extended from 500 MHz to 22 GHz with the 
flat gain of 7 ± 0.7 dB and input return loss better than 10 dB over most of the bandwidth [82].

Silicon-on-insulator (SOI) CMOS technologies can provide high-gain performance at 
millimeter-wave frequencies required for low-power broadband microwave and optical 
systems. For example, a 0.12-µm SOI CMOS process offers a low-parasitic nMOS transis-
tor with a peak fT in excess of 150 GHz for gate length smaller than 60 nm. Here, since the 
integration of the low-loss 50-Ω microstrip lines is difficult, the coplanar waveguide (CPW) 
structures were implemented on the last 1.2-µm-thick metal layers to reduce the parasitic 
capacitances to the substrate [83]. As a result, a gain of 4 ± 1.2 dB over the bandwidth of 
4–91 GHz and an 18-GHz output 1-dB compression point of 10 dBm were measured for the 
cascode five-cell distributed amplifier with a power consumption of 90 mW. The cascode 
three-cell distributed amplifier implemented in a 45-nm SOI CMOS process with a peak 
fT in excess of 230 GHz, whose value strongly depends on the layout parasitics and may 
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reach 380 GHz, achieved a 3-dB bandwidth of 92 GHz and a peak gain of 9 dB with a gain 
ripple of 1.5 dB and an input return loss better than 10 dB [84]. It should be noted that the 
noise behavior of a distributed amplifier over an entire frequency band depends signifi-
cantly on the number of cells n. For example, the best low-frequency noise performance 
is achieved for larger values of n, whereas the lowest noise figures are reached at high 
frequencies for smaller values of n [85]. This noise behavior is attributed to the fact that 
the drain noise is inversely proportional to n, whereas the gate noise is proportional to n. 
Besides, for the same number of cells, a cascode CMOS distributed amplifier demonstrates 
better noise performance over most of the frequency bandwidth, especially at higher fre-
quencies, compared to the conventional CMOS distributed amplifier with the transistors 
in a common-source configuration.

By employing a nonuniform architecture for the artificial input and output transmission 
lines, the CMOS distributed amplifier exhibits enhanced performance in terms of gain and 
bandwidth. Figure 9.31 shows the circuit schematic of a cascode nonuniform seven-cell 
distributed amplifier using a standard 0.18-µm CMOS technology where the transistor 
sizes and inductance values of the center cell is 2.5 times as large as those of the other cells 
[86]. In this design, the parameters of the common-source transistors are designed in con-
sideration of the cutoff frequency of the input line and the transconductance of the gain 
stages. On the other hand, the common-gate transistors are designed to provide an out-
put capacitance equivalent to the input capacitance of the gain stages such that matched 
input and output lines can be utilized to optimize the phase response of the distributed 
amplifier. The values of the inductive elements Lm between cascode transistors need to be 
adjusted for maximum bandwidth extension and better noise performance [87]. Finally, 
the high-impedance CPW structures were employed to realize the required gate and drain 
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inductances, resulting in a passband gain of 9.5 dB and a 3-dB bandwidth of 32 GHz for 
this distributed amplifier.

The main drawback of an integrated CMOS implementation of the single-ended com-
mon-source amplifiers including system-on-chip solutions is that parasitic interconnects, 
bondwires, and package inductors degenerately degrade their gain-bandwidth perfor-
mance. Specifically, for a packaged single-ended distributed amplifier that exhibits a 
unity-gain-bandwidth of 4 GHz, there is a bandwidth degradation of 27% compared to its 
unpackaged performance [81]. Figure 9.32 shows the circuit schematic of a fully differential 
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four-cell CMOS distributed amplifier with the ideal passive components [88]. The charac-
teristic impedances of the gate and drain lines are designed to be 25 Ω each to provide a 
load impedance of 50 Ω for fully differential signals. The highest achievable line cutoff 
frequency for the 0.6-µm CMOS process is about 10 GHz and is limited by the smallest 
practical values of the circuit inductances and capacitances. Since high-quality tail cur-
rent sources are essential to achieving high common-mode and power-supply rejection 
ratios, a regulated cascode current source is employed in each stage. Such architecture also 
minimizes undesirable signal coupling between stages through the common substrate. 
To improve the impedance matching between the termination resistors and the artificial 
transmission line over a wide range of frequencies, two pairs of m-derived half-sections 
are used, and the drain and date bias voltages are supplied through the termination ports. 
As a result, the measured results for this fully differential CMOS distributed amplifier 
with transistor gate widths of 400 µm demonstrated a bandwidth of 1.5–7.5 GHz, which 
is about 50% greater than for a single-ended counterpart, but obtained at the expense of 
increased power consumption, die size, and noise figure.

Use of the bisected-T m-derived filter sections at the input and output of the distributed 
amplifiers, as shown in Figure 9.33a for n = 4, is widely used to improve matching and 
gain flatness near the amplifier cutoff frequency. In this case, a bisected-T-type m-section 
matches a T-type k-section (or cascade of them) on the one side and matches the constant 
real impedance on the other. Thus, the bisected-T m-section can couple power from a real 
source into a cascade of T-type k-sections over the full frequency range from dc to cutoff 
frequency. Similarly, the bisected-π m-section can couple power from a real source into 
a cascade of π-type k-sections over the same frequency range [89]. Here, the shunt 0.3C 
capacitance in the matching section is connected in parallel with the adjacent capacitance 
from the first k-section. This can be added together into a single transistor or gain cell that 
is 80% of the size of a full gain cell, thus resulting in a higher voltage gain by

 

A
A n

π

T
1= + 0 6.

 
(9.55)

than its T-type equivalent. The second factor 0.6/n comes from extra transistor area in the 
matching sections at both the beginning and end of the artificial transmission line. As it 
follows from Equation 9.55, the gain boost is higher for smaller n, but gives appreciable 
improvement over the typical range of n, specifically of 1 dB for n = 5. Besides, since induc-
tors are generally lossy and difficult to accurately model at microwave frequencies, the 
π-type topology reduces both the number and the size of inductors. Figure 9.33b shows the 
circuit schematic of a cascode five-cell CMOS distributed amplifier with bisected π-type 
m-sections. In a practical implementation, an overall area reduction of 17% (excluding 
pads) was achieved for a π-type topology [89]. To extend the flat bandwidth and improve 
the input matching of a cascode distributed amplifier, the gate artificial transmission line 
based on coupled inductors in conjunction with series-peaking inductors in cascode gain 
stages can be used [90].

The cascaded CMOS distributed structure is an alternative configuration to exhibit 
simultaneous high gain and wide operating bandwidth. When compared with the matrix 
CMOS amplifier topology, which has the same low-frequency gain characteristic, the cas-
caded structure offers robustness to high-frequency mismatches in the signal delays along 
the individual paths, thus compromising the overall gain [91]. It also has no loading effect 
at interstage artificial transmission lines, yielding a larger operating bandwidth, and the 
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omission of the idle drain terminations at intermediate cascaded stages or interstages 
results in a significant gain improvement. The basic structure of a generalized cascaded 
CMOS distributed amplifier includes the artificial transmission lines in the form of the 
constant-k LC network with simultaneous match to both T- and π-sections [92]. It consists 
of m cascading stages of n-cell distributed amplifiers with matched idle drain termina-
tions. To achieve a gain improvement, the idle terminations are omitted, except for the 
output mth stage, so that the current and voltage waves along the interstage drain/gate 
lines are enhanced, and hence the total gain is increased. In this case, the tapered structure 
offers an additional bandwidth improvement as compared to the case of the uniform-drain 
cascaded distributed amplifier, with only a small sensitivity to impedance ratio variation. 
Figure 9.34 shows the circuit schematic of a cascaded tapered-drain double-stage cascode 
CMOS distributed amplifier along with the component parameters [92]. The size of the 
amplifier transistors M1 and M2 was selected at W/L = 100 µm/0.18 µm, whereas that of 
the cascoded transistors MC1 and MC2 was selected at a twice smaller gate periphery as 
W/L = 50 µm/0.18 µm, so that the drain/gate capacitance ratio was equal to 0.25 for n = 2. 
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The measured results demonstrated an output driving capability of −2.5 dBm and a gain of 
14 dB with a noise figure of 5.5–7.5 dB over the bandwidth from 1.0 to 13.8 GHz.

9.8 Noise in Distributed Amplifiers

All four sources of noise of basic and avoidable nature that need to be considered in any 
high-frequency amplifier such as thermal noise in the input impedance, shot-effect noise 
due to the random emission of electrons from the cathode, and induced grid (or gate) noise, 
which is associated with transit-time effects at high frequencies, can also be taken into 
account when designing a distributed amplifier structure [2]. Since the gate line can be 
terminated with resistances on each end, both of them act as generators of thermal noise. 
The noise due to the gate termination produces a noise wave on the gate line, which is 
amplified by the active devices, and then the noise signals are added in the drain line in a 
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way, which depends upon the phase shift per section. Note that the thermal noise due to 
the gate termination is usually small compared with the noise due to the input impedance.

The shot-effect noise source can be represented by a resistor in the gate circuit, which 
is assigned a value such that this virtual resistance generates as much noise as is actually 
observed in the drain circuit. At low frequencies and in narrow-band amplifiers, the input 
impedance can be made high and, consequently, the shot-effect noise can be made to be 
negligible, which is generally not the case for wideband amplifiers, including the distrib-
uted amplifier. However, in the case of the distributed amplifier, the shot-effect noise can 
be made negligibly small despite the fact that the gate-to-ground impedance is not high 
when compared to the equivalent noise resistance. Since the noise voltages caused by the 
noise currents to appear on the drain line are added in a random manner, the total noise 
power is proportional to the number of active devices. However, the signal voltage at the 
output terminals is proportional to the number of active devices, and the signal power is 
proportional to the number of active devices squared. Hence, the signal-to-noise ratio will 
be proportional to n, where n is the number of sections. Thus, by using a sufficient number 
of sections, it is possible to make the signal as large as one desires compared to the shot-
effect noise.

The behavior of the high-frequency noise due to transit-time effects in the output of the 
distributed amplifier associated with induced gate noise is very complicated. On the one 
hand, the magnitude of the noise is a rapid function of frequency (the noise power per 
cycle is approximately proportional to frequency squared). On the other hand, each active 
device generates noise voltages that propagate in both directions from the device. Thus, 
noise generated by one active device is amplified by all the other active devices. Moreover, 
this amplification depends upon the particular position of the active device in the distrib-
uted amplifier. Thus, it can be seen that the noise power in the output due to gate loading 
effects is proportional to n3, whereas the signal voltage is proportional to n2 [2]. Hence, the 
increasing number of sections decreases the signal-to-noise ratio. As a result, the noise 
figure of the distributed amplifier, which is the sum of these three noises, depends on 
competing factors 1/n and n, and there should be an optimum value of n for minimum 
total noise.

For a noise analysis of a distributed amplifier, it is convenient to divide the entire struc-
ture into functional blocks such as input matching circuit, the elementary amplifiers, and, 
if necessary, the output matching circuit. The MESFET noise sources are characterized by 
the voltage and current at the input terminal of the transistor. The input and output links 
of the drain and gate lines may consist of either transmission line or lumped-circuit ele-
ments. All circuit elements as they are typically employed in a distributed amplifier can be 
represented by the four-port network. Figure 9.35 shows the four-port network to calculate 
noise figure of a distributed amplifier, where the idle ports are terminated with the admit-
tances Ydp on the drain and Ygp on the gate side, and Y0 is the load admittance [93]. Since all 
four terminations contain a finite conductance, they inject thermal noise, which in the case 
of Ygp and Ydp contributes to the noise power at the output terminal of a distributed ampli-
fier. Furthermore, those components generated by the MESFETs have a strong influence on 
the amplifier noise behavior and may be represented by voltage sources at each of the four 
terminals. This is accomplished by transforming the transistor individual noise sources 
to the terminals of the four-port network and thereby making the four-port network itself 
free of noise, as shown in Figure 9.35 for a distributed amplifier with noise input power 
method where all noise sources are transformed to the amplifier input.

For a low-frequency model when the transforming characteristics of the linking ele-
ments may be neglected and the amplifier can be treated as a lossy match amplifier with 
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n numbers of parallel transistors, the approximate minimum noise figure of an n-cell dis-
tributed amplifier with source admittance YS = GS + jBS can be written as
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(9.56)

where Rn is the equivalent noise resistance, Gn is the equivalent noise conductance, and 
C = ReC + jImC is the correlation admittance [93]. From Equation 9.56, it follows that the 
minimum noise figure of a distributed amplifier at low frequencies may be reduced by 
increasing the number of sections. In this case, at low frequencies, the amplifier noise 
resistance Rn is a result of paralleling the noise resistances of individual transistors, while 
the noise conductance Gn is mainly dependent on the resistance Rgp = 1/Ggp of the gate-line 
termination. Similarly, ReC depends almost entirely on Rgp at low frequencies.

In order to calculate noise figure of a distributed amplifier through the active device 
parameters, consider the equivalent circuit of a MOSFET (or MESFET) device with noise 
sources, as shown in Figure 9.36 [94]. Generally, the intrinsic noise sources of a distributed 
amplifier can be identified as noise from gate source impedance RS, noise from the gate 
load RLg, noise source from the left-hand drain load RLd, and noise associated with each of 
the n FETs. The FET noise behavior can be represented by a gate current generator placed 
in parallel to the gate–source capacitance and a drain current generator placed in parallel 
to the drain–source capacitance with their mean square values given by
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(9.58)

where δ and γ are the gate and drain noise coefficients depending upon the implementa-
tion technology and biasing conditions. In this case, noise from the nth-cell gate current 

Noise-free
four-port
network egnego

idpYdp

edo

– +
– + –+

Y0

YgpYS igp
igo

FIGURE 9.35
Four-port network to calculate noise figure of distributed amplifier.
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generator is dissipated in the right-hand drain load by both forward amplification in the 
succeeding cells and by reverse amplification occurring in earlier stages.

Assuming that the source resistance RS is matched to the gate-termination resistance 
RLg (RS = RLg) and the load resistance RL is matched to the drain termination resistance RLd 
(RL = RLd), the noise factor F of a n-cell distributed amplifier can be approximated by
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(9.59)

where the second term describes the drain noise, which is dominated at low frequencies, 
whereas the third term represents the frequency-dependent gate noise determining the 
high-frequency performance [85,95]. Typically, values of 2/3 < γ < 1 and δ = 4/3 are used 
for long-channel MOSFET devices. However, owing to hot electron effects, significantly 
higher drain noise currents and coefficients γ are expected for short-channel devices.

There is an optimum value of nopt, which minimizes noise figure F in Equation 9.59 to 
give a minimum noise figure Fmin of
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which can be derived for a number of cells of
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From the noise analysis of a MESFET distributed preamplifier, it was concluded that 
the high-gain matching impedance and appropriate scaling of the MESFET gate width 
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improve the noise performance [96]. However, the increase in gate-line characteris-
tic impedance results in a reduction in the frequency bandwidth of the preamplifier. 
Similarly, the equivalent input noise current density of a common-collector-cascode HBT 
distributed preamplifier can be reduced by increasing the base-line characteristic imped-
ance, which in turn leads to a lower cutoff frequency of the input distributed structure, 
thus limiting the frequency bandwidth [97]. In this case, the noise contribution of the base 
termination resistance dominates the amplifier equivalent input noise current density at 
low-frequency, while the gain cell noise contribution dominates at high frequency. Since 
the noise contribution of the collector termination resistance is relatively small, in order 
to improve high-frequency noise performance, the noise source of the gain cell should be 
reduced. This can be achieved by reducing the bias current of the HBTs.
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10
CMOS Amplifiers for UWB Applications

UWB transmission technology is very attractive for its low-cost and low-power communi-
cation applications, occupying a very wide frequency range, which was first proposed for 
communication systems yet in the 1940s [1]. Since then, it was mainly used for radar-based 
applications because of the wideband nature of the signal that results in very accurate-
timing information. By the early 1970s, the system concept and basic components such as 
pulse train generators and modulators, detection receivers, and wideband antennas were 
available [2]. However, due to further development in high-speed switching and narrow-
band pulse generation technology, UWB has become more attractive for low-cost commu-
nication applications, now representing any wireless transmission scheme that occupies a 
transmission frequency bandwidth of more than 20% of a center frequency, or more than 
500 MHz [3]. Such large bandwidths are achieved by using very narrow time-duration 
baseband pulses of an appropriate shape and duration, including the family of Gaussian-
shaped pulses and their derivatives. Larger-transmission bandwidths are preferred to 
achieve higher data rates without the need to increase transmitting power, resulting in the 
ability for increasingly fine resolution for multipath arrivals, which leads to reduced fad-
ing per resolved path since the impulsive nature of the transmitted waveforms prevents 
significant overlap and, hence, reduces the possibility of destructive combining. Market 
considerations require that UWB-based products be implemented in CMOSs to achieve 
low-power and low-cost integration.

10.1 UWB Transceiver Architectures

A key advantage of UWB designs is that highly linear power amplifiers are generally not 
required because the UWB pulse generator needs to only produce a peak-to-peak voltage 
swing on the order of 100 mV to meet spectral mask requirements that can be achieved 
by a suitable UWB waveform choice. The transmitting signal in a UWB system can be 
generally modulated by turning (keying) the pulse on and off (OOK), by providing the 
binary phase-shift keying (BPSK), or by dithering the pulse position (PPM), as well as the 
pulse amplitude modulation (PAM) can be used [4]. The pulse may have duration on the 
order of 200 ps and its shape can be designed to concentrate energy over the broad fre-
quency range, for example, from 2 to 6 GHz. In this case, it is necessary to use a bandpass 
filter before the antenna to constrain the emissions within this desired frequency band 
when the filter would have a bandwidth on the order of 4 GHz. UWB systems can also be 
designed using spread-spectrum codes, which offer better coexistence with other UWB 
systems. The generation of spread-spectrum UWB signals can be achieved using time hop-
ping or direct sequence methods. In multiband UWB systems, when the UWB band from 
3.1 to 10.6 GHz is divided into 14 subbands, each with a bandwidth of 528 MHz, signal 
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transmissions are staggered in time across the constituent subbands, and one of the sev-
eral (typically 3–10) subbands are used sequentially for transmission. The requirement for 
maximum total power consumption of a UWB transceiver set by specification at 110 and 
200 Mb/s is 100 and 250 mW, respectively.

A variety of UWB systems can be designed to use a 7.5-GHz-available UWB spectrum 
depending on the bandwidth and number of available bands, such as a WPAN, a wireless 
sensor network (WSN), or a wireless body area network (WBAN). If the system needs to 
provide 200 Mb/s, a single-band approach to instantaneously use the entire 7.5-GHz band 
can be used with a total signal power of 16 dBm [5]. For a multiband approach employ-
ing 15 500-MHz bands with a signal rate per band of 13.4 Mb/s, a total bandwidth signal 
power is 4 dBm. In this case, the transmit signal of a single-band UWB system is charac-
terized by a much higher bandwidth than the multiband UWB system and requires very 
fast switching circuits. The multiband UWB system, on the other hand, requires a signal 
generator capable to quickly switch between frequencies. At the same time, multiband 
systems permit adaptive selection of the bands to provide good interference robustness 
and coexistence properties.

Generally, low-rate and high-rate-pulsed UWB transmitters are based on one of the 
two basic techniques to synthesize pulses in the 3.1–10.6-GHz band [6]. The upconver-
sion pulse (or direct conversion) synthesis technique involves generating a pulse at the 
baseband and upconverting it into center frequency in the UWB band by mixing with a 
local oscillator (LO), whose output can be either enabled or disabled by a simple switch, 
thus effectively mixing the RF signal with a rectangular baseband pulse. The carrier-less 
pulse synthesis involves generating pulses that directly fall in the UWB band without 
requiring frequency translation where the pulse width is usually defined by delay ele-
ments that may be tunable or fixed. In this case, a baseband impulse may excite a filter 
that shapes the pulse or the pulse may be directly synthesized at RF with no additional 
filtering required. An advantage of carrier-less techniques over traditional mixed-based 
architectures is that the carrier frequency generation is inherently duty cycled when RF 
power is only generated when it is required. However, its main disadvantage is that an 
integrated downconverting receiver typically cannot share the RF generation circuits, 
and therefore must have its own LO. Pulse-based transmitters can additionally be cat-
egorized in terms of how pulses are delivered to an antenna, either by analog power 
amplification or digital buffering. However, in the latter case, linear amplitude modula-
tion and pulse shaping are more difficult to achieve. The direct-conversion UWB trans-
ceiver is usually characterized by the large LO leakage to the RF front end and to the 
antenna because the LO is operated at the same frequency as the RF carrier. Therefore, a 
single-balanced mixer with LO cancellation can be used in a direct-conversion architec-
ture or a dual-conversion zero-IF transceiver architecture with two-step upconversion 
can be used as a suitable alternative [7,8].

Figure 10.1a shows the generic UWB pulse-based transmitter architecture with a pulse 
generator followed by a modulator, both driven by a digital baseband. The modulator is 
then directly followed by a power amplifier to achieve the required power level, a  bandpass 
filter to reduce spurious emission, and a wideband antenna to radiate the pulsed signal. 
A UWB pulse can be generated by multiplying a sinusoidal signal with an envelope close 
to zero-order Gaussian shape with a standard deviation of 341 ps and centered in 4.1 GHz 
to spread energy over a 2-GHz bandwidth [9]. The UWB transmitter based on a 0.18-µm 
CMOS technology can achieve the highest pulse repetition rate of 750 Mb/s with bi-phase-
modulated pulses of 500-ps duration and 8-GHz center frequency, operating over the band 
of 6–10 GHz and complying with the standard spectrum mask [10].
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The UWB transmitters, the typical block schematic of which is shown in Figure 10.1b, 
are intended to operate in the 3.1–10.6-GHz band with 100 Mb/s data rate at a link dis-
tance of 30 ft using BPSK-modulated pulses at a maximum pulse repetition frequency of 
100 MHz [4]. The transmitter implemented in a 0.18-µm SiGe BiCMOS process uses the 
direct-conversion architecture to upconvert a shaped baseband pulse train into one of the 
14 subbands in the UWB band by modulating the bias current of the differential pair with 
a carrier frequency. The baseband UWB signal is generated using either a programmable 
arbitrary waveform generator (AWG) or a dedicated discrete pulse generator. Using an 
AWG enables a large amount of flexibility in the shape of the transmitted pulses, modula-
tion scheme, and duration of transmission. The carrier frequency can be generated either 
by on-chip voltage-controlled oscillator (VCO) or from external LO. In the latter case, with 
a 0.13-µm CMOS technology, the frequency of the external differential input signal from 6 
to 22 GHz is divided by the on-chip 2:1 frequency divider to obtain quadrature LO signals 
from 3 to 11 GHz to cover 14 bands of the UWB system at the same time [11]. With the LO 
input power of 0 dBm, the quadrature upconversion mixer and balanced power amplifier 
provide the conversion gain of 1.1 ± 1 dB and power gain of 12.4 ± 2 dB over the frequency 
range from 3 to 11 GHz, respectively.

In a typical UWB receiver, the received signal is first amplified by an LNA and corre-
lated with the expected signal, and then sampled by the analog-to-digital converter (ADC) 
before it is demodulated [5]. The reference phase-locked loop (PLL) provides the required 
sequence to the correlator to detect the signals. The LNA and correlator usually operate 
across the whole-frequency spectrum from 3.1 to 10.6 GHz with a 30-dB dynamic range 
that guarantees operation in the required range from 1 to 30 ft. The reference PLL provides 
both transmit signals to the transmit driver and receive reference signals. It generates the 
sequence of short signals and is capable of fast switching between different center fre-
quencies. Since the PLL for short UWB signals does not require low-phase noise, there are 
several alternatives to implement a reference PLL with these characteristics at low power.

The power amplifier in UWB systems should meet several stringent requirements simul-
taneously such as broadband matching, high gain, sufficient output power, and reasonable 
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efficiency for low-power operation. Figure 10.2a shows the example of a simple broadband 
amplifier topology that enables an improved noise figure while keeping the power con-
sumption relatively low using a 0.25-µm SiGe BiCMOS technology [12]. Here, to simplify the 
input-matching network and improve noise performance, an input stage is designed in an 
inductor-terminated common-base configuration, which is capable of good noise-matching 
performance over the UWB frequency ranges up to 10.6 GHz. The second stage represents 
a resistive-feedback amplifier, consisting of a common-emitter transistor, a feedback resistor 
Rf , two emitter followers, and two tail current sources. While the resistive-feedback topol-
ogy is inherently suitable for broadband applications, it is characterized by a relatively large 
noise level due to the corresponding contribution of the feedback resistor. The role of the 
common-base input stage, with a gain of about 13 dB, is to reduce the noise contribution of 
the resistive-feedback amplifier, having a gain of 10 dB, and lower the noise figure at the LNA 
input. Besides, there is an optimum value of the inductor Lb in terms of balancing the noise 
figure and input impedance. As a result, while consuming only 13.2 mW, this SiGe HBT LNA 
obtained a flat gain characteristic within 1.1-dB variations around 22 dB and noise figure 
values ranging from 2.7 to 3.9 dB across the frequency range from 3.1 to 10.6 GHz.
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In a conventional narrowband cascode LNA with inductive degeneration, the imped-
ance looking into the input of the LNA can be written as
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where Le is the emitter degeneration inductance, Lb is the base series inductance, Cπ is the 
device base–emitter capacitance, and gm is the device transconductance. The input quality 
factor Qin = ω0/Δω determining the operating frequency bandwidth Δω can be expressed 
through the circuit parameters as
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is the center bandwidth frequency and RS is the source resistance usually equal to 50 Ω 
[13]. Consequently, as follows from Equation 10.2, to broaden the bandwidth for fixed ω0 
and RS, it is possible to properly consider the device parameters Cπ and gm, since the degen-
eration inductance Le must be very small to achieve high gain and low noise. In this case, 
the effective value of Cπ can be increased by adding a shunt capacitor Cm between the base 
and emitter of the input common-emitter transistor, as shown in Figure 10.2b, to decrease 
the input quality factor Qin. In this case, the transconductance gm needs to be increased so 
that the factor gmLe/(Cπ + Cm) is still matched to 50 Ω, according to Equation 10.1, and the 
shift in the center frequency ω0 can be eliminated by decreasing Lb, according to Equation 
10.3. Since an increased value of the effective base–emitter capacitance degrades the gain 
and noise performance of the LNA at high frequencies, the value of this extra capacitance 
Cm can be carefully chosen. Besides, to further improve the LNA broadband performance, 
a large resistor Rf can be added between the base of the input transistor and the cascode 
output, as shown in Figure 10.2b. Thus, a broadband input matching can be achieved by 
using a small shunt capacitance Cm and a large feedback resistance Rf, which provide only 
a minimal effect on other LNA performance parameters. As a result, by using a 0.18-µm 
SiGe HBT BiCMOS technology, noise figures of 1.8–3.1 dB with a gain variation of 16.8–
20.3 dB and a power consumption of 26 mW (without output buffer) were achieved across 
the frequency range of 3–10 GHz.

10.2 Distributed CMOS Amplifiers

A CMOS-based implementation of distributed amplifiers used in UWB transceivers has 
advantages of a low cost and full integration in a CMOS process with the capability to 
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use arbitrary transmission-line impedances. One of the first fully integrated distributed 
amplifiers with a four-cell-distributed structure implemented in a standard 0.6-µm three-
layer CMOS process achieved a power gain of 6.5 dB with a gain flatness of ±1.2 dB over 
the frequency range of 0.5–4.0 GHz, occupying an area of approximately 0.79 mm2 [14]. 
For a two-stage low-noise-distributed amplifier with an applied inductive source degen-
eration technique implemented in a 0.18-µm CMOS process, a 10-dB gain with the 3-dB 
bandwidth, a power consumption of 7.8 mW, and a noise figure varying from 3.8 to 6.9 dB 
within the frequency band of 2.7–9.1 GHz were measured [15].

Figure 10.3a shows the circuit schematic of a cascode N-section CMOS-distributed 
amplifier with uniform gate and drain artificial LC transmission lines and identical cas-
code cells [16]. A cascode configuration of each cell improves the overall amplifier stabil-
ity by reducing a negative feedback through the gate–drain capacitances. However, the 
common-gate transistors of each cascode cell contribute to increased noise to the output at 
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high frequencies, thereby degrading the amplifier noise figure. In this case, to extend the 
frequency bandwidth to higher frequencies by absorbing the input and output parasitic 
capacitances and to reduce the noise level at high frequencies, each cascode cell incor-
porates a series inductor LCk, where 1 ≤ k ≤ N, which are equal for a uniform-distributed 
structure. As a result, measurements for a three-cell cascode-distributed amplifier using 
bandwidth-enhancing inductors fabricated in a 0.18-µm SiGe BiCMOS process, where only 
nMOS transistors were used, had shown a 2.9-dB flat noise figure and a forward gain of 
8 dB over the 7.5-GHz UWB bandwidth, with the overall power consumption of 12 mA at a 
1.8-V supply voltage. For a low number of cascode sections, an additional improvement of 
the noise performance can be achieved by the replacement of the gate-terminating resistor 
as a significant contributor to the amplifier noise figure by an RL network with optimized 
parameters [17].

The combination of high-pass T-sections and low-pass π-sections can form a wide 
 bandpass gate and drain artificial LC transmission lines, as shown in Figure 10.3b for a 
four-cell cascode CMOS-distributed amplifier, where Z L C0 2= /  is the termination char-
acteristic impedance [18]. Here, the shunt inductors can be implemented using on-chip 
spiral inductors, package traces, or bondwires. For operation frequencies above 3 GHz, 
decoupling capacitance at each bias termination can be small enough allowing for integra-
tion. Such a bandpass-distributed amplifier can provide a flat gain and improved out-of-
band suppression. The lower-band cutoff frequency of the amplifier is written as

 
flower = 1

2π LC  
(10.4)

where the inductance L and capacitance C are determined based on the specified trans-
mission-line characteristic impedance (usually equal to 50 Ω) for a given lower-band cutoff 
frequency. The upper-band cutoff frequency can be calculated from
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where the effective parallel capacitance Ceff includes parasitic capacitances from the induc-
tor and associate transistor. The passband ripple will be minimal as long as the condition
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is maintained, which also guarantees the impedance matching through the passband [19]. 
As a result, this bandpass cascode CMOS-distributed amplifier with identical transistors 
of a 144-µm gate width each, which was implemented in a 0.18-µm RF CMOS process, 
achieved an output power above 5.6 mW at 1-dB gain compression point with a power gain 
of about 10.5 dB and an input return loss better than 10 dB from 3 to 10 GHz [18].

A low-noise high-gain cascode CMOS-distributed amplifier can be designed by combin-
ing an RL gate termination with cascaded gain cells. Figure 10.4 shows the circuit schematic 
of a two-section cascode CMOS-distributed amplifier where high and flat gain is achieved 
by using the inductive-peaking cascaded gain cells, which can also contribute to an ampli-
fier improved noise figure [20]. In this case, each cell constitutes a cascode stage with a 
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low-Q (slightly >0.707) RLC load to extend the interstage bandwidth and a series-peaking 
inductance at the input of a common-source transistor to extend the upper 3-dB frequency. 
Instead of the conventional 50-Ω gate terminal, an optimized RL terminal network with 
a resistor connected in series with the parallel RL circuit is used. In a high-gain mode 
with the bias voltages Vdd = Vd = 1.5, Vg2 = 0.7, and Vg1 = 0.51 V, the two-section-distributed 
amplifier implemented in a 0.18-µm CMOS process consumes 37.8 mW and achieves a gain 
of 20.47 ± 0.72 dB with an average noise figure of 3.29 dB over the UWB frequency band of 
3–10 GHz. With an additional inductive-peaking common-source stage in each amplifier 
section resulting in a dual inductive-peaking cascaded gain cell, the amplifier forward 
gain in a high-gain mode can be increased to 24.5 ± 1.5 dB with an average noise figure of 
3.9 dB over the same frequency range of 3–10 GHz [21].

Since distributed amplifiers have significant disadvantages of high-power consumption 
and large dimensions, one of the possible solutions to significantly reduce amplifier area 
is to use multilayer structures. Figure 10.5a shows the circuit schematic of a three-cell 
CMOS-distributed amplifier with multilayer inductors implemented on different metal 
layers in a standard 0.18-µm RF/mixed-signal CMOS process occupying just 0.08 mm2 of 
die area using transistors with a gate width of 136 µm [22]. The circuit exhibits a relatively 
flat gain of 6 dB from 3.1 to 10.6 GHz with less than 0.5-dB ripple, a noise figure less than 
5 dB up to 14 GHz, and a power consumption of about 22 mW. Generally, the noise perfor-
mance can be improved by using pMOS transistors instead of nMOS transistors because 
the lower mobility in pMOS transistors provides a lower flicker noise and less hot carrier 
effects. Since the pMOS transistor is characterized by lower gain due to lower transcon-
ductance, the pMOS-based distributed amplifier used as an input stage is followed by the 
common-source nMOS-amplifying stage as an output stage, as shown in Figure 10.5b, thus 
achieving a sufficient gain over the required frequency band [23]. As a result, a power gain 
of 9 ± 0.8 dB with a noise figure of 4.7 ± 0.6 dB was measured from 3.1 to 10.6 GHz with a 
total power consumption of 22.5 mW at a supply voltage of 1.5 V.
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10.3 Common-Gate CMOS Amplifiers

Generally, distributed CMOS amplifiers are very popular circuit configurations to achieve 
broadband input matching and gain. However, their major drawbacks are the large silicon 
area, resulting from the presence of several on-chip inductors or transmission lines, and 
high-power consumption, which is related to the number of cells required to enhance the 
gain resulting in a poor efficiency. The common-gate CMOS amplifier occupies a small 
area, requires a low-power consumption, and provides a wideband input matching by 
setting the input-transistor transconductance equal to the reciprocal of the source resis-
tance. In this case, if the common-gate transistor is adopted for a single-ended topology, 
it requires a wideband high-impedance biasing to avoid significant loss of the RF signal.

Figure 10.6 shows the circuit schematic of a two-stage broadband amplifier implemented 
in a 0.18-µm CMOS process, which consists of a common-gate input stage, a common-
source cascode second stage, and an output buffer configured as a source follower [24]. 
In this case, the input common-gate stage provides the wideband noise and impedance 
matching. By neglecting the loading effect of the second stage and parasitic resistance of 
an input inductor Ls, the input impedance Zin can be written in a simplified form as
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where gm and Cgs are the transconductance and gate–source capacitance of the transistor 
M1, respectively. From Equation 10.7, it follows that there is a zero near dc point deter-
mining the low 3-dB frequency. Since the input inductor Ls provides an extremely small 
reactance to the ground at lower frequency, the input impedance Zin is dominated by 
Ls and its value approaches zero. As the operating frequency increases and gm ≫ ωCgs, 
the input impedance Zin becomes close to 1/gm. Although the reactance of Ls changes 
the phase of Zin, the magnitude of Zin is still dominated by 1/gm across the gigahertz 
operation frequencies. The value of Ls determines the input-matching range, in which 
the inductance varies from 3 to 11 nH, resulting in a frequency range for input return 
loss better than 10 dB of about 10 GHz. Optimum input matching close to 50 Ω can be 
achieved with Ls = 5.3 nH.

However, despite the input wideband matching, the transfer frequency response of the 
common-gate stage is not enough wideband, when a power gain of 8.5 dB is achieved with 
a 3-dB bandwidth of 0.4–3.5 GHz for RL1 = 320 Ω. In this case, the second stage represent-
ing a simple cascode common-source configuration provides a high-frequency gain and 
determines a higher 3-dB bandwidth of the CMOS amplifier. A series-peaking inductor 
Ld is resonant with the total parasitic capacitance at the drain node of the transistor M3 
around 10 GHz. The cascode transistor M3 is chosen of a smaller size to have less parasitic 
capacitance, as well as the Q-factor of the inductor Ld is kept small for flat gain of the whole 
amplifier. To reduce the value of the Q-factor, an extra resistor RL2 = 60 Ω is added. As a 
result, a power gain of 11.2–12.4 dB and a noise figure of 4.4–6.5 dB were measured with 
a 3-dB bandwidth of 0.4–10 GHz, with an input return loss better than 10 dB across 2.2–
12 GHz, a power consumption of 12 mW from 1.8-V supply, and a die size of 0.42 mm2 [24]. 
In a broadband low-noise CMOS amplifier used in a UWB receiver front end, a tunable 
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active notch-filter circuit can be connected between the cascode transistors M2 and M3 for 
interference rejection of a 5-GHz WLAN signal [25].

Figure 10.7 shows the circuit schematic of a two-stage broadband amplifier for a UWB 
receiver implemented in a 0.18-µm CMOS process, which includes an input common-gate 
transistor M1 followed by a common-source transistor M2 [26]. The first common-gate stage 
provides an input impedance matching of 50 Ω for RF signals from an antenna to LNA. 
The second common-source stage is operated as a gain stage to greatly amplify the weak 
RF signals. The first and second stages are constructed in a cascode configuration to lower 
power consumption, where the input impedance of the transistor M2 becomes an output 
load for the transistor M1. An output buffer configured as a source follower based on the 
transistor M3 with a current source M4 is cascaded with the second stage. Here, Cs and Ls 
are the elements of the high-pass input-matching circuit, C1, L1, and L3 are the elements 
of the first interstage-matching circuit between the transistors M1 and M2, R1 is added to 
supply a dc bias for the transistor M2, and C2 is a bypass capacitor to ground the source of 
the transistor M2 for a high-frequency ac current. To provide an input impedance around 
50 Ω, the inductance Ls and capacitance Cs generate a resonance at the center bandwidth 
frequency, with Q-factors of Ls larger than 5 across the full band.
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Such a cascoded structure is transformed from a cascaded one without changing the 
amplifier type, where the interstage resonant circuits generate two different resonant fre-
quencies, low-band frequency flow and high-band frequency fhigh, which provide the flat 
amplifier gain across the entire UWB bandwidth. The low-band frequency flow can be 
derived as
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from which it follows that the low-band frequency can be determined by adjusting C1, L1, 
and L3 according to the design specification. At the same time, the high-band-resonant 
frequency fhigh can be written as
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where CT represents the total parasitic capacitance at the drain node of the transistor M2. 
It is clearly seen from Equation 10.9 that the high-band-resonant frequency can be deter-
mined by choosing the value of L2 properly.

To achieve low-power consumption, the bias current of a two-stage-cascoded full-band 
LNA without the buffer was set to be 2.7 mA, and the width of the transistor M1 was cho-
sen to be 144 µm to provide the transconductance gm1 of approximately 20 mS. At the same 
time, the width of the transistor M2 was chosen to be 80 µm to meet linearity requirements. 
The inductance L1 resonates at 3 GHz with the parasitic capacitances, as well as the capaci-
tance between the bottom plate of C1 and ground at the drain node of M1. Additionally, the 
inductance L2 as an element of the second interstage-matching circuit is chosen to resonate 
at 11 GHz. Thus, by choosing L1 = 9.7 nH, L2 = Ls = 3.3 nH, L3 = 1.6 nH, C1 = 2 pF, C2 = 4 pF, 
and R1 = 5.5 kΩ, a maximum gain of 12 dB and a minimum noise figure of 5.27 dB with 
a total power consumption of 12 mW were measured from 3.1 to 10.6 GHz for a 0.18-µm 
CMOS two-stage-cascoded amplifier occupying a chip area of 1.17 × 0.88 mm2, whose cir-
cuit schematic is shown in Figure 10.7 [26]. To enhance the input-matching conditions and 
improve noise figure at lower frequencies, an RL-type input-matching circuit can be used, 
with first a series inductor and a shunt circuit composed of the series-connected inductor 
and resistor located between the device source node and ground [27].

To improve the noise performance over a wide frequency bandwidth, it is preferable to 
use noiseless components in the input-matching circuit. Figure 10.8 shows the circuit sche-
matic of a common-gate cascode broadband LNA implemented in a 0.18-µm CMOS tech-
nology, where the input-matching circuit represents the third-order bandpass Butterworth 
filter [28]. Here, the input gate–source capacitance Cgs of the transistor M1 is considered as 
an element of this filter connected in parallel to the shunt inductor Ls. The capacitor C3 is 
added to make the selection of the size of the transistor M1 more flexible. Since the filter 
has a unit–gain transfer function in passband, the input impedance of the LNA is approxi-
mated as 1/gm, where gm is the transconductance of the transistor M1, which should be 
equal to 50 Ω to achieve the required impedance matching in a UWB band. To compromise 
the noise performance and isolation between the input and output, the size of the transis-
tor M2 was chosen to be 80 µm, which is half the size of the transistor M1. The peaking 
inductor Lc between the cascode transistors M1 and M2 is necessary to compensate for 
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the parasitic capacitive load reactance by forming a broadband π-type lowpass LC net-
work with the parasitic gate–drain capacitance of the common-gate transistor M1 and the 
parasitic gate–source capacitance of the common-gate transistor M2. Similarly, the peaking 
inductor Ld is required to compensate for the parasitic gate–drain capacitance of the tran-
sistor M2, as well as the resistor Rd is added to increase the low-frequency gain. The simu-
lated results show that the flat gain of 14.5–15.3 dB, input return loss better than 8.27 dB, 
and noise figure of 3.57–4.27 dB in a frequency range from 3 to 10 GHz can be achieved. 
For a common-gate cascode LNA used in UWB receivers, a passive bandpass filter with 
three finite transmission zeros can be used at the input to achieve a low-frequency stop 
band (1.1 GHz) and a high-frequency stop band (14.6 and 25.7 GHz), with an additional 
2.4-GHz-active notch filter connected at the output port of the LNA to provide a stop-band 
rejection in the WLAN band [29].

10.4 CMOS Amplifiers with Lossy Compensation Circuits

As a simple alternative, it was demonstrated that, by using the lossy input and output 
RLC-matching networks and two-stage cascode configuration, a full UWB band from 3.1 
to 10.6 GHz can be covered with a power gain above 6 dB and an output power of around 
0 dBm using a 0.18-µm CMOS technology [30]. Figure 10.9a shows the circuit schematic of 
a broadband UWB LNA implemented in a 0.18-µm CMOS process, where the input stage 
was designed with a series-inductive degeneration and a shunt lossy compensation circuit 
obtaining broadband gain and match simultaneously [31]. In this case, the device size is 
chosen to optimize the minimum noise figure at the proper bias condition. The second 
stage with interstage bandpass matching is necessary for high-gain operation.
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By neglecting the feedback through the gate–drain capacitance Cgd of the transistor M1, 
the input impedance Zin can be written as
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with the corresponding real and imaginary parts of the input impedance Zin derived and 
simplified from Equation 10.10 as
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FIGURE 10.9
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From Equation 10.12, it follows that the imaginary part of Zin can be canceled when 
R1 = (gm/Cgs)Ls and thus broadband matching is achieved. The real part of Zin can be 
adjusted toward 50 Ω by selecting the proper L1, L2, Ls, and R1. As a result, by choosing the 
gate width of 190 µm for M1 and the gate width of 60 µm for M2, a power gain of 10.8 dB 
with a 3-dB bandwidth from 1.6 to 13.2 GHz and a gain flatness within ±0.5 dB across 
the entire UWB band were achieved [31]. The input return loss better than 10 dB and a 
noise figure of 3.4–5.7 dB with a power consumption of 22 mW were measured from 3.1 to 
10.6 GHz.

Figure 10.9b shows the circuit schematic of a 0.18-µm CMOS two-stage power ampli-
fier with an interstage RLC broadband impedance matching (including the gate–drain 
capacitance of the first-stage common-gate device and the gate–source capacitance of the 
second-stage common-source device) to provide a flat power gain over a frequency band 
from 6 to 10 GHz [32]. In this case, a PAE of about 15% over the most bandwidth and a 
power consumption of only 18 mW were achieved with an output power of about 5 dBm at 
a supply voltage of 1.5 V. To simplify the input matching and provide significant interstage 
isolation, both first-stage nMOS devices are configured with a common gate. The overall 
die size was 0.82 × 1.32 mm2.

10.5 Feedback CMOS Amplifiers

Among the feedback approaches applied to the CMOS amplifier design, the resistive feed-
back is an area-saving solution that proves to be appropriate to provide an input match-
ing at lower UWB frequencies, especially when combined to a narrowband inductively 
degenerated common-source amplifier [33]. The additional noise coming from the source 
feedback resistor is one of the main limitations of this topology for the use in a whole UWB 
bandwidth. In this case, to cover the frequency range from 3 to 10 GHz, the feedback resis-
tor value should be lowered or, as an alternative, the common-source transistor should be 
chosen with a larger gate width to provide higher transconductance. The reactive-feed-
back LNA with a feedback via a transformer provides broadband input matching with 
less noise [34]. However, the extra area required by the transformer-feedback network is a  
serious drawback for the overall chip size. The inductively degenerated common-source 
amplifier is one of the simplest and convenient approaches for narrowband applications 
in terms of gain and noise performance [35]. An extension of this circuit to broadband 
operation over the entire UWB bandwidth can be achieved by using an input multisection 
LC-matching network. A drawback of this approach is a significant group-delay variation 
due to its multiresonant nature, and it requires a large-area size and introduces a high-
insertion loss that degrades the amplifier gain and noise figure.
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10.5.1 Source Degeneration

Figure 10.10 shows the circuit schematic of a two-stage common-source high-efficiency 
power amplifier with inductive degeneration for UWB transmitters using a 0.18-µm CMOS 
process [36]. Here, to ensure a reasonable power gain and high-operating efficiency, the 
first stage is optimized for maximum gain using a cascode structure, while the second 
stage represents a simple common-source topology designed for maximum output power. 
Additionally, the source degeneration inductor Ls1 in the first cascode stage contributes to 
better linearity and stability improvement, and a series inductor L1 is necessary to com-
plete the input impedance matching between the source impedance and the input of the 
transistor M1. If the value of Ls1 is sufficiently small (~0.5 nH), then, it can easily be replaced 
by a bondwire inductor to reduce the overall chip size. An inductor Ld1 is placed as a shunt-
peaking inductor resonating with the parasitic capacitances at the drain of the transistor 
M2 at center bandwidth frequency. Generally, a larger transistor size of the transistor M3 
is needed to provide high gain and output power of the amplifier at high frequencies. 
However, the transistor with a large periphery is usually characterized by high-parasitic 
capacitances. Therefore, the transistor size should be optimized to provide broadband and 
high-efficiency performance.

The impedance looking into the input of the CMOS power amplifier shown in Figure 
10.10 can be written as
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where Cgs is the gate–source capacitance and gm is the transconductance of the transistor 
M1. Since the imaginary part of the input impedance can be fully compensated at center 
bandwidth frequency by L1, the corresponding resonant frequency ω0 is approximated as

 
ω0

gs 1 s1 
=

+
1

C L( )L  
(10.14)

As a result, for this two-stage common-source CMOS power amplifier with inductive 
degeneration in both stages occupying a die area of 1.1 × 1.5 mm2, an output power of 
more than 10 dBm with a maximum PAE of 34% and a power gain of 15.2 ± 0.8 dB at 1-dB 
compression point was achieved in a lower UWB bandwidth of 3–5 GHz, while consum-
ing 25 mW from a 1.8-V supply [36].

For a broadband CMOS amplifier design, a three-section bandpass Chebyshev filter 
structure can be used to resonate the reactive part for the input impedance Zin over the 
whole UWB band from 3.1 to 10.6 GHz, which is shown in Figure 10.11, where a series 
inductor L3, a shunt capacitor Cp, a source degeneration inductor Ls, and an input device 
gate–source capacitance Cgs are also embedded in the filter structure [37]. In this case, 
the real part of Zin is ideally chosen to be equal to the source resistance (filter termina-
tion) RS = (gm/Cgs)Ls by proper selection of the value of the degeneration inductor Ls for a 
given CMOS transistor. The gate width of the transistor M1 (240 µm) is optimized for noise, 
while the cascode transistor M2 (60 µm) is chosen to be as small as possible to reduce the 
parasitic capacitances. The load for the cascode stage is designed to achieve a flat gain, 
where an inductance Ld must resonate with the parasitic device output capacitance and 
the value of RL is chosen to place the zero frequency ωz = RL/Ld as close as possible to the 
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lower-bandwidth edge to improve gain at lower frequencies. The buffer stage configured 
as a source follower must drive a 50-Ω external load. As a result, a two-stage cascode 
LNA with source degeneration for UWB receivers implemented in a 0.18-µm CMOS pro-
cess achieved a power gain of 9.3 dB with a return loss better than 10 dB and a minimum 
noise figure of 4 dB over 3.1–10.6 GHz, while consuming 9 mW. Similar performance can 
be achieved with a slightly simplified structure of a three-section Chebyshev filter where 
the capacitors C2 and Cp are removed and the remaining parameters are optimized [38]. 
With a two-section Chebyshev filter at the amplifier input, a 3.9-dB average noise figure 
with a 27-dB gain having a ripple less than 1.5 dB is achieved in an upper UWB bandwidth 
of 6–10 GHz [39].

To simplify the input-matching circuit and minimize group-delay variations with 
reduced current budget, the broadband CMOS LNA can be designed with two stages where 
the first stage adopts a complementary topology performance with inductive degenera-
tion, while the second stage is implemented as a cascode structure with resonant load to 
improve gain and reverse isolation [40]. Figure 10.12 shows the circuit schematic of a two-
stage LNA implemented in a 0.18-µm CMOS process, where the complementary topology 
of the first stage with inductive degeneration provides an input matching and low-noise 
performance [41]. The output conjugate impedance matching (the best matching point 
at 9.6 GHz) provided by the shunt capacitor C2 and inductor L2 accomplishes bandwidth 
extension to higher frequencies. The gate width of the second-stage transistor M3 (100 µm) 
should be optimized for minimum noise. As a result, with a die area of 0.81 × 0.81 mm2, the 
small-signal peak gain of 16.2 dB with a 3-dB bandwidth from 3 to 10 GHz and minimum 
noise figure of 2.3 dB at 3.5 GHz with a power consumption of 6.8 mW were measured.

10.5.2 Parallel Negative Feedback

Among the feedback configurations, the parallel resistive feedback represents an area-
saving solution that proves to be appropriate for the implementation of the input-matching 
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circuit in the UWB band of 3–5 GHz, especially when a narrowband inductively degener-
ated common-source amplifier is used. The additional noise coming from the feedback 
resistor is one of the main limitations of this topology for the use in the whole UWB band-
width. In this case, to cover the full UWB range of 3–10 GHz, the value of the feedback 
resistor must be sufficiently low and the common-source transistor transconductance 
must be increased to provide a high-gain condition across the entire UWB band.

Figure 10.13a shows the circuit schematic of a shunt-series resistive-feedback LNA imple-
mented in a 0.18-µm CMOS process that provides a proper design trade-off between the 
source impedance matching and noise figure performance [42]. To increase gain at higher 
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frequencies, the load inductance L2 should be sufficiently high and an inductor Lf is added 
into the feedback circuit. When considering the ideal matching conditions of S11 = S22 = 0 at 
lower frequencies with infinite capacitance Cf and zero inductance Lf, the series resistance 
Rs can be derived for the circuit characteristic impedance Z0 = 50 Ω as
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where gm is the transconductance of the idealized nMOS transistor, resulting in a low-fre-
quency power gain of (1 − Rf/Z0)2. As a result, a broadband gain of 12 dB with a gain flat-
ness of 0.27 dB at 1-dB compression point of better than −0.8 dBm, a minimum noise figure 
of 3.8 dB, and an input return loss of better than 9 dB were achieved across 3.1–10.6 GHz, 
with a low-power consumption of 9.8 mW. A parallel resistance–capacitance feedback with 
a source degeneration inductor Ls can also be used to obtain broadband input matching 
and to effectively reduce the noise level, as shown in Figure 10.13b for a two-stage UWB 
LNA with an output source-follower buffer implemented in a 0.18-µm CMOS process [43]. 
Measured results demonstrated a power gain of 10.9–13.9 dB and a noise figure of 2.5–
4.7 dB over a full UWB bandwidth of 3.1–10.6 GHz, with a die size of 0.46 mm2 and a power 
consumption of 14.4 mW from a 1.8-V supply.

On the design of broadband multistage LNAs, there are some specific requirements to the 
matching circuits to be optimized. For example, for a two-stage LNA, the input-matching 
circuit is optimized for both noise and flat gain characteristics simultaneously over a broad 
frequency band, as shown in Figure 10.14a. At the same time, the gain-sloped interstage-
matching circuit should be applied to compensate for the transistor intrinsic frequency 
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FIGURE 10.14
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roll-off to maintain gain flatness and extend frequency bandwidth of the  amplifier. Figure 
10.14b shows the circuit schematic of a fully integrated two-stage UWB LNA with a shunt-
resistive feedback applied to both stages, which is implemented using a 0.18-µm CMOS 
technology and occupying the size of 1.37 × 1.19 mm2 [44]. Operated on a 1.8-V supply, the 
LNA achieved a power gain of 19.1 dB within the frequency bandwidth of 2.8–7.2 GHz, a 
noise figure lower than 3.8 dB from 3.0 to 7.5 GHz, and a power consumption of 32.4 mW, 
with the group delay less than 0.5 ns within the UWB band.

A low-power consumption, full UWB band, and high gain can be achieved by using a 
cascaded CMOS structure with two common-source stages where a parallel resistive feed-
back is used in the first stage and output current of the first stage is reused in the input 
gate of the second stage [45]. In this case, an input return loss of better than 14 dB and a flat 
gain of about 8 dB were achieved across 3.1–10.6 GHz using a 0.13-µm CMOS technology, 
with a minimum noise figure of 2.5 dB at 10.5 GHz. Higher gain of around 18 dB across the 
entire UWB bandwidth is achieved using an additional source-follower buffer stage [46]. 
However, the noise figure variations are quite significant especially at lower frequencies. 
Figure 10.15 shows the circuit schematic of a cascaded current-reused UWB LNA imple-
mented in a 0.18-µm CMOS process, where the source degeneration inductor Ls is added to 
the input stage to achieve wideband flat noise figure performance [47]. Here, the gate series 
inductor Lg1 is used to achieve wideband input matching, the value of Ld1 is chosen to be 
very large to provide high impedance to divert the signal to the gate of the second-stage 
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transistor M2, C2 is used as a bypass capacitor to the ground, and the  interstage circuit 
that consists of C1 and Lg2 provides a series resonance with the gate–source capacitance 
Cgs of the transistor M2. The output of each stage is equivalently loaded with a low-Q RLC 
parallel resonant circuit to maximize the 3-dB gain bandwidth. As a result, a flat gain 
of 12.26 ± 0.63 dB, a flat noise figure of 4.24 ± 0.5 dB, and a group-delay variation of only 
±22 ps were measured over the 3.1–10.6 GHz. By appropriately selecting the values of Ls, 
Lg1, Lg2, Ld1, Ld2, Cf, Rf, C1, and Rd, and the size and bias of the transistors M1 and M2, the 
noise figure can be improved to 2.87 ± 0.19 dB with a group-delay variation of less than 
16 ps over the entire UWB band of 3.1–10.6 GHz [48].

The cascode feedback LNA topology can provide a stable low-noise operation with high 
gain and wide frequency bandwidth [49]. In this case, the common-source transistor is 
responsible for the noise performance, while the common-gate transistor increases the 
power gain and improves the reverse isolation. However, the noise figure cannot be opti-
mized without sacrificing other important performances such as gain, input return loss, 
or frequency bandwidth. For example, a lower value of the feedback resistance results in a 
higher bandwidth with minimum gain flatness, but with a higher noise figure and lower 
gain at the same time. For a 0.18-µm CMOS cascode parallel-feedback LNA, the noise fig-
ure of less than 4 dB was simulated over the frequency bandwidth of 2–10 GHz [50]. Figure 
10.16 shows the circuit schematic of a cascode parallel-feedback 0.18-µm CMOS LNA with 
source degeneration, where the feedback resistor Rf = 300 Ω is used to reduce the quality 
factor of the input series resonance circuit to achieve a broadband input matching [51]. 
Since the power gain is degraded at higher frequencies by the device parasitic capaci-
tances, a series-peaking inductor Ld with an optimized value is added into the load circuit. 
The degeneration inductor Ls was chosen to be sufficiently small (0.12 nH) for matching 
at higher bandwidth frequencies and implemented by a high-impedance microstrip line, 
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which is less susceptible to process variations compared to the spiral inductor when the 
inductance is very small. As a result, the power gain greater than 10 dB and input return 
loss better than 10 dB were measured from 2 to 11.5 GHz, with a noise figure flatness of 
3.58 ± 0.41 dB in a UWB bandwidth of 3.1–10.6 GHz. Generally, the parallel-feedback RC 
circuit can be applied to each stage in a two-stage cascode CMOS LNA to achieve higher 
gain with minimum variations of the noise figure over a very wide frequency range [52].

Figure 10.17 shows the circuit schematic of a transformer-feedback 0.18-µm CMOS LNA, 
where the first stage is self-biased by the high-value resistor Rbias representing a dc feed-
back and the second cascode stage provides a capacitive loading to the first stage [53,54]. 
By neglecting the effect of the gate–drain feedback capacitance and assuming that the 
value of the drain inductor Ld is chosen to resonate in series with the input capacitance of 
the transistor M3, the impedance looking into the input series inductor Lg of the common-
source CMOS stage can be written in a simplified form as
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where gm is the transconductance and Cgs is the gate–source capacitance of the transistor M1 
and the real part of Zin is fully determined by the transformer mutual coupling inductance 
M. The value of the gate inductor Lg can be optimally chosen to properly compensate for 
the input device capacitive reactance to provide minimum gain flatness over the required 
bandwidth. An input LC resonator formed by the inductor L1 and capacitor C1 is connected 
in parallel to suppress excessive gain at the out-of-band frequencies below 3 GHz. The 
cascode CMOS stage not only gives a sufficient reverse isolation, but also improves gain at 
higher frequencies due to the series-peaking inductor L2 and shunt load inductor L3. As a 
result, a power gain of about 11 dB with a gain variation of 1.2 dB, an input return loss bet-
ter than 11 dB, and a noise figure of 4.7–5.6 dB across the frequency range of 3.1–10.6 GHz 
with a power consumption of 10.6 mW were achieved [53]. Fabricated in a 0.13-µm CMOS 
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technology, such a transformer-feedback LNA exhibits a noise figure of 2.2–3.1 dB and less 
than 5-mW power consumption from 2.4 to 5.4 GHz under 1-V power supply [55].

10.6 Noise-Canceling Technique

From consideration of different contributions to the drain current noise of a 0.18-µm 
n-channel MOSFET device, it was found that the major part is due to the channel thermal 
noise, which has a power spectral density of 4kTγgd0Δf, where gd0 is the channel conduc-
tance for zero drain–source bias voltage and γ is the noise parameter called the white-noise 
gamma factor, while the relatively small contribution comes from the gate resistance, bulk 
resistance, or 1/f noise [56]. The theoretical long-channel value of γ is equal to 2/3, whereas 
shorter channels show a small enhancement of γ, which is partly due to thermal noise of 
parasitic resistances and partly due to short-channel effects such as velocity saturation 
and channel length modulation. For a deep-submicron MOSFET, the value of γ exceeds 1 
in saturation and may become 2–3 under some biasing conditions [35]. For a common-gate 
CMOS LNA, whose simplified circuit schematic is shown in Figure 10.18a, the noise figure 
F is derived as
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where α = gm/gd0, and is often less than 1 in deep-submicron MOSFETs [35,57]. Assuming 
a conservative value of 1.33 for γ/α, the value of RL1 should be larger than 241 Ω for a noise 
figure F (in decibels) less than 5 dB. In this case, the bandwidth hardly exceeds 10 GHz 
with such a large RL1 in a 0.18-µm CMOS process since the LNA must properly drive the 
following receiver circuit such as a downconversion mixer. Besides, other noise sources 
such as gate-induced noise makes the noise figure even worse at higher frequencies since 
its power spectral density is proportional to the squared frequency. To obtain the best noise 
figure, the transistor should be biased to its peak transition frequency fT [58]. Therefore, 
the common-gate CMOS LNA may be considered as an appropriate candidate for a UWB 
receiver operating only at lower frequencies of the UWB band.

The circuit schematic of a resistive-feedback LNA is shown in Figure 10.18b, where the 
input impedance is ideally equal to (Rf + RL1)/(1 + gm1RL1) that should be set to 50 Ω for 
matching. In this case, the voltage gain is calculated from RL1(1 − gm1RL1)/(Rf + RL1). By 
neglecting the noise from the second transistor M2, the noise figure F is derived as
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that also depends on γ/α [57]. As the frequency increases, the noise from M2 is more pro-
nounced, making the noise figure larger. Though inductive peaking can be applied to the 
input to tolerate the size of the transistor M1 and hence a higher gm1, this topology typically 
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requires larger power consumption or more advanced technologies to achieve an accept-
able noise figure. This is primarily due to the inherently low transconductance of CMOS 
devices, which not only degrades the noise performance but also prohibits the use of a 
large feedback resistor.

To minimize a noise figure of the LNA over an entire UWB bandwidth, it is required 
to use a special broadband noise-canceling technique, which can be based on the decou-
pling of the input signal to create two fully correlated noise signals with opposite phases 
flowing through the different amplifying paths with their cancellation at the output [59]. 
Figure 10.18c shows the circuit schematic of a broadband noise-canceling CMOS LNA, 
where the first stage incorporates a common-gate topology to facilitate the ease of match-
ing and signal splitting. In this case, the series inductor L1 and parasitic capacitances of the 
transistors M1 and M3 form an LC ladder structure, the noise current due to the transistor 
M1 flows in opposite directions, and then combine at the common drain of M2 and M3, 
while the signal currents will be added in phase. The noise cancellation will occur if the 
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cancellation condition gm2RL1 = gm3RS is fulfilled, where gm2 is the transconductance of the 
transistor M2 and gm3 is the transconductance of the transistor M3. A current source with a 
bypass capacitor is used for M2. The inductors L1, L2, and L3 are added to extend the circuit 
bandwidth to higher frequencies, while the transistor M4 with its source connected to a 
current source and shunt capacitor forms a high-pass stage to filter out the low-frequency 
components below 3 GHz, resulting in a bandpass frequency response of the entire LNA. 
By applying a noise-canceling technique, the noise figure of a broadband CMOS LNA 
dominated by RL1, M2, and M3 is approximated as
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which provides design insights for sizing circuit components [57]. As a result, the mea-
sured noise figure was of 4.5–5.1 dB over the 3.1–10.6 GHz, which is close to the simulated 
noise figure with γ = 4/3.

A similar circuit schematic of a broadband noise-canceling 0.13-µm CMOS LNA is 
shown in Figure 10.19, where the shunt-peaking inductor Ld is added to the drain circuit of 
the transistor M2 to increase the frequency bandwidth to higher frequencies and an induc-
tive degeneration is used for the transistor M3 [60]. In this case, the gain can be increased 
by about 5 dB at high frequencies around 10 GHz. A second amplification stage based on 
the transistor M4 is necessary to further increase the overall gain to more than 16 dB and 
provide an output impedance match from 3 to 10 GHz. A series inductor L4 is used to 
compensate for the output capacitance of M4. Inductors Ld and L4 have a high-self-resonant 
frequency of more than 30 GHz for a constant inductance value from 3 to 10 GHz, which 
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is important to obtain a flat gain over the entire UWB band. As a result, a noise figure of 
3.9 ± 0.28 dB and a group delay of 105 ± 18 ps were measured in a frequency bandwidth of 
3–10 GHz.

Figure 10.20 shows the circuit schematic of a two-stage noise-canceling 0.18-µm CMOS 
LNA, where the parallel resistive feedback is used in the first cascode stage and the noise 
cancellation is achieved at the output of the second stage [61]. The noise current at the 
output port will be successfully suppressed to zero by proper selection of the values of the 
feedback resistor Rf and transconductances gm1, gm3, and gm4 of the corresponding transis-
tors M1, M3, and M4. An inductor L3 is added into the second-stage resistive feedback to 
construct an RLC feedback configuration to increase the total gain response and cancel the 
effect of the parasitic capacitances. The presence of this inductor allows the gain flatness 
above 7.2 GHz to be provided. However, the negative feedback generally does not improve 
the noise performance of the circuit. From simulation results, it follows that the noise fig-
ure below 3 dB can potentially be achieved in the frequency range from 3.1 to 10.6 GHz.

Figure 10.21 shows the basic schematic of a transformer noise-canceling CMOS LNA, 
which is suitable for low-voltage operation and achieves an input impedance matching 
and a low-noise performance across the UWB bandwidth of 3.1–10.6 GHz without addi-
tional circuits or increased power consumption [62]. In this case, the transistor is arranged 
in a common-gate configuration and the input and output shunt-peaking inductances Ls 
and Ld are magnetically coupled to form a transformer, which partly cancels the output 
noise voltage produced by the drain noise current. An output series inductor L1 extends 
not only the gain bandwidth, but also improves the input bandwidth through the coupling 
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FIGURE 10.20
Schematic of a two-stage noise-canceling CMOS LNA.
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by reducing the effect of the device input capacitance over the entire UWB bandwidth. The 
noise factor of the transformer noise-canceling CMOS LNA is written as

 F F F= + +1 M R1 L  (10.20)

with
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where Cin represents the sum of the gate–source capacitance of the transistor M1 and the 
parasitic capacitances of the input pad, n L L= d s/  is the turns ratio of the transformer 
(magnetic coupling factor k is assumed to be one), RS is the source resistance, gm and gd0 are 
the transconductance and zero-bias drain conductance of M1, and FM1 and FRL represent 
noise factors contributed from M1 and RL, respectively. The gate-induced noise current 
from M1 and the parasitic pad capacitances and inductor resistances are ignored. From 
Equations 10.20 to 10.22, it follows that the noise figure approaches its minimum value in 
the range of 1 < n < 1.2. The transconductance of M1 is determined by the input-matching 
conditions and the load resistor RL is selected to achieve a gain of more than 10 dB at lower 
UWB frequencies. The transformer adopts a stacked configuration, which provides the 
greatest coupling factor and a small area. As a result, a noise figure of 2.7–3.3 dB, an input 
return loss of better than 10 dB, and a gain of more than 7.8 dB with a power consumption 
of 2.5 mW from a 1.0-V supply were measured across the 3.1–10.6 GHz for this transformer 
noise-canceling UWB LNA implemented in a 90-nm digital CMOS technology.

Vdd

RL

Ld

L1

M1

Pin

Ls

Pout
Vg

M

FIGURE 10.21
Basic schematic of a transformer noise-canceling CMOS LNA.
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Index

A

“[A,B]=even_part(a,b)” function, 432
“[a,b]=RtoZ(A,B)” function, 394–395
Acceptable regions (ARs), 629
Active feedback, 620–621
Active postdistortion technique (APD 

technique), 612
“Actual_LumpedElements” function, 408–409, 

417–418
Actual capacitor, 275
Actual elements computation, 275–279
Actual inductor, 275
Actual resistor, 275
ADC, see Analog-to-digital converter (ADC)
Admittance

admittance-based break points, 378–381
conjugate-matching condition, 111
function, 265
matrices, 14
Y-parameters, 10

AM, see Amplitude modulation (AM)
“Amplifier_Distributed.m” program, 457–462
Amplitude-modulated radio-frequency signals 

(AM radio-frequency signals), 545
Amplitude–frequency response, matching 

technique with, 158
broadband transistor power amplifier, 158
common-emitter bipolar transistor, 159
design synthesis process of interstage-

matching circuit, 162
gain function for n-element low-pass ladder 

network, 159
low-pass tapered magnitude-matching 

networks, 160
overall synthesis procedure, 161
two-stage microstrip GaAs MESFET power 

amplifier, 163
two-stage power amplifier, 160

Amplitude modulation (AM), 189
Amplitude modulation/phase modulation 

(AM/PM), 553
AM/PM, see Amplitude modulation/phase 

modulation (AM/PM)
AM radio-frequency signals, see Amplitude-

modulated radio-frequency signals 
(AM radio-frequency signals)

Analog-to-digital converter (ADC), 695

Anode termination, 641
APD technique, see Active postdistortion 

technique (APD technique)
“Apoly=R_allzero(ndc, nz, W)” function, 399
Arbitrary waveform generator (AWG), 695
ARs, see Acceptable regions (ARs)
AT=clear_oddpower(AA) function, 399–400
Automated design of matching networks, 

280–283
Automated real frequency design of lossless 

two-ports, 272–275
AWG, see Arbitrary waveform generator (AWG)

B

“B=polarity(A)” function, 395
Back-End Equalizer [B], 219, 283, 342
Back-end matching network, 332, 342–343
Balanced power amplifiers, 79, 88; see also Power 

amplifier design principles
characteristic impedance, 90
coupled-line directional couplers, 89
Lange directional couplers, 91
midband voltage coupling coefficient, 92
with quadrature hybrid couplers, 88
simple two-element power combiners, 89
unfolded Lange coupler, 91
voltage-split ratio, 90

Balanced transistor, 81
Baluns, 82

basic structures and equivalent circuits of 
coaxial, 83

circuit schematic of broadband planar, 87
equivalent circuit and of broadband 

compensated bandpass, 86
input impedance, 86
load-network arrangement, 84
miniaturized compact input unbalanced-to-

balanced transformer, 85
push–pull bipolar power amplifier with 

input and output, 84
push–pull operation of power amplifier, 82
push–pull power amplifier, 85

Bandpass configuration, 661
bandpass distributed amplifier, 662
bandwidth frequency, 662–663
three-cell bandpass distributed amplifier, 662

© 2016 by Taylor & Francis Group, LLC



726 Index

Bandwidth extension, 571
broadband Doherty amplifier, 572
three-stage Doherty amplifier, 573–574

Binary phase-shift keying (BPSK), 693
Bipolar broadband high-power amplifier for 

VHF FM transmitters, 189
Bipolar high-power UHF amplifier for TV 

transmitters, 166
Bipolar technology, 667–668
Bipolar transistor intrinsic Y-parameters, 67
Bipolar UHF power amplifier for TV 

applications, 165
BLF548 device, 166
Bode–Fano criterion, 133

Chebyshev matching transformer, 135
ideal filter flat responses with wide and 

narrow bandwidths, 134
loaded lossless-matching circuits, 134
requirements, 133

Bondwires, 24
Bootstrap effect, 97
BPSK, see Binary phase-shift keying (BPSK)
Break points, model for, 385–392
Broadband

push–pull GaN HEMT VHF–UHF power 
amplifier, 206

SiGe BiCMOS power amplifiers, 170
W-band CMOS medium-power amplifier, 

174, 175
Broadband-matching networks

broadband LDMOSFET power amplifier, 147
lumped elements, 135–144
with mixed lumped and distributed 

elements, 144–147
single-frequency-equivalent technique, 146
single-frequency equivalence, 145
transforming design procedure for lumped 

and distributed matching circuits, 145
Broadband 1:4 impedance transformation, 96
Broadband bipolar VHF power amplifier, 

circuit schematic of, 204
Broadband Class E

with bandpass filter, 520
conductance and susceptance, 518
frequency behavior of conductance, 517–518
on GaN HEMT CGH40010 device, 522
open-circuited transmission line, 521
output matching network, 523–524
with shunt capacitance, 516
for slope cancellation, 519

Broadband Doherty amplifier, 572, 574
asymmetric Doherty amplifier, 574–575
backoff power level, 575–576

real frequency technique, 577
Simulated and measured performance, 578
transducer power gain, 576

Broadband GaN HEMT MMIC power amplifier, 
168

Broadband HEMT power amplifiers, 171
Broadband high-power

GaN HEMT VHF–UHF amplifier, 207
VHF bipolar amplifier, 163
VHF–UHF MOSFET amplifier, 167

Broadband impedance transformer, 92, 144
impedance-transforming circuits, 137

Broadband inverted Doherty configuration, 583
impedance conditions, 586
impedance for carrier amplifier, 588
impedances for peaking amplifier, 587
load-network schematic and broadband 

properties, 585
simulated power gain and drain efficiencies, 

589
test board of dual-band GaN HEMT parallel 

Doherty amplifier, 584
transmission-line tri-band inverted GaN 

HEMT Doherty amplifier, 588
tri-band inverted GaN HEMT Doherty 

amplifier configuration, 585–586
tri-band transmission-line GaN HEMT 

Doherty amplifier, 590
Broadband LDMOSFET high-power amplifier, 

schematic and performance of, 187
Broadband lossy match power amplifier, 213, 214
Broadband lumped-element

FET amplifier, 121
microwave FET amplifiers, 143

Broadband microwave CMOS power amplifier, 
circuit schematic of, 208

Broadband microwave GaN HEMT power 
amplifier, 154

Broadband millimeter-wave low-noise 
amplifiers, 632

broadband millimeter-wave monolithic 
GaAs MESFET LNAs, 632–633

cascode InP HEMT LNA stages, 634
open-circuited shunt stub, 635
35-nm InP HEMT MMIC LNA stage, 634
two-stage 0.1-µm InP HEMT MMIC LNA, 633

Broadband millimeter-wave power amplifiers, 
168

broadband HEMT power amplifiers, 171
broadband SiGe BiCMOS power amplifiers, 

170
broadband W-band CMOS medium-power 

amplifier, 174, 175
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FET technologies, 170
H-band cascode mHEMT amplifier stage, 

172
millimeter-wave systems, 168–169
shunt inductance, 173
SiGe technology, 169
solid-state integrated circuit 

amplifiers, 171
three-stage single-ended W-band power 

amplifier, 175, 176
two-, three-, and four-stack CMOS power 

amplifier, 172, 173, 174
Broadband parallel-circuit Class E, 524

high-efficiency broadband operation mode, 
526

input matching circuit, 529–530
LDMOSFET power amplifier, 527
parallel-circuit GaAs HBT Class-E MMIC 

power amplifier, 531
single-and double-susceptance 

compensation circuits, 525
transmission-line broadband Class-E load 

network, 528
two-stage InGaP/GaAs HBT power 

amplifier, 530
wider frequency bandwidth, 525

Broadband parallel Doherty architecture, 577
amplifier saturation mode, 582
conventional and modified two-stage 

Doherty amplifiers, 579
dual-band parallel GaN HEMT Doherty 

architecture, 581
dual-band transmission-line GaN HEMT 

Doherty amplifier, 582–583
load-network schematics and broadband 

properties, 580
parallel architecture of two-stage Doherty 

amplifier, 578–579
quality factor, 579–580

Brune synthesis, 260

C

Capacitive coupling, 652
distributed amplifier with series capacitor at 

FET drain, 653
drain-line loading, 653–654

Capacitive impedance-transforming circuits, 
136

Capacitor(s), 25
capacitor self-resonant frequency, 26
chip, 25
different series capacitor topologies, 26

interdigital, 26
MIM capacitors, 27
parallel capacitor topology and equivalent 

circuit, 25
self-resonant frequency, 26

“cascade” function, 465
Cascaded distributed amplifiers, 672

fabricated three-stage CRTSSDA, 674
second-order low-pass filter configurations, 

673
three-CRTSSDA, 675

Cascaded reactively terminated single-
stage distributed amplifier 
(CRTSSDA), 673

Cascode broadband low-noise amplifier, 623
cascode CMOS LNA, 623–624
low-noise figure, 624, 626
low-power consumption, 624, 626
multioctave monolithic LNAs, 627
resistive-feedback cascode CMOS 

LNAs, 625
resistive-feedback cross-coupled CMOS 

LNA, 626
resistive-feedback dual-gate GaN HEMT 

LNA, 628
single-stage resistive-feedback, 627
two-stage cascode CMOS LNAs, 624

Cascode distributed amplifiers, 665; see also 
Microwave GaAs FET distributed 
amplifiers

bipolar technology, 667–668
cascode MESFET cell, 665
distributed amplifier, 670
dual-gate GaAs FET device, 666
five-cell nonuniform cascode GaN HEMT 

distributed amplifier, 667
gain-bandwidth characteristics, 668
three-cell bipolar, 669

Cascode MESFET cell, 665
CDA, see Conventional distributed amplifier 

(CDA)
Characteristic impedance physical realization, 

346
example for calculation, 347–348
silicon substrate, 347

Chebyshev matching transformer, 135
“Check_immitance” function, 470–471
Chip capacitors, 25
Circuit stability factor, 73
Circuit theory, 50
Class-A operation mode, 50

voltage and current waveforms in, 49
Class-B operation, 51
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Class-E power amplifiers, high-efficiency 
broadband, 489; see also Broadband 
Class E; Broadband parallel-circuit 
Class E

Class E with finite DC-feed inductance, 
506–511

Class E with shunt capacitance, 500–506
CMOS Class-E power amplifiers, 538–541
high-efficiency switching Class-E modes, 

500
high-power RF Class-E power amplifiers, 

531–534
load networks with lumped elements, 

490–496
load networks with transmission lines, 

496–500
microwave monolithic Class-E power 

amplifiers, 534–538
parallel-circuit Class E, 511–516
reactance compensation technique, 489

CLC-PI section equivalent transmission-line 
model, 348

CLC PI equivalent, 348
high-end cutoff frequency, 349
matching network construction, 350–357
microstrip technology, 350

“CLCPItoTRL” function, 478–479
CLC sections, 368–370

chain parameters for, 366–368
CMMR, see Common-mode rejection ratio 

(CMMR)
CMOS, see Complementary metal-oxide-

semiconductor (CMOS)
CMOS amplifiers with lossy compensation 

circuits, 705
gate–drain capacitance, 706
input matching, 707

CMOS Class-E power amplifiers, 538
broadband Class-E CMOS power amplifiers, 

540
broadband high-efficiency operation, 

540–541
parasitic capacitance, 539

CMOS distributed amplifiers, 679
bisected-T m-derived filter, 682
with bisected T-type and π-type m-sections, 

683
cascaded double-cell cascade, 684
cascode nonuniform seven-cell, 681
four-cell, 680, 681

Coaxial baluns, basic structures and equivalent 
circuits of, 83

Coaxial cable combiner, 101

Coaxial cable transformer, 94
low-frequency bandwidth limit of, 95
schematic configurations of, 94, 97

Collector current waveforms, 55, 56
Commensurate lines, 148
Commensurate transmission line

characteristic impedances determination, 
302–304

matching networks construction with, 
294–295

ultra-wideband microwave amplifier using, 
339–346

Common-gate CMOS amplifiers, 701
low-noise common-gate cascode CMOS 

amplifier, 705
low-power consumption, 704
two-stage CMOS amplifier, 702, 703

Common-mode rejection ratio (CMMR), 678
“CompactDoubleMatching” function, 428–429
“CompactSingleMatching” function, 425–427
Complementary metal-oxide-semiconductor 

(CMOS), 23
Complete broadband

input-matching circuit, 122, 131
output-matching circuit, 124

Complex Laplace domain variable, 219
Conduction angle, 46
Conductor loss, 33
Constant-wave (CW), 573
Conventional distributed amplifier (CDA), 672
Coplanar waveguide (CPW), 33, 35

characteristic impedance for zero metal 
thickness, 34

structure, 34
Coplanar waveguide (CPW), 679
Coupled-line directional couplers, 89
CPW, see Coplanar waveguide (CPW)
Critical mode, 43
CRTSSDA, see Cascaded reactively terminated 

single-stage distributed amplifier 
(CRTSSDA)

CSSDA, see n-cascaded single-stage distributed 
amplifier (CSSDA)

CT-UE-CT sections, 368–370
chain parameters for, 366–368

CurveFitting function, 407–408
CW, see Constant-wave (CW)

D

Darlington driving point network functions, 219
Decomposition synthesis method, 212

approaches, 213–214
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broadband lossy match power amplifiers, 214
“[denom,errord]=denominator(p)” function, 

398–399
Derivative superposition method (DS method), 

610–611
Device stability factor, 72, 73, 74
DHBT technology, see Double HBT technology 

(DHBT technology)
Dielectric loss factor, 33
Digitally-driven Doherty amplifier, 567–568
Digital predistortion (DPD), 555
Digital satellite communication systems (DSC 

systems), 561
Digital signal processing (DSP), 555
Diplexing networks, 184
“Distributed_TR1” function, 463
“Distributed_TR2” function, 472
Distributed amplifiers, 641; see also Cascode 

distributed amplifiers; Microwave 
GaAs FET distributed amplifiers

cascaded, 672–675
CMOS distributed amplifiers, 679–684
extended resonance technique, 670–671
matrix distributed amplifiers, 675–679
noise in, 684–688
principles, 641–647
vacuum-tube, 642, 643

Distributed CMOS amplifiers, 697
cascode configuration, 698–699
low-noise high-gain cascade, 699–700
lower-band cutoff frequency of amplifier, 699
small-size and low-noise, 701
three-cell, 700

Distributed elements
CLC-PI section equivalent transmission-line 

model, 348–357
matching networks with mixed lumped and 

distributed elements, 348
Doherty amplifier; see also Inverted Doherty 

amplifiers; Multiband and broadband 
capability

digitally-driven Doherty amplifier, 567–568
Doherty fundamental load-network 

structures, 547
Doherty power-amplifier architecture, 

549–550
envelopes of anode currents and voltages, 548
historical aspect and conventional, 545
input drive controller, 550–551
integration, 561–566
linearity, 555–556
linear RF Pas, 546
modulation cycle, 548

offset lines, 553–555
operation principle, 551–553
without quarterwave impedance inverter, 558
series-connected load, 556–557

Doherty configurations, multiband, 568
broadband Doherty amplifier, 570–571
dual-band input power splitter, 569
two-stage Doherty amplifier, 570

Double HBT technology (DHBT technology), 535
Double matching problem, 283, 285; see also Real 

frequency techniques (RFTs)
generator-based TPG, 286
IMN, 283
load-based TPG, 286, 294
lossless matching network, 285, 287, 288–294
TPG, 284, 285
two-stage power amplifier design, 285
unit normalized generator reflectance, 286

DPD, see Digital predistortion (DPD)
DPI, see Driving pint immittance (DPI); Driving 

point impedance (DPI)
Driving pint immittance (DPI), 383
Driving point impedance (DPI), 240, 244

in real frequency techniques, 252
Driving point impedance (ZF), 221, 222
DSC systems, see Digital satellite 

communication systems (DSC 
systems)

DS method, see Derivative superposition 
method (DS method)

DSP, see Digital signal processing (DSP)
Dual-band transmission-line GaN HEMT 

Doherty amplifier, 582–583
Dual analysis, 3
Dual feedback, 618–620

E

Electronic warfare applications (EW 
applications), 613

Equal-delay 2.25:1 unun, 99
Equal-delay transmission-line transformers, 93
Equal-Q approach, 123
Equivalent input device impedance, 181

broadband lossy match silicon MOSFET 
high-power amplifier, 181

equivalent circuits characterizing device 
input impedance, 183

lossy match gain-compensation circuit and 
device input circuit, 182

short-circuited transmission line, 184
small-signal silicon MOSFET-equivalent 

circuit, 182
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“Error_parametric” function, 253, 402
“error_RFDCT” function, 245–246
Error function, 474
Error vector magnitude (EVM), 564
“Evaluate_Curvefitteng” function, 245, 415
“Evaluate_Parametric” function, 414–415
“EvaluateRFLST_lsqnonlin” function, 414
“even_part” function, 468–469
“EvenPart_Richard(k, q, a0, c)” function, 

430–431
EVM, see Error vector magnitude (EVM)
EW applications, see Electronic warfare 

applications (EW applications)
“Example5_6.m” program, 254, 400–401, 

402–405
“Example5_7.m” program, 401–402
Extended resonance technique, 670–671

F

Feedback amplifiers, 195
broadband bipolar VHF power amplifier, 204
broadband high-power GaN HEMT VHF–

UHF amplifier, 207
broadband microwave CMOS power 

amplifier, 208
broadband push–pull GaN HEMT VHF–

UHF power amplifier, 206
design of transistor, 195
multioctave linear MOSFET HF-VHF power 

amplifier, 203
multioctave MOSFET VHF power amplifier, 

205
negative feedback approach, 207
negative feedback design techniques, 

196–200
noise-equivalent circuit for common-source 

FET, 201
noise figure, 201–202
practical examples, 202–208
three-stage bipolar amplifier with series–

parallel resistive feedback, 196
transmission-line transformers, 205

Feedback CMOS amplifiers, 707
parallel negative feedback, 710–716
source degeneration, 708–710

Field-effect transistors (FETs), 65
Filtering multistage LNA topology, 607–608
“FinalOptimization_DoubleMatching” 

function, 425
“FinalOptimization_Parametric” function, 408
“FinalOptimization” function, 409–410
Finite DC-feed inductance, Class E with, 506

linear nonhomogeneous second-order 
differential equation, 508

load network, 507
normalized load-network inductance, 509
optimum load-network parameters, 511
series reactance, 510

Foster’s function, 296
Four-cascaded single-stage distributed 

amplifier (4-CSSDA), 672
Fractional 1:2.25 impedance transformer, 100
Frequency-dependent correction factor, 25
Front-End Equalizer [F], 219, 283
Front-end matching network, 327, 340

error, 342
front-end equalizer, 340
losslessness condition, 341
nonlinear optimization, 329–330
optimization frequency, 328

“function error_RFDCT” function, 393–394
“function error_RFLST” function, 236
“function line” function, 375–376
Function Minimum_Funtion, 394

G

GaAs MESFETs, 60–65
Gain-compensating and feedback lossy 

networks, graphical design of, 208
basic structures for interstage networks 

design, 210, 211
broadband lossy match power amplifier, 213
feedback amplifier modules, 208
feedback diagram for equalizing and 

matching for RL feedback circuit, 209
graphic design technique, 212

“Gain_DoubleMatching” function, 424–425
“gain_singleMatching” function, 231, 232
“Gain1” function, 455–456
“Gain2” function, 456
Gain tapering, 159
GaN HEMTs, 60–65
Gate-source capacitance, 59, 60
Gate-source resistance, 60
“General_immitCheck” function, 470
“GKY_Example5_10.m” program, 422–424
“GKY_Example5_15.m” program, 438–442
“GKYExample5_11.m” program, 429–430
“GKYExample5_12.m” program, 433–435
“GKYExample5_13.m” program, 436–437
“GKYExample5_14.m” program, 437
“GKYExample5_8.m” program, 418
“GKYExample5_9b.m” program, 420–422
“GKYExample5_9.m” program, 418–420
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“GKYSRFTLumpedAmplDesignSec5_14.m” 
program, 479–485

Graphical design technique, 628
broadband cascode LNA, 630
broadband feedback LNAs, 629
broadband two-stage LNA, 631, 632
multistage feedback LNA, 629–630
objective function, 628, 629

Grid termination, 641
Guanella transformer system, 92, 93

H

H-band cascode mHEMT amplifier stage, 172
HBT, see Heterojunction bipolar transistor 

(HBT)
HEMTs, see High-electron-mobility transistors 

(HEMTs)
Heterojunction bipolar transistor (HBT), 65

bipolar transistor intrinsic Y-parameters, 67
computer-aided simulations, 68
low-and high-voltage, 65–68
nonlinear BJT and HBT models and HBT 

physical structure, 66
HF system, see High-frequency system (HF 

system)
High-efficiency switching Class-E modes, 500

Class E with finite DC-feed inductance, 
506–511

Class E with shunt capacitance, 500–506
parallel-circuit Class E, 511–516

High-electron-mobility transistors (HEMTs), 60
nonlinear MESFET and HEMT model, 61

High-frequency system (HF system), 545
High-pass reactive elements, 264
High-power RF Class-E power amplifiers, 531

bandpass broadband Class-E load network, 
533–534

MOSFET gates, 532
High-precision ladder synthesis; see also Real 

frequency techniques (RFTs)
DC transmission zeros extraction, 256
extraction transmission zeros at infinity, 256
finite transmission zero extraction, 255
immittance function synthesis, 256
LC ladder synthesis rules, 270–272
MATLAB implementation of zero shifting 

algorithm, 260–263
pole extraction at infinity, 269–270
of positive real functions, 255
synthesis with transmission zeros at DC and 

infinity, 263–268
Transmission zero extraction, 256–260

transmission zero extraction of DC, 268–269
Hilbert transformation relation, 222
HPSK, see Hybrid phase shift keying (HPSK)
Hurwitz equations, 222
Hybrid coaxial cable transformer, 100
Hybrid phase shift keying (HPSK), 556
Hyperbolic functions, 65

I

Ideal Class-B operation, 79
IM3, see Third-order intermodulation (IM3)
IMD2, see Second-order intermodulation 

distortions (IMD2)
IMD3, see Third-order intermodulation 

distortions (IMD3)
Immittance, 219

approach, 72
function, 263
synthesis, 272

“ImmittanceBased_RealFrSingMatch” function, 
415–417

IMN, see Interstage matching network (IMN)
Impedance-based break points, 382–385
“Impedance_Termination” function, 376–377
Impedance conjugate-matching condition, 111
Impedance correction, 263
Impedance functions, 219
Impedance matching, 109; see also Lossless 

matched broadband power amplifiers
basic principles, 109–112
broadband lumped-element FET amplifier, 

121
circuit arrangements, 112
circuit parameters, 128
circuits developed by connecting two 

L-transformers, 115
complete broadband input-matching circuit, 

122, 131
complete broadband output-matching 

circuit, 124
device input quality factor, 131
equal-Q approach, 123
equivalent circuits with voltage and current 

sources, 110
impedance conjugate-matching condition, 

111
impedance parallel and series-equivalent 

networks, 114
input impedance, 114, 124
L-transformer with series transmission line, 

127
L-type matching circuits and equations, 115
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Impedance matching (Continued)
low-pass section, 120
with lumped elements, 112–124
lumped matching circuit technique, 122
L, π, and T-transformers, 113, 119
π-and T-transformers with transmission 

lines, 129
π-Transformers and relevant equations, 116, 

117
power amplifier designs at microwave 

frequencies, 127
power delivered to load, 109
quality factor, 132
quarter-wavelength impedance transformer, 

126
reactances of two series elements, 118
Smith chart with elements, 123, 125, 133
susceptances of shunt elements, 121
transmission-line impedance transformer, 

125
transmission-line T-transformer and 

relevant equations, 130
transmission-line π-transformer and 

relevant equations, 130
with transmission lines, 124–133
two-port π-transformer, 129

Indium phosphide (InP), 535
Inductive impedance-transforming circuits, 137
Inductors, 22

bondwires, 24
CMOS, 23
equivalent circuit of square spiral 

inductor, 24
frequency-dependent correction factor, 25
microstrip short-section inductance in free 

space, 22
spiral, 22, 23

“INDviaTRL” program, 474–476
“initials” function, 370
“Initiate_CurveFitting” function, 413
“Initiate_Parametric” function, 413
“InitiateRFLST_lsqnonlin” function, 412–413
InP, see Indium phosphide (InP)
Input impedance, 336
Input Matching Network, see Front-End 

Equalizer [F]
Insertion-loss function, 161
Integration, 561

Doherty amplifier for handset applications, 
564, 565

Doherty power amplifier, 566
frequency-dependent quarterwave 

transformer, 564–565

in-phase transmission-line two-way 
Wilkinson divider, 562–563

network parameters, 565
3-dB hybrid input divider, 563

Interdigital capacitor, 26
Interstage equalizer design, see Double 

matching problem
Interstage matching network (IMN), 283

design process, 161, 162
Inverted Doherty amplifiers, 557, 559; see also 

Doherty amplifier
in Doherty configuration, 559–560
four-carrier WCDMA signal, 559
high-power level, 558
load-network schematic and impedances, 

560
three-stage inverted Doherty amplifier, 560, 

561
IP3, see Third-order intercept point (IP3)

K

k-unit elements cascade connection, 300
characteristic impedances determination, 

302–304
degree of new polynomials, 301
numerical implementation, 302
termination impedance, 300

Kuroda identities, 149, 150

L

L-transformers, 113, 115
with series transmission line, 127

“lambda2q_UE2k(k,q)” function, 464–465
Lange directional couplers, 91
Lateral diffusion metal-oxide semiconductor 

field-effect transistor (LDMOSFET), 58
gate-source capacitance, 59, 60
gate-source resistance, 60
large signal-load pull input and output 

impedances for, 371–375
nonlinear current source, 58
nonlinear LDMOSFET model and physical 

structure, 58
silicon LDMOS transistors, 59

LC ladder synthesis rules, 270–272
LDMOSFET, see Lateral diffusion metal-oxide 

semiconductor field-effect transistor 
(LDMOSFET)

“levenberg_TR1” function, 454–455
“levenberg_TR2” function, 455
Levenberg–Marquard method, 235
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LF system, see Low-frequency system (LF 
system)

“Line_Impedance” function, 445
“Line” function, 235
Linearization techniques, 608

APD technique, 612
CMOS LNA, 611
DS method, 610–611
due to source degeneration and harmonic 

termination, 609
nonlinear properties, 609
Taylor-series expansion of transistor transfer 

function, 610
Linear mode, 43
LNA, see Low-noise amplifier (LNA)
LO, see Local oscillator (LO)
Loaded lossless-matching circuits, 134
Load line, 53–57
Load networks

double-reactance compensation load 
network, 495

double-susceptance and double-reactance 
compensation circuits, 494

frequency bandwidth, 491, 493
with lumped elements, 490
resistance and reactance curves, 492–493
single-reactance compensation circuit, 490, 

492
single-resonance load network, 496
with transmission lines, 496–500

Local oscillator (LO), 694
Long-term evolution (LTE), 546
Lookup table (LUT), 567
Lossless matched broadband low-noise 

amplifier, 612
EW applications, 613
monolithic Ka-band 0.25-µm HEMT LNA, 614
monolithic two-stage GaAs MESFET LNA, 

613
Lossless matched broadband power amplifiers, 

109
amplitude–frequency response, matching 

technique with, 158–163
Bipolar high-power UHF amplifier for TV 

transmitters, 166
bipolar UHF power amplifier for TV 

applications, 165
Bode–Fano criterion, 133–135
broadband-matching networks with lumped 

elements, 135–144
broadband-matching networks with mixed 

lumped and distributed elements, 
144–147

broadband GaN HEMT MMIC power 
amplifier, 168

broadband high-power VHF bipolar 
amplifier, 163

broadband high-power VHF–UHF MOSFET 
amplifier, 167

broadband millimeter-wave power 
amplifiers, 168–177

Microstrip broadband 15-W GaAs MESFET 
power amplifier, 165

output-matching circuit, 164
practical examples of Broadband RF and 

microwave power amplifiers, 163–168
transmission lines, matching networks with, 

148–158
two-octave high-power transistor amplifier, 

166
two-stage reactively matched GaN HEMT 

MMIC power amplifier, 167
Lossy compensation networks, amplifiers with, 

181
bipolar broadband high-power amplifier for 

VHF FM transmitters, 189
broadband microstrip lossy match bipolar 

and MESFET power amplifiers, 193
equivalent input device impedance, 181–184
input, output, and interstage broadband-

matching circuits, 190
lossy match design techniques, 184–189
microstrip two-stage lossy match MESFET 

power amplifier, 191
microwave broadband GaN HEMT power 

amplifiers, 194
negative biasing in Class-C mode, 190
output-matching network, 192
practical examples, 189–195
quarter-wave impedance transformers, 

191–192
two-element-matching circuit, 195
two-stage microstrip lossy match InP-HEMT 

amplifier, 192
Lossy feedback broadband low-noise amplifier, 

614
active feedback, 620–621
dual feedback, 618–620
noise figure, 622–623
shunt feedback, 615–618

Lossy match design techniques, 184
amplifier gain, 185
bandstop/bandpass diplexing RLC network, 

184
broadband LDMOSFET high-power 

amplifier, 187
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Lossy match design techniques (Continued)
circuit schematics of lossy gain-

compensation circuits, 185
circuit topologies of microstrip lossy match 

MESFET amplifiers, 186
second-order all-pass lossy-matching 

network, 188
two-stage GaAs MESFET MMIC power 

amplifier, 189
voltage transfer function, 188

Lossy matched and feedback broadband power 
amplifiers, 181

amplifiers with lossy compensation 
networks, 181–195

decomposition synthesis method, 212–214
feedback amplifiers, 195–208
gain-compensating and feedback lossy 

networks, 208–212
octave-band microstrip lossy match bipolar 

power amplifier, 182
Low-frequency system (LF system), 545
Low-noise amplifier (LNA), 595

broadband millimeter-wave low-noise 
amplifiers, 632–635

cascode broadband, 623–628
filtering multistage LNA topology, 607–608
graphical design technique, 628–632
linearization techniques, 608–612
lossless matched broadband, 612–614
lossy feedback broadband, 614–623
low- and ultra-low-noise amplifiers, 596
MASER technique, 595
minimum noise figure, 602–606
narrow-band vacuum-tube amplifiers, 597
optimum input matching for common-

source configuration, 600
principles, 595
with source degeneration, 599
topologies, 597–602
vacuum-tube three-stage low-noise 

amplifier, 597
Low-pass impedance-transforming prototype 

filter, 140–141
Low-pass tapered magnitude-matching 

networks, 160
Low-temperature co-fired ceramic technology 

(LTCC technology), 658
“lsqnonlin” function, 235–236, 240, 245
LTCC technology, see Low-temperature co-fired 

ceramic technology (LTCC technology)
LTE, see Long-term evolution (LTE)
Lumped elements, 22, 293

broadband-matching networks with, 135

broadband impedance-transforming 
circuits, 137

broadband impedance transformer, 144
broadband lumped-element microwave FET 

amplifiers, 143
capacitive impedance-transforming circuits, 

136
capacitors, 25–27
circuit parameters, 138
CLC-PI section equivalent transmission-line 

model, 348–357
configuration with, 651–652
frequency substitution, 139
impedance-transformer design procedure 

using low-pass filter–prototype, 142
impedance-transforming bandpass filter and 

frequency response, 143
inductive impedance-transforming circuits, 

137
inductors, 22–25
low-pass impedance-transforming 

prototype filter, 140–141
low-pass prototype filters, 141
lumped L-, π-, and T-type impedance-

transforming circuits, 140
matching circuit with IT, 136
matching networks with mixed lumped and 

distributed elements, 348
Norton transform, 136
parameters of low-pass Chebyshev filters–

prototypes, 140
two-section broadband low-pass-matching 

circuit and frequency response, 139
two-section impedance-transforming 

circuit, 137
two-section low-pass Chebyshev filter 

parameters, 138
LUT, see Lookup table (LUT)

M

MAG, see Maximum available gain (MAG)
MASER technique, see Microwave amplification 

by stimulated emission of radiation 
technique (MASER technique)

Matching networks; see also Real frequency 
techniques (RFTs)

CLC-PI section equivalent transmission-line 
model, 348–357

design with mixed elements, 476–478
with mixed lumped and distributed 

elements, 348
MATLAB implementation
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transmission zero extraction of DC, 268–269
of zero shifting algorithm, 260–263

MATLAB programs, 370
“[A,B]=even_part(a,b)” function, 432
“[a,b]=RtoZ(A,B)” function, 394–395
“Actual_LumpedElements” function, 

408–409, 417–418
admittance-based break points, 378–381
“Amplifier_Distributed.m” program, 

457–462
“Apoly=R_allzero(ndc,nz,W)” function, 

399
“AT=clear_oddpower(AA)” function, 

399–400
“B=polarity(A)” function, 395
“cascade” function, 465
“Check_immitance” function, 470–471
“CLCPItoTRL” function, 478–479
CompactDoubleMatching” function, 

428–429
“CompactSingleMatching” function, 

425–427
CurveFitting function, 407–408
“[denom,errord]=denominator(p)” function, 

398–399
“Distributed_TR1” function, 463
“Distributed_TR2” function, 472
“Error_Parametric” function, 402
error function, 474
“Evaluate_CurveFitting” function, 415
“Evaluate_Parametric” function, 414–415
“EvaluateRFLST_lsqnonlin” function, 414
“even_part” function, 468–469
“EvenPart_Richard(k,q,a0,c)” function, 

430–431
“Example5_6.m” program, 254, 400–401, 

402–405
“Example5_7.m” program, 401–402
“FinalOptimization_DoubleMatching” 

function, 425
“FinalOptimization_Parametric” function, 

408
“FinalOptimization” function, 409–410
“function error_RFDCT” function, 393–394
“function line” function, 375–376
Function Minimum_Funtion, 394
“Gain_DoubleMatching” function, 424–425
“Gain1” function, 455–456
“Gain2” function, 456
“General_immitCheck” function, 470
“GKY_Example5_10.m” program, 422–424
“GKY_Example5_15.m” program, 438–442
“GKYExample5_11.m” program, 429–430

“GKYExample5_12.m” program, 433–435
“GKYExample5_13.m” program, 436–437
“GKYExample5_14.m” program, 437
“GKYExample5_8.m” program, 418
“GKYExample5_9b.m” program, 420–422
“GKYExample5_9.m” program, 418–420
“GKYSRFTLumpedAmplDesignSec5_14.m” 

program, 479–485
“ImmittanceBased_RealFrSingMatch” 

function, 415–417
impedance-based break points, 382–385
Impedance_Termination function, 376–377
“INDviaTRL” program, 474–476
“initials” function, 370
“Initiate_CurveFitting” function, 413
“Initiate_Parametric” function, 413
“InitiateRFLST_lsqnonlin” function, 412–413
“lambda2q_UE2k(k,q)” function, 464–465
large signal-load pull input and output 

impedances for LDMOSFET device, 
371–375

“levenberg_TR1” function, 454–455
“levenberg_TR2” function, 455
“Line_Impedance” function, 445
matching network design with mixed 

elements, 476–478
“Microstrip_CharateristicImpedance.m” 

program, 473
microstrip line design, 473–474
“Minimum_FRichard(k,q,a0,c)” function, 

431
model for break points, 385–392
“NewMinimumFunction” function, 432–433
“num-hilbert” function, 370–371
“[num,errorn]=num_Z0(p,Z0,k)” function, 

396–398
“objective function error_RFLST subject to 

minimization, 377–378
“paraconj” function, 465
“[p,k]=residue_Z0(A,B)” function, 395–396
“RFLST_SingleMatching” function, 405–407
“Richard_CompleteImpedanceSynthesis” 

function, 445–447, 465–467
“Richard_DoubleMatchingGain” function, 

444
“Richard_ImmittanceCorrection” function, 

467–468
“Richard_kq(k,q)” function, 468
“Richard_Numerator” function, 435–436
“Richard_NumeratorNew” function, 436
“Richard_OBJECTIVE” function, 442–443
“Richards_Gain1” function, 463–464
“Richards_Gain2” function, 472–473
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MATLAB programs (Continued)
“Richards_reflection” function, 471–472
“RichardsInputRef_EL” function, 443–444
“RichardsSRFT_htoG” function, 464
“RtoZ” function, 469
“Sin=inputref_EL(w,KFlag,a,b,ndc,W,RLA, 

XLA)” function, 427–428
“single matching transducer power gain” 

function, 371
“SRFT_fFLump” function, 457
“SRFT_htogLump” function, 456–457
“Synthesis_ImpedanceBased” function, 

447–449
“SynthesisbyTranszeros” function, 410–411
“TSMC_amp.m” program, 449–454
“ZeroShifting_AccurateImpedance 

Synthesis” function, 411–412
Matrix distributed amplifiers, 675, 676

CMMR, 678–679
distributed matrix MESFET amplifier, 676
lumped matrix amplifier and active balun, 

678
3 × 3 matrix MESFET amplifier, 677

Maximum available gain (MAG), 208, 652, 663
Medium-frequency system (MF system), 545
MESFETs, see Metal-semiconductor field-effect 

transistors (MESFETs)
Metal-oxide semiconductor field-effect 

transistor (MOSFET), 58
Metal-semiconductor field-effect transistors 

(MESFETs), 60
noise, 685
nonlinear MESFET and HEMT model, 61

Metal–insulator–metal capacitors (MIM 
capacitors), 27

Metamorphic HEMTs (mHEMTs), 170, 607
MF system, see Medium-frequency system (MF 

system)
mHEMTs, see Metamorphic HEMTs (mHEMTs)
Microstrip

“Microstrip_CharateristicImpedance.m” 
program, 473

technology, 350
two-stage lossy match MESFET power 

amplifier, 191
Microstrip broadband 15-W GaAs MESFET 

power amplifier, 165
Microstrip line, 31

configuration with, 647
conventional power amplifiers, 648
design, 473–474
dielectric loss factor, 33
drain-line loss, 650

equivalent-circuit diagram of FET 
distributed amplifier, 649

expression for characteristic impedance of 
lossless, 32

gate-line loss, 650
planar transmission lines, 31
power gain vs. frequency, 651
small-loss approximation, 649
structure, 31

Microstrip lossy match MESFET, amplifiers 
circuit topologies of, 186

Microstrip negative feedback
MESFET amplifiers, circuit topologies of, 197
SiC MESFET power amplifier, circuit 

schematic of, 200
Microwave amplification by stimulated 

emission of radiation technique 
(MASER technique), 595

Microwave amplifier designing, 320
Hurwitz denominator polynomial, 323
lossless two-ports, 322
numerator polynomial, 321
SRFT algorithm, 320, 322, 324–325

Microwave broadband GaN HEMT power 
amplifiers, 194

Microwave GaAs FET distributed amplifiers, 
647; see also Cascode distributed 
amplifiers

bandpass configuration, 661–663
capacitive coupling, 652–654
lumped elements, configuration with, 651–652
microstrip lines, configuration with, 647–651
parallel and series feedback, 663–665
power combining, 659–661
tapered lines, 654–659

Microwave monolithic Class-E power 
amplifiers, 534

broadband Class-E GaN HEMT power 
amplifier, 538

load network, 535
single-stage broadband Class-E GaN HEMT 

power amplifier, 537
two-stage power amplifier, 536

Midband voltage coupling coefficient, 92
Millimeter-wave systems, 168–169
MIM capacitors, see Metal–insulator–metal 

capacitors (MIM capacitors)
“Minimum_FRichard(k,q,a0,c)” function, 431
Minimum immittance function generation, 

247–248
example, 249–250
positive real, 248–249

Minimum noise figure, 602

© 2016 by Taylor & Francis Group, LLC

  



737Index

bipolar equivalent circuits, 603
device geometrical parameters, 605
MESFET device, 603–604
MESFET equivalent circuits, 604, 606

Minimum positive real function, 247
Minimum susceptance function, 265, 272
MMIC, see Monolithic microwave integrated 

circuit (MMIC)
Monolithic microwave integrated circuit 

(MMIC), 553
MOSFET, see Metal-oxide semiconductor field-

effect transistor (MOSFET)
Multiband and broadband capability, 568

bandwidth extension, 571–574
broadband Doherty amplifier, 572, 574–577
broadband inverted Doherty configuration, 

583–590
broadband parallel Doherty architecture, 

577–583
multiband Doherty configurations, 568–571

Multioctave linear MOSFET HF-VHF power 
amplifier, 203

Multioctave MOSFET VHF power amplifier, 205
Multistage transmitter system, 41

N

n-cascaded single-stage distributed amplifier 
(CSSDA), 672

Negative feedback design techniques, 196
circuit topologies of microstrip negative 

feedback MESFET amplifiers, 197
equivalent circuit of negative feedback 

MOSFET power amplifier, 198
microstrip negative feedback SiC MESFET 

power amplifier, circuit schematic of, 
200

parallel negative feedback admittance 
matrix, 199

parasitic elements of GaAs MESFET device, 
196

Negative inductor realization, 259–260
“NewMinimumFunction” function, 432–433
NF, see Noise figures (NF)
Noise-canceling technique, 716

CMOS LNAs, 717, 718
gate-induced noise, 720
resistive-feedback LNA, 716
transformer noise-canceling CMOS LNA, 

719–720
Noise factor, see Noise figures (NF)
Noise figures (NF), 35, 38, 201–202, 219, 622–623

current and voltage amplitudes, 37

equivalent circuits, 35
linear two-port networks, 37, 38, 39
multistage transmitter system, 41
noise voltage source and noise current 

source, 35
shot noise, 36
source impedance, 40

Noise in distributed amplifiers, 684–688
Nonlinear active device models, 57

GaAs MESFETs and GaN HEMTs, 60–65
gate-source capacitance vs. gate-source 

voltage, 60
LDMOSFETs, 58–60
low- and high-voltage HBTs, 65–68
method for extracting device intrinsic 

Z-parameters, 64
nonlinear equivalent circuit, 57

Nonlinear Angelov model, 63
Nonlinear mode, 43
Nonnegative even rational function, 243

approximation of break points, 247
curve-fitting problem, 244–245
“error_RFDCT” function, 245–246
“Evaluate_Curvefitteng” function, 245
finite real frequency transmission zeros, 244
lossless ladder, 243
RF-DCT, 244

Norton transform, 136
“num-hilbert” function, 370–371
“[num,errorn]=num_Z0(p,Z0,k)” function, 

396–398

O

Objective function error_RFLST subject to 
minimization, 377–378

Octave-band microstrip lossy match bipolar 
power amplifier, 182

OFDM system, see Orthogonal frequency 
division multiplexing system OFDM 
system (OFDM system)

Offset lines, 553
load-network schematic and impedances, 554
low-power region, 553–554
offset-line length, 555

On and off keying (OOK), 693
Operating power gain, 69
Optimum break point computation, 235

DPI, 240
example, 237–240, 241–243
function error_RFLST function, 236
initial and optimized break points, 241
Levenberg–Marquard method, 235
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Orthogonal frequency division multiplexing 
system OFDM system (OFDM system), 
546

Output-matching network, 192
Output impedance, 53–57
Output Matching Network, see Back-End 

Equalizer [B]
Output reflectance, 336

P

PAE, see Power-added efficiency (PAE)
PAM, see Pulse amplitude modulation (PAM)
PAR, see Peak-to-average ratio (PAR)
“paraconj” function, 465
Parallel-circuit Class E, 511; see also Broadband 

parallel-circuit Class E
amplifier with lumped matching 

circuit, 516
load network parameters, 512, 513
load network without series phase-shifting 

reactance, 513
optimum load resistance, 514

Parallel negative feedback, 710
cascode feedback LNA topology, 714
gate–drain feedback capacitance, 715–716
low-power consumption, 713–714
parallel-feedback CMOS LNAs, 711
parallel resistance–capacitance feedback, 712
two-stage CMOS LNA topology, 712
UWB CMOS LNA with transformer 

feedback, 715
Parametric approach, 250, 252

DPI, 252
Error_parametric function, 253
“real frequency-immittance-based matching 

network design” process, 254–255
RFDCT, 252
RFDCT and RFLST-based DPI admittance 

comparison, 251
RFLST, 252
in Richards’s domain, 298–300
TPGs of [F] employing RFLST and RFDCT, 

251
Parametric method, 267
Parasitic bipolar oscillators, equivalent circuits 

of, 75
Parasitic oscillations, 76, 77
Parasitic oscillator circuits, 72
PAs, see Power amplifiers (PAs)
Peak-envelope-power (PEP), 189
Peak-envelope point (PEP), 546
Peak-to-average ratio (PAR), 546

PEP, see Peak-envelope point (PEP); Peak-
envelope-power (PEP)

Phase-locked loop (PLL), 695
Piecewise-linear active device current–voltage 

characteristic, 44
π-transformers, 113, 115

and relevant equations, 116
with series capacitor, 117
with shunt capacitors, 117
with transmission lines, 129

π networks, 16
diagrams, 17
equivalence, 18
relationships, 19
two-loop equations, 16

“[p,k]=residue_Z0(A,B)” function, 395–396
PLL, see Phase-locked loop (PLL)
Pole extraction at infinity, 269–270
Power-added efficiency (PAE), 52
Power amplifiers (PAs), 546

basic classes of operation, 43–53
Class-A operation mode, 50
collector current waveforms, 55, 56
conduction angle, 46
dependences, 48
design principles, 43
electrical characteristics, 43
Fourier-series expansion, 46
inductive and capacitive load impedances, 57
load line, 53–57
nonlinear active device models, 57–68
operation classes, 48
output current, 45, 51
output impedance, 53–57
output voltage, 49
piecewise-linear active device current–

voltage characteristic, 44
piecewise-linear approximation 

technique, 45
push–pull amplifiers, 79–87
second-and higher-order harmonic 

components, 47
transmission-line transformers and 

combiners, 92–103
vacuum-tube Class-B power amplifiers, 52
vacuum-tube Class-C power amplifiers, 53
voltage and current waveforms, 49, 51

Power delivered to load, 109
Power gain and stability, 68, 79

bipolar transistors, 74
classification for linear instabilities, 73–74
equivalent circuits of parasitic bipolar 

oscillators, 75
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MOSFET device, 76
operating power gain, 69
parasitic oscillations, 76, 77
simplified bipolar π-hybrid equivalent 

circuit, 75
simplified equivalent circuits, 69, 70
single-stage power amplifier, 68
stabilized bipolar Class-C VHF power 

amplifier, 78
Taylor-series expansion of output current, 71
transistor characterization in large-signal 

mode, 72
PPM, see Pulse position modulation (PPM)
Practical two-port networks, 15; see also 

 Two-port network parameters
π-and T-type networks, 16–19
single-element networks, 15–16

Pulse amplitude modulation (PAM), 693
Pulse position modulation (PPM), 693
Push–pull amplifiers, 79

balanced transistor, 81
baluns, 82–87
configuration, 79–82
current, 80
ideal Class-B operation, 79
matching technique for single-ended and 

balanced transistors, 82
push–pull operation, 80
total dc collector current, 81
virtual grounding, 81

Q

Quadrature amplitude modulation (QAM), 556
Quarter-wave impedance transformers, 191–192
Quarter-wavelength impedance transformer, 

126
Quarterwave transformer, 549

R

Radiofrequency vacuum-tube transmitters, 72
RBA, 236, 237
Reactance compensation technique, 489

bandwidth extension using, 571
broadband Doherty amplifier, 572
load networks with lumped elements, 

490–496
load networks with transmission lines, 

496–500
three-stage Doherty amplifier, 573–574

“Real frequency-immittance-based matching 
network design” process, 254–255

Real frequency direct computational technique 
(RF-DCT), 244, 252, 310

Real frequency line segment technique 
(RF-LST), 221, 252, 273

break frequencies, 224, 228
driving point impedance, 222
error function, 224
function initials programs, 228, 229, 230
“gain_singleMatching” function, 231, 232, 

234
Hilbert transform, 231–232
Hilbert transformation relation, 222
Hurwitz equations, 222
impedance-based TPG, 224
implementation on MATLAB, 227
initial transducer power gain plot, 233, 234
large signal input and output impedance, 

227
“line” function, 235
lossless matching network, 225
low-and high-level initial break points, 229, 

230
numerical issues, 225–226
optimum break point computation, 235–243
piecewise linearization, 223
practical approach to model break points, 

243–247
real frequency matching problem, 221
single matching problem, 221
TPG for back-end [B], 234
TPG for front-end [F], 233

Real frequency matching algorithm
alternative design, 318, 319
commensurate transmission lines physical 

length, 318
double matching problem, 311
impedance transforming filter, 313–315
Kuroda Identity I, 316
Kuroda Identity II, 317
rational analytic function, 312
with real frequency matching algorithm, 310
Richards’s high-precision synthesis module 

integration with, 310
TPG, 313

Real frequency matching problem, 221
Real frequency techniques (RFTs), 219, 295; see 

also Double matching problem; High-
precision ladder synthesis; Richards’s 
domain; Simplified real frequency 
technique (SRFT)

actual elements computation, 275–279
automated design of matching networks, 

280–283

© 2016 by Taylor & Francis Group, LLC

  



740 Index

Real frequency techniques (RFTs) (Continued)
automated real frequency design of lossless 

two-ports, 272–275
characteristic impedance physical 

realization, 346–348
matching networks construction, 294–295
minimum immittance function generation, 

247–250
reflectance-based, 220
Richards’s high-precision synthesis module 

integration, 310–319
single-stage amplifier, 219–220
single inductor physical realization, 

357–364
TPG optimization, 250–255
ultra-wideband microwave amplifier, 

339–346
Reflection coefficient, 7, 30
Resistive-feedback topology, 696
Resistive generator (RG), 221
Reverse termination, 641
RF-DCT, see Real frequency direct 

computational technique (RF-DCT)
RF-LST, see Real frequency line segment 

technique (RF-LST)
RF amplifiers designing, 320

Hurwitz denominator polynomial, 323
lossless two-ports, 322
numerator polynomial, 321
in SRFT, 320
SRFT algorithm, 322

RF choke (RFC), 164
“FLST_SingleMatching” function, 405–407
RFTs, see Real frequency techniques (RFTs)
RHP, see Right half plane (RHP)
“Richard_CompleteImpedanceSynthesis” 

function, 445–447, 465–467
“Richard_DoubleMatchingGain” function, 444
“Richard_ImmittanceCorrection” function, 

467–468
“Richard_kq(k,q)” function, 468
“Richard_Numerator” function, 435–436
R”ichard_NumeratorNew” function, 436
“Richard_OBJECTIVE” function, 442–443
“Richards_Gain1” function, 463–464
“Richards_Gain2” function, 472–473
“Richards_reflection” function, 471–472
“RichardsInputRef_EL” function, 443–444
Richards’s domain, 295; see also Real frequency 

techniques (RFTs)
cascade connection of k-unit elements, 

300–304
parametric approach in, 298–300

realizable positive real function generation, 
295

Richards’s immittance function properties, 
296–298

Richards’s impedance correction, 304–310
Richards’s high-precision synthesis module 

integration
alternative design, 318, 319
commensurate transmission lines physical 

length, 318
double matching problem, 311
impedance transforming filter, 313–315
Kuroda Identity I, 316
Kuroda Identity II, 317
rational analytic function, 312
with real frequency matching algorithm, 310
TPG, 313

Richards’s immittance function properties, 
296–298

Richards’s impedance correction, 304–310
minimum input impedance, 305–308
Richards’s impedance, 308–310

“RichardsSRFT_htoG” function, 464
Richards’s transformation, 149, 153
Richards’s variable, 293
Right half plane (RHP), 296
“RtoZ” function, 469

S

Scattering parameters, 5
incident and reflected voltages and 

currents, 6
incident power, 6
normalized incident and reflected current 

waves, 7, 8
reflection coefficient, 7
S-parameter two-port network, 7
terminal voltage, 5

Second-order all-pass lossy-matching network, 
188

Second-order intermodulation distortions 
(IMD2), 610

Semiconductor-on-insulator (SOI), 623
Series-connected load, 556–557
Shot-effect noise, 685
Shot noise, 36
Shunt capacitance

Class E with, 500, 516–524
DC supply current, 503
duty cycle, 502
Fourier series expansion, 503
idealized optimum load resistance, 506
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load current and collector, voltage, and 
current waveforms, 504

lossless operation mode, 501
peak collector voltage, 505

Shunt feedback, 615
power consumption, 618
traces of input, interstage, and output 

matching circuits, 617
two-stage feedback amplifiers, 616

Shunt inductance, 173
Silicon-on-insulator (SOI), 172, 679
Silicon LDMOS transistors, 59
Simplified real frequency technique (SRFT), 

220; see also Real frequency techniques 
(RFTs)

back-end matching network, 332
to designing microwave amplifiers, 320–323, 

324–325
to designing RF amplifiers, 320–323
front-end matching network design, 

327–330
LC-ladder networks, 326
practical design aspects, 338–339
result of optimization, 330–332, 332–333
single-stage microwave amplifier design 

algorithm, 326
stability of amplifier, 335–338

“Sin=inputref_EL(w,KFlag,a,b,ndc,W,RLA,XLA)” 
function, 427–428

Single-element networks, 15–16
Single-frequency-equivalent technique, 146
Single-sideband (SSB), 189
Single-stage amplifier, 219–220
Single-stage microwave amplifier design 

algorithm, SRFT, 326
back-end matching network, 332
front-end matching network design, 327–330
LC-ladder networks, 326
practical design aspects, 338–339
result of optimization, 330–332, 332–333
stability of amplifier, 335–338

Single-stage power amplifier, 78
Single inductor physical realization, 357

actual inductance value, 358
inductor replacement, 359–364

Single matching problem, 221
automated real frequency design of lossless 

two-ports, 272–275
load of, 240

“single matching transducer power gain” 
function, 371

Small-signal silicon MOSFET-equivalent circuit, 
182

Smith chart with elements, 123, 125, 133
SOI, see Semiconductor-on-insulator (SOI); 

Silicon-on-insulator (SOI)
Solid-state integrated circuit amplifiers, 171
Source degeneration, 708

CMOS power amplifier with, 708
LNA topologies with, 599
three-section bandpass Chebyshev filter, 709
two-stage CMOS LNA with, 710

Spiral inductors, 22, 23
SRFT, see Simplified real frequency technique 

(SRFT)
“SRFT_fFLump” function, 457
“SRFT_htogLump” function, 456–457
SSB, see Single-sideband (SSB)
Stepped transmission-line transformer, 154, 

155, 157
Susceptance compensation technique, 524
“Synthesis_ImpedanceBased” function, 

447–449
“SynthesisbyTranszeros” function, 410–411

T

T-transformers, 113, 115
and relevant equations, 119
with series and shunt capacitors, 120
with transmission lines, 129

T-type networks, 16
diagrams, 17
equivalence, 18
relationships, 19
two-port network, 17

Tapered lines, 654
distributed FET amplifier, 655
distribution in optimally tapered drain line, 

654
equal-gate voltage distribution, 657
LTCC technology, 658
monolithic 10-cell nonuniform distributed 

amplifier, 658
nonuniform distributed amplifier, 656, 658
nonuniform GaN HEMT distributed 

amplifier, 659
nonuniform pHEMT distributed amplifiers, 

655
Taylor-series expansion of transistor transfer 

function, 610
Telegrapher equations, 28
TEM, see Transverse electromagnetic (TEM)
Terminal voltage, 5
Third-order intercept point (IP3), 610
Third-order intermodulation (IM3), 553
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Third-order intermodulation distortions 
(IMD3), 610

Three-port network with common terminal, 19
bipolar transistors with common 

terminals, 21
diagram, 19
matrix equation, 19
terminal voltages, 20
Y-and Z-parameters of active device, 21

3:1 voltage coaxial cable transformers, 98
Three-stage single-ended W-band power 

amplifier, 175, 176
Through-silicon vias (TSVs), 172
Total dc collector current, 81
TPG, see Transducer power gain (TPG)
Traditional network parameters, 1

dual analysis, 3
loaded two-port transmission system, 5
matrix equation, 2
transfer admittances, 3
transmission parameters, 4
two-port network, 1, 2

Transducer power gain (TPG), 69, 219, 284, 285
generator-based, 286
load-based, 286, 294
optimization using parametric approach, 

250–255
Transmission-line transformers, 205

bootstrap effect, 97
broadband 1:4 impedance transformation, 96
broadband impedance transformer, 92
coaxial cable combiner, 101, 102
coaxial cable transformer, 94, 95
and combiners, 92, 93, 103
equal-delay 2.25:1 unun, 99
fractional 1:2.25 impedance transformer, 100
fully matched and isolated coaxial cable 

combiner, 102
Guanella transformer system, 92, 93
hybrid coaxial cable transformer, 100
series–parallel connection of plurality of coil 

pairs, 93
3:1 voltage coaxial cable transformers, 98
transmission-line baluns, 99
two-cable hybrid combiner, 101

Transmission line, 27
broadband microwave GaN HEMT power 

amplifier, 154
commensurate lines, 148
CPW, 33–35
design transformation from lumped 

 low-pass to microstrip-
transforming filter, 152

equivalence between lumped elements and 
transmission lines, 149

global minimum of objective function, 156
impedance transformer, 125
Kuroda identities, 150
loaded transmission line, 29
load networks with, 496–500
lumped or mixed-matching networks, 148
matching networks with, 148
microstrip line, 31–33
microwave bipolar or GaAs FET amplifier, 

153
optimum parameters for four-section 

transformers, 158
parameters, 27–31
physical properties, 27
reflection coefficient, 30
Richards’s transformation, 149, 153
schematics, 27
stepped transmission-line transformer, 154, 

155, 157
susceptance compensation technique, 

527–528
telegrapher equations, 28
theoretical frequency bandwidth of five-step 

transformer, 156
two-section broadband-matching circuit, 151
uniform transmission line, 28
voltage and current amplitudes, 29
VSWR, 31

Transmission zero
extraction, 256–260, 268–269
synthesis at DC and infinity, 263–268

Transverse electromagnetic (TEM), 32
“TSMC_amp.m” program, 449–454
TSVs, see Through-silicon vias (TSVs)
Two-cable hybrid combiner, 101
Two-octave high-power transistor amplifier, 166
Two-port network parameters, 1

admittance matrices, 14
conversions, 8–12
interconnections, 12–15
lumped elements, 22–27
noise figure, 35–41
relationships between Z-, Y-, H-, and ABCD-

parameters, 9
scattering parameters, 5–8
scattering S-parameters and admittance 

Y-parameters, 10
three-port network with common terminal, 

19–21
traditional network parameters, 1–5
transmission line, 27–35
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transmission matrix of, 15
Two-section broadband-matching circuit, 151
Two-section impedance-transforming circuit, 

137
Two-stage microstrip GaAs MESFET power 

amplifier, 163
Two-stage microstrip lossy match InP-HEMT 

amplifier, 192
Two-stage power amplifier, 160

block schematic and frequency responses 
of, 161

Two-stage reactively matched GaN HEMT 
MMIC power amplifier, 167, 169

U

UE chain parameters, 365–366
Ultra-high-frequency transmitters (UHF 

transmitters), 545
Ultra-wideband microwave amplifier

back-end matching network, 342–343
commensurate transmission lines using, 339
front-end matching network, 340–342
microwave amplifier designing, 340
result of optimization, 343–346

Unfolded Lange coupler, 91
Uniform transmission line, 28
Unit normalized generator reflectance, 286
Unit normalized load reflection coefficient, 297
Unit normalized output reflectance, 297
UWB transceiver architectures, 693

HBT LNAs for UWB applications, 696
LNA, 697
low-rate and high-rate-pulsed, 694
modulator, 694

power amplifier, 695–696
resistive-feedback topology, 696
UWB receiver, 695
UWB transmitter architectures, 695

UWB transmission technology, 693

V

Vacuum-tube Class-B power amplifiers, 52
Vacuum-tube Class-C power amplifiers, 53
VCO, see Voltage-controlled oscillator (VCO)
Vertical diffusion metal-oxide semiconductor 

field-effect transistor (VDMOSFET), 58
Very high frequency (VHF), 77
Virtual ground, 81
Voltage-controlled oscillator (VCO), 695
Voltage-split ratio, 90
Voltage standing wave ratio (VSWR), 31, 219

W

White-noise gamma factor, 716
Wireless body area network (WBAN), 694
Wireless personal area network (WPAN), 561
Wireless sensor network (WSN), 694

Z

“ZeroShifting_AccurateImpedanceSynthesis” 
function, 411–412

Zero shifting algorithm MATLAB 
implementation, 260–263

Zero shifting method, 256–260
Zero Shifting with Impedance Correction 

(ZS-with ImC), 263
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